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Abstract

The concept of adding energy to an expanding super-
sonic flow using a microwave-sustained plasma is ex-
plored numerically by solving the complete system
of both the Maxwell equations and the Navier Stokes
equations for the case of an argon flow in a realistic
thruster geometry. Results show that when an addi-
tional amount of power, equal to 45 % of the power
deposited in the plenum, is added to the supersonic
flow a toroidal plasma forms, but only a 3 % increase
in specific impulse is achieved. It is concluded that
future work relating to this concept should concen-
trate on finding ways to confine the plasma to the cen-
terline.
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1 Introduction

1.1 Motivation

The conventional approach for electrothermal space
propulsion systems has been to heat a propellant gas
to a high temperature in the plenum and then to ex-
pand the flow in a nozzle and produce thrust. Exam-
ples of such systems are resistojets, arcjets, and mi-
crowave electrothermal thrusters. For all these sys-
tems, the specific impulse is limited to the maximum
average temperature that can be achieved by heating
alow molecular weight propellant in the plenum. For
a state of the art 2 kW hydrazine arcjet the specific
impulse is roughly 600 sec[1]. Both arcjets and mi-
crowave electrothermal thrusters make use of a high
temperature plasma to heat the flow. The plasma
in an arcjet is sustained by electric current emitted
from a cathode; in the case of a microwave elec-
trothermal thruster, microwave energy is used to sus-
tain the plasma. The fact that a microwave-sustained
plasma can be created without electrodes and can be
maintained away from the material surfaces of the
thruster, may allow for large reductions in thruster
erosion and significant improvements in overall life-
time, compared with arcjets. From a fundamental
point of view the maximum average temperature that
can be achieved for a given propellant in a microwave
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electrothermal thruster is limited by the reflection of
microwave power from the plasma, an effect that
gets more pronounced as the temperature and elec-
tron density of the gas increases. One possible way to
circumvent this limitation and to realize higher per-
formance in terms of specific impulse and thrust is
to add additional energy to the propellant in the su-
personic region of the flow, creating a supersonic "af-
terburner”. This can be accomplished by using addi-
tional microwave energy to create another plasma in
the supersonic region of flow. To date numerical sim-
ulation of microwave-sustained plasmas has concen-
trated on the high pressure, subsonic regime[2]. The
goal of the present work is to apply a computational
model of similar sophistication as existing models in
the supersonic regime and to show a case where a sta-
ble microwave-sustained argon plasma at 2.45 GHz
can exist under these conditions as well.

1.2 Previous Work

Unlike resistojets and arcjets, which have been stud-
ied extensively for more than thirty years and have
matured to the point of routine utilization in var-
ious spaceflight operations, microwave electrother-
mal thrusters have yet to be tested in space. The
physics of microwave-sustained discharges at high
pressures in subsonic flows has been a topic of re-
search for many years and is well understood[3]. Dif-
ferent configurations have been explored for cou-
pling microwave power to a gas, the most promising
for thruster applications is the cylindrical resonant
cavity design, employing either the TMg1; or TMg12
microwave mode structure. The first thruster of this
kind was build in the early 1980’s and it consisted
of a cylindrical microwave resonant cavity at 2.45
GHz and a quartz tube, arranged concentrically[4].
He or Ny gas flowed through the quartz tube, where
the walls stabilized the microwave plasma on the cen-
terline. The gas then exited through a quartz nozzle

connected to the tube. It was shown that the ratio of
power absorbed by the plasma to the incident power
delivered to the cavity, the microwave coupling ef-
ficiency, could be made to exceed 95% with proper
tuning of the cavity for discharges sustained at pres-
sures from 40 to 1000 torr. Excessive heating and
erosion of the quartz nozzle limited the input power
to less than 2 kW for mass flow rates in the range of
100 mg/sec. Another prototype thruster utilizing a
cylindrical resonant cavity at 2.45 Ghz with a free-
floating plasma inside the cavity has operated suc-
cessfully at power levels of up to 2.2 kW and pres-
sures as high as 3 atm with He, Ny, NH3 and Hy as
propellants[5]. In that design the plasma is stabilized
by flow swirl created from tangential gas injection
into the cavity. The gas exits the cavity through a
graphite nozzle. Spectroscopic measurements were
made of free-floating He plasmas in the cavity, stabi-
lized by a bluff body, and the results indicate that the
electron temperature of these discharges is roughly
constant at 12,000 K over a range of incident pow-
ers from 0.5 to 1.0 kW and a range of pressures from
1.0 to 3.0 atm[6].

In addition to these experimental efforts, numeri-
cal work has been done to model the physical pro-
cesses occurring in microwave-sustained discharges.
The size, shape, location and peak temperature of
the free-floating He discharges, stabilized by a bluff
body, discussed above have been reasonably well
predicted by a computational model consisting of a
low Mach number formulation of the Navier Stokes
and the Maxwell equations[2]. In a TMg1; or TMg12
resonant cavity the oscillating electric field has both
a radial and an axial component, and the magnetic
field has an azimuthal component. In that work the
parabolized Navier Stokes equations were solved by
a time-implicit finite difference technique, and the
Maxwell equations relating the three electromagnetic
field components were solved using a time-explicit fi-
nite difference technique. The time dependent solu-
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tion for the electromagnetic field was then averaged
over several wave periods to obtain energy addition
terms for the fluid equations. Thermodynamic equi-
librium was assumed, in the sense that both electrons
and heavy species have the same temperature and
that the electron concentration is determined from the
Saharelation. Subsequently, the model was extended
to include a converging flow geometry so that realis-
tic thruster configurations could be simulated, and a
parametric study of the effect of nozzle throat area,
discharge pressure and absorbed power on the loca-
tion of the plasma in a resonant cavity thruster was
performed[7]. For simulations at a microwave fre-
quency of 0.915 GHz, a helium mass flow rate of
1.9 g/sec (1 atm plenum pressure) and an incident
power of 40 KW, a toroidal plasma was observed
off the cavity centerline. As the cavity length was
changed, detuning the cavity from resonance and re-
ducing the power absorbed by the plasma, it was
shown that the plasma would move back on the cen-
terline.

1.3 Outline

The physical model and the numerical techniques
used in the present study are described briefly in §2.
The results from a computation of a microwave sus-
tained supersonic argon plasma, are presented in §3.
The validity of a critical model assumption, that elec-
trons and heavy species have the same temperature, is
discussed in §4.

2 Physical Model

The physical model used in this work shares many
common features with the model of Ref. [2], there
are some important differences, however. In both
cases a fluid model is coupled to a electromagnetic
model that solves the Maxwell equations. In the pre-

vious work high pressure, low Mach number flows
were considered, where the solution of the parabo-
lized Navier Stokes equations could be considered
adequate. In this work the complete set of Navier
Stokes equations are solved, using modern CFD tech-
niques. In the work of Ref. [2] the Maxwell equa-
tions are solved using a time marching technique, in
contrast to the finite element approach pursued in this
work. In addition because the electromagnetic field
relations are formulated in terms of the Helmholtz
wave equation in this work, it is necessary only to
solve for the two components of the electric field.
One point of similarity is that both models assume
thermodynamic equilibrium, and all transport prop-
erties and the plasma conductivity are calculated ac-
cordingly in both cases. This may be a point were
both models fail, however, since at least for the prob-
lem considered here it is shown in §4, that in the re-
gion of intense energy addition the results are not
consistent with equilibrium conditions.

2.1 Flowfield Configuration

Argon was chosen as the propellant gas of interest in
this study purely to illustrate the supersonic energy
addition concept; a practical electrothermal thruster
would use a low molecular weight gas. The geometry
of the problem considered here is illustrated in Fig. 1.
Argon, at a flow rate of 200 mg/sec, enters a conical
nozzle with a half angle of 15 deg, an inlet radius of
0.0625 in, and a length of 0.8 in. These dimensions
represent a realistic nozzle geometry. Sonic condi-
tions are assumed at the gas injection port where the
temperature is 5000 K and the pressure is 0.2 atm.
These conditions correspond to the addition of 670 W
of power in the subsonic plenum section of this hy-
pothetical thruster. The nozzle is concentric with a
cylindrical waveguide with a radius of 3.0 in. In
Fig. 1 a plasma is shown inside the nozzle region,
labeled Section A. The Navier Stokes equations are
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Figure 1: Diagram showing the geometry of the nu-
merical simulation.

solved in section A. The microwave field is com-
puted throughout the entire waveguide, sections A,
B and C. It is assumed that the walls of the waveg-
uide and the shorting plate, which lies along the y-
axis in Fig. 1, are perfect conductors. The walls of
the nozzle are labeled Section B in Fig. 1 and con-
sist of alumina ceramic, which has a dielectric con-
stant of 9.0. The nozzle walls fill the entire cross
section of the waveguide. A real microwave thruster
would have a radial antenna protruding into section
B, which would act to couple microwave energy into
the cavity. The three dimensional field pattern asso-
ciated with a radial antenna is not considered in the
present model, but rather a microwave transmission
region, labeled Section C, is added to the computa-
tional domain so that microwave energy can propa-
gate from the microwave input port into the regions
of interest, sections A and B. There is no interaction
between the exhaust gas and the microwave field in
section C. It is assumed that gas which has moved
through the nozzle exhausts into a perfect vacuum.

The value of the complex electric field is specified
at the microwave input port, using the theoretical ex-
pression for a cylindrical TMy; mode with the am-
plitude chosen so that a desired value of total power
is absorbed by the plasma. The present case assumes
that an additional 300 W of power is absorbed by the
plasma in the supersonic section. Now the equations
that describe the fluid variables and the microwave
field components are discussed along with the numer-
ical techniques used to solve them.

2.2 Navier Stokes Equations

The unsteady axisymmetric Navier Stokes equations,
which describe the conservation laws of mass, mo-
mentum and energy for the gas in the nozzle, can be
written in cylindrical coordinates in the follow differ-
ential vector form|[8]

oru n orF(U) n orG(U)
ot Ox or

=8, (D
where x and r are the axial and radial directions, re-
spectively. U = (p,u,v, E)7 is the vector of con-
servation variables, with gas density as p, axial ve-
locity as u, radial velocity as v and total energy den-
sity (thermal plus kinetic) as £. The flux vectors,
F(U) = F¢(U) + F4(U) and G(U) = G¢(U) +
G9(U), are functions of the conservation variables
and contain both convective and diffusive terms. The
convective flux vectors are

puU
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while the diffusive flux vectors are

—qr + UTgy + VT ]

In the previous relations p is the gas pressure. The
viscous stresses are given by
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with p equal to the viscosity. The heat fluxes are
or
= —k’—
4z oz
or
= —k—
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with 7' equal to the gas temperature and %k equal
to the thermal conductivity. The right hand side of
the equation, S, contains source terms that are due
to cylindrical symmetry of the problem and the mi-
crowave energy addition term; its functional form is
given below

0
0
5= p"‘%(Txr_er)
(i-E)

In the above expression i is the current density vec-
tor and E is the electric field vector. The microwave
energy addition term (i - E) is described in §2.3.

A conservative finite volume numerical discretiza-
tion is used to integrate the governing equations( 1) in
time until a steady state is reached, an approach that
has been thoroughly validated by several authors[8,
9, 10]. The conservative variables U are stored at the
center of each cell on the grid and updated after each
time step. The convective and diffusive fluxes are
evaluated separately at the boundaries of each cell. A
flux limited scalar dissipation technique has been em-
ployed to ensure that non-linear stability criteria are
satisfied[9]. A simple Euler finite difference is used
for marching forward in time, with the largest time
step size determined as discussed in Ref. [9]. The
Navier Stokes code performs bilinear interpolation
from values stored in a table, to compute the equa-
tion of state and the transport properties in the equa-
tions above. These properties are stored as functions
of gas density and internal energy (energy per unit
mass). The interpolation table for argon, used for the
calculations in this paper, was generated by a widely
used and well validated chemical equilibrium code,
described in Ref. [11].

2.3 Maxwell Equations

As mentioned previously, for a TMy; mode in a
cylindrical waveguide there are three components of
the electromagnetic field, F,, E., and Hy. The rela-
tionships among these components are expressed by
the Maxwell equations. When considering a time pe-
riodic electromagnetic field of angular frequency w it
is convenient to describe any one of the components
of the field, represented by @, in terms of a complex
amplitude, in the following way

1
d=—

5 2

<¢€7iwt + ¢*eiwt) )
By writing each component in the form of Eqn. 2,
substituting into the Maxwell equations and simpli-
fying it can be shown that the complex amplitude of
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each of the three components of the electromagen-
tic field obeys the Helmholtz wave equation. For a
problem involving microwave energy addition to a
plasma, only the electric field components need to be
determined, as will be discussed shortly. In cylindri-
cal coordinates the Helmholtz equation for the com-
plex amplitude of the axial electric field, E, is

10 0OF,
ror Or

O’E,
Ox?

_l’_

+ B%*E, = 0. 3)

The corresponding equation for the complex ampli-
tude of the radial component, E;. is

10 OFE,
r@rr or

0*E,
Ox?

H(o-G) =0 @

In these equations the complex propagation constant
3 is such that 3> = ‘Z—; (1 _ie(%)’ where ¢ is
the speed of light, ¢g is the dielectric permitivity of
free space and o is the complex conductivity of the
plasma.

The complex conductivity is responsible for the
coupling between fluid and the microwave field. The
complex conductivity is a function of the electron
number density /N, and total electron collision fre-
quency v according to the following expression

N.e?

7= me (v +iw)’

(&)
where e is the electron charge and m, is the mass of
an electron. Assuming equilibrium conditions the to-
tal collision frequency is a function of the gas tem-
perature 7T', the electron number density /N, and the
atomic number density V4, as discussed in Ref. [12]

electron-ion collisions. In this work the electron-
atom collision cross section o.; was taken to be
10~2m?2. Having determined o using the above for-
mula, the volume energy addition term is determined
as given below

Q-E) = i (0+0") (BE: + E.E). (1)

The finite element method is used to solve both
Eqn. (4) and Eqn. (3) separately. This method
breaks the two dimensional computational domain
(x,r plane) into finite elements and assumes, at any
point inside one of these finite elements, that an elec-
tric field component can be expressed as a weighted
average of its respective value at the corners of that
particular finite element. Quadrilateral finite ele-
ments are used in this work, and first order bilinear
interpolation functions are used as the basis functions
for the weighted averaging. In solving both for E,
and E, a matrix is generated, implicitly relating the
values of E, and E, respectively at every point on
the grid. These matrices are inverted using a standard
numerical algorithm for band-diagonal matrices.

2.4 Boundary Conditions

In this section the boundary conditions for the quanti-
ties in the calculation are reviewed, starting first with
the microwave fields. The finite element method re-
quires that at a boundary either the function itself or
its derivative is specified. At the inlet port the values
of E, and F, are specified, as discussed in the previ-
ous section. Along the waveguide boundary it is as-
sumed that £/, = 0, since tangential electric fields
cannot exist on the surface of a perfect conductor.
The corresponding boundary condition for the radial

v =062x1030.,4VT N4 + 3.0 x 107°N,T-3/2. (6)electric field is OrE,./0r = 0. Along the shorting

The first term in the equation above represents
the contribution from electron-atom collisions and
the second term represents the contribution from

plate boundary the following conditions hold true,
E, = 0and OF,/0z = 0. Finally at the waveguide
centerline, the cylindrical symmetry of the problem
implies that £, = 0 and OF, /0r = 0.
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Now the boundary conditions for the fluid vari-
ables are discussed. Because of the cell-centered
scheme used by the Navier Stokes solver it is nec-
essary to specify the values of the convective fluxes,
F¢(U) and G¢(U), at the physical boundaries of the
nozzle domain. At the nozzle throat the values of
the convective fluxes are specified, corresponding to
sonic flow at 5000 K and 0.2 atm. At the nozzle exit
the convective fluxes are calculated based on the val-
ues of the conservative variables U, at the adjacent
cell centers. Along the nozzle wall and centerline
boundaries the convective fluxes are specified so that
there is no mass, momentum or energy flux through
these respective boundaries. In addition to the above
specifications for the convective fluxes, the no slip
conditions, © = 0 and v = 0, are applied at the noz-
zle wall boundary and the temperature of the nozzle
wall is fixed at 500 K. This facilitates the computa-
tion of the diffusive fluxes, F4(U) and G4(U), at
these locations. Itis assumed that the diffusive fluxes
are zero at the gas inlet and exit ports. At the nozzle
centerline the diffusive fluxes are calculated by ex-
trapolating the values of du/0x and 9T/ Jx from the
interior domain, and enforcing cylindrical symmetry,
by setting v and all partial derivatives with respect to
r equal to zero.

3 Simulation Results

The numerical problem formulated in the previous
section was solved using a desktop computer, and the
results are now presented.

The time-averaged values of the axial electric
field, § (E.E;) are presented in Fig. 2 for the case
when a plasma is present in the nozzle. There are
two areas of maximum field intensity in Fig. 2, one
that is entirely inside the alumina nozzle region, sec-
tion B in Fig. 1, and one that spans both sections B
and C. The plasma forms in the region between these

Radius (Inches)

0.0 0.5

1.0
Length (Inches)

Figure 2: Time-averaged value of the axial electric
field with a plasma inside the nozzle.

two maxima. The maximum field strength is roughly
0.55 kV/cm. The corresponding time-averaged value
of the radial field is shown in Fig. 3. In the case with-
out a plasma, there is no change in the radial field.
The axial field, however, shows a distinct difference
as illustrated in Fig. 4. The maxima inside the noz-
zle has a straight boundary at about z = 0.4 in when
the plasma is not present. When the plasma forms it
deforms this boundary, pushing the electric field con-
tours to the left, away from the interior of the plasma.
This effect is exactly what would be expected if a
metal conductor were placed inside the nozzle at this
location. In choosing the geometry of the problem in
this paper, it was the intention to model the electric
fields in a resonant cavity thruster as closely as pos-
sible. This goal has been achieved because the radial
field in Fig. 3 drops off to zero at the interface be-
tween the alumina nozzle and the microwave trans-
mission section, x = 0.8 in, and if another shorting
plate were placed in the waveguide at this location a
resonant cavity would be created.
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The physical properties of the plasma are now dis-
cussed. The plasma has a toroidal shape located rel-
atively close to the nozzle wall as evidenced by the
temperature contours presented in Fig. 5. In this re-
gard the plasma seen here is similar to some of the
plasmas computed in Ref. [7]. The maximum tem-
perature is about 9100 K, at a location of x = 0.27 in
and y = 0.12 in. This temperature is more than
4000 K hotter than the temperature at the gas inlet.
The corresponding pressure at this location is about
26 torr. The pressure contours are shown in Fig. 6.
A shock structure is established in the nozzle due to
the energy addition, as evidenced by the pressure rise
along the nozzle centerline at about z = 0.4 in. The
pressure at the exit of the nozzle is roughly 1 torr and
the Mach number close to the centerline at the exit
is about 5, as shown in Fig. 7. The hottest point of
the plasma, the 9100 K point, occurs where the Mach
number is 0.52. The electron number density at this
point is about 10'® cm 3, as indicated in Fig. 8. This
electron number density corresponds to an ionization

Radius (Inches)

Figure 4: Time-averaged value of the axial electric
field without a plasma inside the nozzle.

fraction of about 4.1%. Moving 0.1 inches down-
stream of this point the electron number density drops
by four orders of magnitude to roughly 10! em™3.
The volume heating rate at the maximum tempera-
ture point is 43 kW /cm?. A maximum volume heat-
ing rate of 68 kW /cm ™3 occurs at a point slightly
upstream of the maximum temperature point. The
Mach number at this point is 0.29. Most of the en-
ergy addition occurs in the subsonic viscous bound-
ary layer.

Without a plasma the thrust of this hypothetical
thruster is 0.451 N and with a 300 W plasma in the
supersonic section, the thrust is 0.464 N. The corre-
sponding values of specific impulse with and with-
out energy addition are 227 sec and 233 sec respec-
tively. The total power (300 W) added to the su-
personic flow as a percentage of the 670 W input
power in the plenum is 45%, which results in only a
3 % increase in thrust and specific impulse. 79 % of
the power added to the plasma in the supersonic sec-
tion, 237 W, is removed by conduction through the
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Figure 5: Temperature contours in K for the flow in-
side the nozzle.

nozzle wall, assuming that the nozzle wall is main-
tained at 500 K. A real ceramic nozzle in this situa-
tion would have a two dimensional temperature pro-
file and the maximum temperature would probably
be higher than what was assumed in these calcula-
tions. A higher wall temperature would make the su-
personic energy addition process more efficient. It
is, of course, more desirable if the plasma were kept
away from the nozzle wall altogether, confined in
some way to the centerline of the flow.

4 Investigation of Model Assump-
tions

The validity of some of the assumptions in the model
are now explored. For the Navier Stokes equations
or for any fluid approximation to be valid, the char-
acteristic length and time scales must be larger than
the length and time scales associated with collisions
on an atomic level. In this work the characteristic
length L. is defined in terms of the gas temperature
T as % and the characteristic time is defined as

te = L./u. The mean free path of argon atoms can
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Figure 6: Pressure contours in torr for the flow inside
the nozzle.

be estimated with the formula A\, = 1/N4 V2ord?,
where d is the diameter of an argon atom. In this work
dis taken to 4x 10~ 1% m. Theratio L./, throughout
the entire flow field is never less than 10, and in most
of the domain it is greater than 100. A typical value
for the characteristic length in the region just before
the gas exhaust port is about 0.8 in and in the plasma
it is roughly 0.2 in. This indicates that fluid theory
is accurate, at least in describing the heavy particle
species. Using the values of total electron collision
frequency it is possible to find t.v. t.v is everywhere
greater than 100, and in the region where the plasma
is located it is closer to 10°. From this it is obvious
that a fluid description of the electrons is accurate as
well.

One final question is whether both the electrons
and the heavy particles do indeed have the same tem-
perature, as assumed in this work. This can be ac-
complished by considering what the electron temper-
ature would need to be in order for all the energy
absorbed by the electrons from the microwave field,
equal to (i- E), to be transferred to the heavy par-
ticles through elastic collisions. The rate of energy
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transfer is determined by the following formula

Mme

E = 3kyNev (Te - T) s ®)

ma
where kj, is the Boltzman constant, m 4 is the mass
of an argon atom (or ion) and 7 is the electron tem-
perature. Taking the values of heavy species temper-
ature 7', volume heating rate and gas density com-
puted by the numerical model it is possible to solve
Eqn. (8) for the electron temperature, if it is fur-
ther assumed that the ionization level is determined
by the gas density and the electron temperature (in-
stead of the heavy species temperature) according
the Saha equilibrium relation. When this is done
for a point close to the maximum temperature point
of the plasma, the electron temperature is found to
be roughly 1.5eV (17,000 K), which is significantly
higher than the heavy species temperature (9100 K).
The corresponding electron number density is 4 X
10'%ecm ™3, which is about an order of magnitude
higher than the value predicted assuming that the
electrons and heavy species have the same tempera-
ture. Therefore, at the density levels associated with
this expanding flow in order for all the energy ab-
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Figure 8: Electron number density contours in cm ™3

for the flow inside the nozzle.

sorbed by the electrons to be transferred to the heavy
particles it is necessary for a certain degree of non-
equilibrium to exist.

5 Conclusions

A fully coupled calculation, solving both the Navier
Stokes and Maxwell equations has been performed
for a supersonic argon flow in a realistic thruster ge-
ometry, expanding upon research done on subsonic
plasmas. Like certain situations involving subsonic
microwave-sustained plasmas, the plasma in this cal-
culation has a toroidal shape and is located relatively
close to the nozzle wall in the viscous boundary layer.
The maximum temperature in this plasma is about
9100 K and the electron number density is roughly
10'°cm™3. The presence of such a plasma distorts
the axial electric field pattern in the thruster, forcing
the electric field out of the region where the plasma
is located. It has been shown that most of the energy
added to this supersonic plasma is conducted through
the nozzle walls, in this case where the wall temper-
ature is 500 K. The specific impulse of this hypothet-
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ical thruster increased, nevertheless, from 227 sec to
233 sec. Future work with this problem should con-
centrate on finding a way to confine the plasma to the
nozzle centerline, if it is possible to do so. Finally a
check was performed to verify the validity of the con-
tinuum fluid assumption and the approximation that
the electron and heavy species temperatures are the
same. There is conclusive evidence that the contin-
uum fluid assumption is valid for both electrons and
heavy particles, whereas the assumption of a single
fluid temperature is inaccurate. Therefore it is rec-
ommended that a model including separate temper-
atures for both the heavy species and the electrons be
applied to this problem.
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