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were more recently described in Ref. [9,10]
The earliest related Soviet experimental work [11] reported in international journals dates to 1968. Since
around that time, the device, which was largely neglected
in the US in favor of ion thrusters, was the subject of considerable research and development eﬀort in the Soviet
Union which led to its use on numerous Soviet spacecraft
[12]. The most successful “commercial” version of the device is often called “stationary plasma thruster,” or SPT,
in the translated Russian literature. Although this name
is not very descriptive (it probably stems from a need to
diﬀerentiate it from pulsed plasma thrusters) it has been
commonly adopted by default in the West where a substantial resurge in interest [13] in Hall thrusters started
in the early 1990’s.

The fundamental diﬀerence between the two variants of
Hall thrusters, the stationary plasma thruster (SPT) and the
thruster with anode layer (TAL), is illustrated quantitatively
using an analytical model that accounts for the eﬀects of secondary electron emission (SEE) from the walls. The model
includes a prescription for the quenching of the temperature
of the electrons on their way to the anode which results from
the enhanced electron energy losses to the wall that occur at,
and upstream of, an axial location where the wall potential reverses from electron-attracting to electron-repellent. For the
higher SEE coeﬃcient of an insulator wall (compared to that
of a metallic one) this sign reversal occurs at a lower electron
temperature and is shown to lead to a more extended acceleration region due to the resulting relaxation of the potential
gradient required to balance the electron pressure gradient.
By replacing the boron nitride walls (SPT) of an idealized
Hall thruster with stainless steel (TAL), the acceleration zone
is shown analytically to collapse to a region near the anode
having an extent that is about eight times smaller than that
for the SPT. The results are used to construct a detailed phenomenological picture of the fundamental diﬀerence between
the two Hall thruster variants.
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A. Historical Perspective
+ _

Historically, the Hall thruster derived, in the early
1960’s, from ongoing work on magnetrons and other
cross-ﬁeld plasma sources. The earliest published description of a Hall accelerator that considerably resembles
its modern progenies, is in a series of brief communications by Seikel, Salz, Lary and co-workers in the 1962
Bulletin of the American Physical Society [1–3]. At this
early date in its history, the device was simply called a
Hall current ion accelerator and was recognized for its
promise as a high-speciﬁc-impulse thruster for spacecraft
propulsion. A series of publications, all in the US, followed, including seminal work that described the device’s
operational characteristics [4] (1964), explored the use of
alkali-metal propellant [5,6] (1964,1965), and studied the
governing physical processes [7,8] (1966). By that time,
the device had many of the features presently possessed
by its modern counterpart, whose properties, underlying physical mechanisms, and operational characteristics

_ +

FIG. 1. Schematic of a Hall thruster with an extended insulator channel (SPT) showing the external cathode, the internal anode, the radial magnetic ﬁeld and typical particle
trajectories.

It is relevant to our discussion to note that the channel walls of the SPT, shown in Fig. 1, are always made of
insulator material, which is typically boron nitride. Another variant of Hall thrusters, to be diﬀerentiated from
the SPT, has metallic walls and a considerably shorter
channel.
This second variant also originated in the US and can
be traced back to the work of Meyer [14–17] (1966) who,
using a device similar to the standard Hall thruster,
discovered a qualitatively diﬀerent potential structure
through which the ions are accelerated in a relatively
1

thin layer at the anode. Due to the small spatial extent
of the acceleration region, the discharge does not need to
be contained in a long channel and consequently, its originator claimed that it had substantially less wall losses
than the standard Hall thruster.
The fate of this variant is similar to that of the SPT,
in that it was further developed almost exclusively in
the Soviet Union where, starting in the early to midseventies, it has acquired its own group of proponents
who claim [18] it has advantages over the SPT. Again, the
translated Russian literature gave us another awkward
appellation, which in the case of this variant is “thruster
with anode layer” or TAL. Of relevance to our discussion
is the fact that the TAL always has metallic walls.
Aside from the diﬀerent wall material, the substantially shorter eﬀective acceleration region (conﬁned to a
potential drop in a thin layer at the anode whose axial extent is on the order of the electron cyclotron radius) the
TAL, in comparison to the SPT operated with similar
conditions, typically has a signiﬁcantly higher electron
temperature (see [9] for instance).

discussion of the physical implications of the results. We
conclude in Section IV with a detailed phenomenological
picture drawn from the results of the preceding sections.
II. THEORETICAL MODEL

We should state at the outset that the aim of the model
is not to predict the measured performance or detailed
properties of Hall thrusters but rather to answer the three
questions posed in the previous section.
Since our goal is to arrive at a description of the axial
extent of the eﬀective acceleration region as a function of
the wall properties, we need to relate the electrodynamics
of the problem to the relevant wall eﬀects.
A. Analytical Formulation

We adopt the rectangular coordinate system shown
schematically in Fig. 2. The x-axis is along the thruster
axis (i.e. along the applied electric ﬁeld Ex ) and the z-axis
is along the thruster radius i.e. along the radial magnetic
ﬁeld Br which is taken to be constant and uniform. The
y-axis, therefore corresponds to the azimuthal (Hall) dimension. The coordinate xa represents the position of
the anode with respect to the downstream end of the
acceleration region which is placed at the origin. The coordinate xa , therefore, becomes a measure of the extent
of the acceleration region. Our goal is to estimate xa as
a function of the wall properties.

B. Motivation and Scope

Both Hall thruster variants exist today and both have
attained technological maturity and space worthiness as
spacecraft thrusters. The scope of this paper is not to
fully describe and contrast these two types of thrusters,
nor is it to evaluate the claimed advantages of each, but
rather to answer the following basic questions:
• Why does the introduction of a metallic wall into
a discharge of this kind result in a substantial decrease in the spatial extent of the accelerating layer
with respect to the case with insulator walls?

z

• To what extent the ion acceleration in each variant
happens in a quasi-neutral region as opposed to a
space-charge-limited one?

y

B

• Can one use an analytical model to construct a
clear picture of the processes that underlie the
fundamental diﬀerence between these two Hall
thruster variants?

E

anode

0
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While a wide literature exists for each of these devices, a
discussion of the above questions in a comparative context appears to be lacking.
In that direction, we set our primary goal in Section II
to be the formulation of a model for the axial extent
of the eﬀective acceleration region as a function of the
wall properties. We do so by making simplifying assumptions that allow us, as much as possible, to keep
the formulation tractable analytically without losing the
salient physics controlling the extent of the acceleration
region. In Section III we seek solutions for the analytical
model and discuss the validity of the approximation that
allows us to obtain such solutions. This is followed by a

x

FIG. 2. Adopted rectangular coordinate system. The coordinate xa represents the position of the anode with respect to
the downstream end of the acceleration region which is placed
at the origin.

B. Governing Equations

Zharinov and Popov [19] modeled the potential proﬁle
in an idealized E × B discharge but were not concerned
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with the walls and their eﬀects. We adopt their formulation as a starting point and evolve it to explicitly include
the relevant wall eﬀects.
We start by writing the following momentum balance
for the electrons in the x-direction
νe ne vex me + ene E + (j e × B)x +

dPe
= 0,
dx

Furthermore, like in that reference, we shall neglect the
contribution of ion production to the ion continuity relation. This approximation becomes justiﬁed when the
the pressure is low and when the ion current signiﬁcantly
exceeds the electron current (which is the case in an efﬁcient Hall thruster). Therefore ji = eni vi = constant.
We shall take this constant to be ji 0 representing the
ion current at the exit [which is the downstream end of
the acceleration region and is located at the origin of the
coordinate system shown in Fig. 2.] We can thus write

(1)

where the electron inertia in the cross-ﬁeld direction is
taken as negligible. Here j e = ene v e is the electron current density, νe is the electron collision frequency and the
rest of the symbols have their usual meaning.
By using the following relations
(j e × B)x = je y B = je x BΩe ,

Ex = −

dφ
,
dx

ne = n i =

(2)

where µe ⊥ is the classical cross-ﬁeld (Pedersen) electron
mobility
1
e
.
me νe 1 + Ω2e

(4)

(5)

(6)

The second term vanishes if we assume uniformity in the
y-direction. We will also assume that, as far as the electrodynamics are concerned, no current ﬂows along the
magnetic ﬁeld. We are therefore left with
dje x
= νiz ene .
dx

1/2 ,

(8)

(9)

where β is a number between 0 and 1. This means that
the electron energy is allowed to increase linearly with
the potential as the electrons move from the cathode (at
the downstream end of the acceleration region) to the
anode. We will improve on this prescription by adopting
a more physical, albeit more complicated, form for Te (φ)
that would allow us to introduce the wall properties and
their eﬀects into the problem.

where νiz is the ionization frequency. Explicitly we have
∂je y
∂je x
∂je z
+
+
= νiz ene .
∂x
∂y
∂z

ji 0

2e (φa − φ)
e
M

kTe
= βφ,
e

In Eq. (3) we have explicitly expressed the electron pressure as ne Te where the electron temperature is in units
of energy.
We also need to write a continuity equation for the
electrons
∇ · j = νiz ene ,



where φa is the anode potential with respect to that at
the downstream end of the acceleration zone. The latter
potential is taken to be zero.
We shall, for the sake of analytical tractability, take νe ,
νiz and νe⊥ to be constant parameters of the problem.
Furthermore we assume Ωe  1 which is justiﬁable for
a Hall thruster. All that remains in order to close the
system of equations [Eqns. (3), (7) and (8)], is an energy
equation or a prescription of the electron temperature in
terms of the potential, i.e. Te (φ).
In Ref. [19], the authors adopt the following ultrasimpliﬁed energy equation,

where Ωe ≡ νe /ωce is the electron Hall parameter, and φ
is the potential, Eq. (1) can be solved for je x


dφ d(ne Te )
−
,
(3)
je x = µe ⊥ ene
dx
dx

µe ⊥ =

ji
ji
 0 =
ei vi
ei vi

C. Prescription for Te (φ) including Wall Properties

The wall properties we shall be concerned with here are
those related to the secondary electron emission (SEE)
characteristics of the walls. When plasma (primary) electrons impact the walls, a ﬂux of low-energy secondary
electrons are emitted whose magnitude depends on the
SEE coeﬃcient, γ, deﬁned as the ratio of the number of
secondary electrons to that of the primaries [20–22].
SEE in Hall thrusters has been considered before in
the context of the near-wall conductivity eﬀect which
has been proposed by Morozov et. al. [23] to explain
the well-known enhancement in cross-ﬁeld electron mobility. The most explicit model for the eﬀect has been
advanced by Fife et. al. [24] who incorporated a model
for near-wall conductivity in their numerical study of lowfrequency oscillations in Hall thrusters. We shall not be

(7)

Here νiz is the frequency of ionization which, in Hall
thrusters, is due to electron impact.
Unlike in Ref. [19] we shall not be concerned with Poisson’s equation since we will focus our analysis on the
quasi-neutral part of the acceleration region which, as
we shall see, gives a good measure of the spatial extent
of the accelerating potential. (We will later show how a
general solution for the non-quasi-neutral (sheath) part
of the potential drop can be adapted to complement our
quasi-neutral solutions.) Therefore, we take ne = ni .
3

concerned here with the near-wall conductivity eﬀect but
rather with the SEE eﬀects on the electron temperature.
By imposing a no-current condition at the walls and accounting for the ﬂuxes of ions, primary and secondary
electrons, the wall potential, φw , can be written as [24]


−Te
C̄e
φw =
(10)
ln (1 − γef f ) e1/2
e
4vB

respectively.
Below Te∗ the wall potential is electron-repellent (due
to a dearth of secondary electrons) and above it is attractive (to compensate for the enhanced presence of secondaries). This would lead, as indeed has been shown numerically [24], to severe consequences on the magnitude
of the electron heat ﬂux to the walls which is negligible
for Te < Te∗ but abruptly increases for Te > Te∗ . Once
Te∗ is exceeded, the large electron heat ﬂux to the walls
acts to “short-circuit” any further increase in Te since the
walls now act as a large energy sink. Consequently, and
in the spirit of idealization, we limit the electron temperature to Te∗ after this condition is reached at an some
point on the potential proﬁle.
Based on the above discussion we are compelled to
formulate a model for Te (φ) that would replace the simplistic prescription in Eq. (9) with one that includes this
SEE-induced quenching eﬀect; speciﬁcally, we write

where the symbol e inside the square brackets represents the base of the natural logarithm (and not the elec1/2
tron charge), C̄e ≡ (8Te /πme )
is the electron average
1/2
speed, vB ≡ (Te /M )
is the standard Bohm velocity,
and γef f is the eﬀective SEE coeﬃcient given by
γef f = Γ(2 + b)aTeb .

(11)

Here Γ(c) is the gamma function and a and b are the
parameters of the exponential ﬁt

∗

γ  ab

Te = Te∗ 1 − e−eφ/Te

(12)

and

b = .567

(boron nitride).

(13)

For stainless steel walls we use the data from Ref. [26]
which yield
a = .04

and

b = .61

(stainless steel).

III. SOLUTION
A. Non-Dimensionalization

(14)

There is therefore a substantial diﬀerence in the SEE
wall properties between the SPT and the TAL. Compared to insulators, metals have a considerably lower γ
since the secondary electrons loose their energy rapidly
by electron-electron scattering and, as a result, the escape depth is of the order of nanometers at most. Hence
γ is typically well below 2 and the energy of the secondaries is low (a few eV).
Most relevant to our discussion is the fact that the
sign of the wall potential given by Eq. (10) can change
depending on Te and the SEE parameters a and b. According to Eq. (10) this important sign reversal occurs at
a critical electron temperature, Te∗ , given by
1/2 1/b

2π me
1
−


e M


Te∗ = 
 .
aΓ(2 + b)



Before we proceed with solving the equations it is helpful to non-dimensionalize them. In order to provide a link
between our results and those of Ref. [19], we adopt the
same non-dimensionalization:
φ̄ ≡

j̄ex ≡

Te∗ BN = 16.5 eV

and

xenon

Te∗ SS = 107 eV

(16)

(18)

jex
,
j

T̄e ≡

Te
eφa

(19)

where we have used the characteristic length l , density
n , and current density j  . These reference quantities are
deﬁned as follows. The characteristic length, l is taken
as

1/2

(15)

with

φ
x
ne
, x̄ ≡  , n̄e ≡  ,
φa
l
n

and



For the SPT and TAL operated
(M=131.3 amu) we therefore have

(17)

Now, the energy of the electrons on their way to the
anode is allowed, as before, to increase linearly with the
potential but is quickly limited to Te∗ for φ ≥ Te∗ .
This model explicitly introduces SEE eﬀects to our formulation and, in combination with Eqns. (3), (7) and (8),
allows us to study the eﬀects of the walls on the extent
of the acceleration zone.

to the experimental data of the measured dependence of
γ on the energy of primary electrons, , in eV. Such a
measurement, luckily, has been reported in Ref. [25] for
the case of boron nitride which is commonly the wall
material for the SPT. The corresponding values [24,25]
are (for  < 30 eV),
a = .141

.

 eφa 
l ≡  νiz

2
me ωce
νe

(20)

where it can be seen that the terms on the right
hand side
can be grouped, to a multiplicative constant νe /2νiz ,
4

as a ratio of an electron velocity (2eφa /me )1/2 to the
cyclotron frequency ωce , which represents an electron cyclotron radius. Hence,

νe

l =
rce .
(21)
2νiz

The zero electric ﬁeld boundary condition means that
the electrons are assumed to enter the acceleration region
with zero velocity.
Since φ̄ = 0 at the location x̄ = 0 which deﬁnes the
downstream end of the acceleration zone, and φ̄ = φ¯a =
1 at x̄a which denotes the location of the anode, the
extent of the acceleration region is, by deﬁnition, x̄a . Our
goal is to solve the above diﬀerential equation in order to
estimate x̄a for conditions typical of the SPT and TAL.

The ratio νe /2νiz represents an ionization eﬃciency index
(the number of total electron collisions before an ionizing one occurs) and depends on the scaling of the relevant
cross sections with Te . For xenon, as we shall more explicitly quote later, this ratio ranges between unity (at
energies exceeding 100 eV) to about 30 (at energies of
about 15 eV). Therefore, for our problem, l is of the
same order of magnitude as rce evaluated at Te = φa ,
which is an upper bound for the range of rce values attainable in the device.
The characteristic density is
ji
n ≡  0
,
2e
φa
e
M

B. Analytical Solutions

Before we attempt solving Eq. (28) it is instructive
to note that, as was the case for the simpler problem
treated in Ref. [19], the solution to this equation (which
is a quasi-neutral solution) may not exist over the entire
extent of the acceleration region 0 ≤ x̄ ≤ x̄a . Indeed,
by simply diﬀerentiating Eq. (24) once with respect to x̄
and factoring the electric ﬁeld dφ̄/dx̄, we ﬁnd


∗
∗
2 − T̄e∗ (1 − eφ̄/T̄e )/(1 − φ̄) − 2e−φ̄/T̄e dφ̄
j̄ex =
(30)
dx̄
2(1 − φ̄)1/2

(22)

and the characteristic current density j  is given by
j  = eνiz n l .

and see that the term inside the square bracket vanishes
when the potential reaches a critical value, φ̄qn given by

(23)

Under the above stated assumptions and deﬁnitions we
obtain the following non-dimensional version of Eqns. (3),
(7), (8) and (17).
j̄ex = n̄e

dφ̄
d
−
(n̄e T̄e )
dx̄ dx̄

(25)

n̄e = (1 − φ̄)−1/2

(26)

∗

.

(27)

We now diﬀerentiate Eq. (24) with respect to x̄, equate
the result to n̄e [Eq. (25)] then use the last two equations
to eliminate n̄e and T̄e . We ﬁnd after some algebra,


∗
T̄e∗ 1 − e−φ̄/T̄e
d2 

2(1 − φ̄)1/2 +
dx̄2
(1 − φ̄)1/2
+ (1 − φ̄)−1/2 = 0

(28)

which is a second-order nonlinear o.d.e. in φ̄ subject to
the following boundary conditions
dφ̄
=0
dx̄

and

φ̄ = 0,

at x̄ = 0.

T̄e∗
.
2

(31)

Since the current j̄ex must be conducted to the anode
and cannot vanish, the ﬁrst and second derivatives of φ̄
must go to inﬁnity. At the location x̄qn corresponding
to this potential, quasi-neutrality is lost and no solutions
of the (quasi-neutral) governing equation, Eq. (28), exist
for x̄ ≥ x̄qn . The solution of Eq. (28), therefore, cannot
be used to estimate x̄a (except for the particular case of
T̄e∗ = 0 where, as we shall see shortly, a quasi-neutral solution exists over the entire acceleration zone) but rather
x̄qn , which is the axial extent of the quasi-neutral part of
the acceleration region. We will shortly show, however,
that for typical parameters of the SPT and TAL the distance x̄a − x̄qn , which represents the axial extent of the
non-quasi-neutral sheath on the anode, is small enough,
when compared to x̄a , that we can approximately estimate the extent of the actual acceleration region by x̄qn
as obtained from the solution of Eq. (28).
We now turn our attention to the task of ﬁnding an analytical solution for this equation and note that, unlike
the simpler case studied in Ref. [19], there is no apparent
transformation that can be used to transform this nonlinear o.d.e. into an integrable one. This is due to the
presence of the function

(24)

dj̄ex
= n̄e
dx̄

T̄e = T̄e∗ 1 − e−φ̄/T̄e

φ̄qn = 1 −

∗

F1 (φ̄) =

(29)

5

1 − e−φ̄/T̄e
(1 − φ̄)1/2

(32)

inside the square bracket of that equation. If, however,
we approximate this function by
1
F2 (φ̄) =
,
(1 − φ̄)1/2

By switching to the new variable Φ deﬁned as
Φ ≡ (1 − φ̄)1/2 +

(33)

and

(T̄e∗ )SS = .36,

2

F (Φ) ≡

(34)

F1( φ ), F2( φ )

|





2.0
1.5

0.2
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+

F (Φ) dΦ = 0

(39)

0.4

_
φ

0.6

0.8

dΦ
=0
dx̄

T̄e∗

FIG. 3. Plot of F1 (φ̄) for three values of
including those
for boron nitride (SPT) and stainless steel (TAL) (in xenon
at φa = 300 V). Also shown is the approximating function
F2 (φ̄).

.

at

x̄ = 0,

(41)

yielding




1/2
1 − 1 − 2T̄e∗
cosh−1 (1)
C=−
+ 
1/2 .
2T̄e∗
2T̄e∗

It is clear from this ﬁgure that F2 (φ) is a good approximation for F1 (φ) for the SPT, especially near the anode
(φ̄  1). As T̄e∗ increases, the point at which this approximation starts to depart from F1 (φ) recedes towards
the anode. For the larger T̄e∗ of the TAL (T̄e∗ = .36) we
should not expect the potential proﬁle obtained from a
solution obtained under this approximation to be valid,
but the value of x̄qn should still give an approximation
of the extent of the acceleration region since we expect,
from the above argument and Eq. (31), φqn to be a good
fraction of unity. We shall later estimate the error in our
analytical approximation of x̄qn by comparing them to
those obtained from a numerical solution of Eq. (28).
Keeping the extent of the validity of this approximation in mind, we proceed to ﬁnd a solution Eq. (28) where
F1 (φ̄) is replaced by F2 (φ̄),


d2
T̄e∗
1/2
2(1 − φ̄) +
dx̄2
(1 − φ̄)1/2
+ (1 − φ̄)−1/2 = 0

(40)

Here, C is the integration constant and is evaluated from
the ﬁrst boundary condition in Eq. (29) which, in terms
of the new variable Φ, is

0.0
0.0

dΦ
dx̄

cosh−1 (Φ)
+ 
1/2 + C.
2T̄e∗

_
*
T e = .36

0.5

(38)


1/2
Φ2 − Φ Φ2 − 2T̄e∗
F (Φ) dΦ =
2T̄e∗

1.0

.1


 2
Φ
∗ 1/2
+
Φ
+
2
T̄
e
T̄e∗

where the function F (Φ), given by Eq. (38), can be integrated to a closed form

F1
F2

.055

(37)

does not contain any derivatives of Φ. This leads to

3.0

|

d2 Φ
+ F (Φ) = 0,
dx̄2

where the function

and the corresponding curves for F1 (φ) are shown in
Fig. 3.

2.5

(36)

the above o.d.e. is transformed into

a transformation can be found. Of course this approximation is only good when φ̄/T̄e∗ is large enough, which
generally holds in the vicinity of the anode (φ̄  1) when
T̄e∗ is small. For instance, consider the case of an SPT
and a TAL operating at a typical φa = 300 V. From
Eq. (16) we have
(T̄e∗ )BN = .055,

T̄e∗
,
2(1 − φ̄)1/2

(42)

Finally, solving for dx̄ in Eq. (39), integrating again
and applying the second boundary condition in Eq. (29)
which, in terms of the new variable Φ is
Φ=1+

T̄e∗
2

at

x̄ = 0,

we ﬁnd the solution we are seeking


1/2
 1+T̄e∗ /2
Φ2 − Φ Φ2 − 2T̄e∗
x̄ = Φ
dΦ/ −
2T̄e∗
1/2
cosh−1 (Φ)
− 
.
1/2 − C
2T̄e∗

(43)

(44)

To obtain the extent of the (quasi-neutral) acceleration
region x̄qn , the lower bound in the above integral must
be changed to the value of Φ corresponding to φ̄qn . From

(35)
6

Eqns. (31) and (36) this lower bound is 2(T̄e∗ /2)1/2 , and
we can write
 1+T̄e∗ /2
dΦ
x̄qn =
.
(45)
1/2
2(T̄e∗ /2)1/2 [...]

C. Evaluation

We are now at a position to evaluate the extent of the
(quasi-neutral) acceleration region x̄qn from the above
analytical solutions. The results for T̄e∗ = 0, .055 (SPT
with BN walls), .1, and .36 (TAL with SS walls) are tabulated in Table I where we also give the results of the
direct numerical integration of the diﬀerential equation
[Eq. (28)].
We note from that table that the analytical approximations are good for the SPT (T̄e∗ = .055) and for T̄e∗ = .1
but underestimate xqn by about 20% for the case of the
TAL (T̄e∗ = .36).
In light of the discussion of the approximation in the
above subsection, and of the plot in Fig. 3, we should
expect this agreement to get worse as we get further
downstream from the anode. Indeed this is shown by
the potential proﬁles plotted in Fig. 4 where it is clear
that while the analytical approximation of the proﬁle is
quite good for the SPT, it is not so for the TAL. However, the model, as we have seen in Table I, is better at
estimating the extent of the zone, i.e. x̄qn , which is the
focus of our study.

The analytical expression of this integral is much too
cumbersome to write and it is far easier to carry out the
above integration numerically with a simple quadrature.
There does exist a relatively compact closed form solution to the problem in the limit T̄e∗ → 0. Then, Eq. (39)
becomes simply


dΦ
dx̄

2



dΦ
= 0,
Φ

+

(46)

and leads to


1

x̄ =

√

Φ

dΦ
,
− ln Φ

(47)

which in turn integrates to


1

x̄ =
Φ

√
√
ln Φ
ln Φ
−πErﬁ
dΦ
√
√
=
− ln Φ
− ln Φ

(48)
1.0

Erﬁ (z) =

0
.05
.1
.36

φ̄qn

1
.972
.95
.82

0

.1

0.8

Erf (iz)
.
i

(49)
0.6

The extent of the acceleration zone x̄qn , which for this
particular case is the same as the anode position, x̄a , is
obtained by changing the lower integration bound in the
above integral to 0.
T̄e∗

.055

_
*
T e = .36

where,

x̄qn
(Runge-Kutta)

x̄qn
(Analyt. Approx.)

1
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.766
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1
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.37
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|
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T e=0:
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FIG. 4. Potential proﬁles obtained from the approximate
analytical solution (scatter plot) compared to the proﬁles (line
plot) obtained from the direct numerical integration of the
diﬀerential equation [Eq. (28)], for four values of T̄e∗ including
those of the SPT (.055) and the TAL (0.36).

TABLE I. Comparison of x̄qn estimates obtained using the
approximate analytical solution to those obtained numerically.

Before we discuss the implications of these results, it
is informative to look at a set of potential proﬁles obtained from the direct numerical integration of the governing diﬀerential equation [Eq. (28)] over a wide range
of T̄e values. These are shown in Fig. 5 along with the
matching potential proﬁle extensions in the space-charge
limited (non-quasi-neutral) sheath. These sheath solutions are beyond the domain of Eq. (28) since the model
that led to that equation did not include Poisson’s equation. It is shown in Ref. [19] that in the anode sheath
the potential distribution is determined by the ion space
charge which, in the vicinity of the anode (φ̄  1), leads
7

FIG. 5. Potential proﬁles obtained from from the direct
numerical integration of the diﬀerential equation (Eq. (28)),
for a wide range of T̄e∗ values including those of the SPT (.055)
and the TAL (0.36).

to a Poisson equation in which the electron density can
be neglected. Therefore, instead of Eq. (26) we can write
[19]
α

d2 φ̄
= −(1 − φ̄)−1/2 ,
dx̄2

which leads to
2√
x̄a − x̄ =
α(1 − φ̄)1/2
3

(50)

for x̄qn ≤ x̄ ≤ x̄a ,

It may also be of interest to note that the above model
and results can conceivably be adapted to study the
eﬀects of current-conducting walls (e.g. electrodes implanted in the acceleration region as in [27,28]), by introducing the electron emission characteristics of such
walls to the model through an eﬀective T̄e∗ .

(51)

where
α≡

2
νiz me ωce
0
.
νe e2 n

(52)

D. Implications

The corresponding sheath potential proﬁles are shown
as extensions to the numerically obtained quasi-neutral
proﬁles for a range of α values.
We note the following form that ﬁgure:

Since the focus of our study is on the diﬀerence between
the SPT and the TAL, we are compelled to explicitly
estimate the magnitude of the reduction of the extent of
the acceleration zone when the walls are changed from
boron nitride to stainless steel, while other parameters,
such as the magnetic ﬁeld and the potential drop are kept
constant (the latter at 300 V). From Table I we calculate
a factor of 1.8 reduction in the non-dimensional extent.
To calculate the actual dimensional reduction we write

(x̄qn νe /νiz )SP T
(xqn )SP T
(x̄qn l )SP T

=
=
, (53)
(xqn )T AL
(x̄qn l )T AL
(x̄qn νe /νiz )T AL

• Wall properties have a signiﬁcant eﬀect on scaling
the extent of the acceleration zone which is on the
order of a few electron cyclotron radii.
• With increasing T̄e∗ (i.e. decreasing SEE coeﬃcient)
the total acceleration region (quasi-neutral plus
sheath) becomes restricted to a thinner layer near
the anode.

where we have used the deﬁnition of the characteristic
length l given in Eq. (21). The ratio νe /νiz can be approximated by the ratio of the respective cross-sections
Qe /Qiz which is a function of the electron temperature.
For the SPT and the TAL we have Te  Te∗ = 16.5
and 107 eV respectively, and the corresponding crosssectional ratios for xenon can be calculated from the measurements in Refs. [29] and [30] to be

• For the SPT, and even the TAL, the extent of the
anode sheath (for α ≤ 2) remains a small portion of
the extent of the total acceleration region thus justifying the approximation x̄qn  x̄a we adopted earlier when we used the extent of the quasi-neutral region (which is uniquely determined independently
of α) as a measure of the extent of the entire acceleration region.
• For both variants most of the the potential drop
(97% for the SPT and 82% for the TAL) occurs
in the quasi-neutral part of the acceleration region
implying that even the TAL is not truly a spacecharge-sheath accelerator.

Qe
= 28
Qiz

for Te = 16.5 eV (SP T )

(54)

Qe
= 1.5
Qiz

for Te = 107 eV (T AL).

(55)

and

Therefore
(xqn )SP T
 2.3 ×
(xqn )T AL

1.0
.1

0.8

.5

.055

2

α=0

0

.36

φ

|

.5

*

28
1.5

1/2
= 7.8.

(56)

The acceleration zone for the thruster with the metal
(SS) walls is therefore conﬁned to a region near the anode
that is about 8 times less in axial extent than that in the
thruster with the insulator (BN) walls, thus justifying the
appellation “thruster with anode layer” for the former.

.1

0.6

0.4

1



T e = .9

0.2

IV. CONCLUDING PICTURE

0.0
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0.6
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The results obtained above and the ensuing discussion
allow us to draw a concluding idealized picture of the fundamental qualitative diﬀerence between the two variants

1.0

x / (π)
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of Hall thrusters. This picture is represented schematically in Fig. 6 where the SPT and TAL channels are
shown along with the associated proﬁles of the potential
φ, the electron temperature, Te , and the wall potential
φw ; the last is based qualitatively on the calculations in
Ref. [24].
As the electrons enter the channel (or are produced
through volume ionization) their energy increases monotonically with the applied potential. With the increase in
electron energy of the primaries comes an increase in the
number of low-energy secondary electrons emitted from
the walls. These electrons are represented by stubby arrows (pointing away from the wall,) whose width is representative of their numbers and whose height gives a
qualitative measure of the secondaries’ energy (which is
signiﬁcantly lower than that of the primaries.) The wall
potential in that region, like in the standard case of a noncurrent-carrying wall in a plasma, is negative and repels
electrons in order to keep the sum of the ion, primary
electron and secondary electron ﬂuxes to zero. This situation continues upstream until a critical point is reached
at which the number of emitted secondary electrons is
large enough that the wall potential must revert in sign
(and become electron-attracting) in order to maintain the
no-current condition. For the SPT, which has insulator
walls, this happens at a relatively low electron temperature (16.5 eV for xenon gas and boron nitride walls)
while, for the case of TAL this does not happen until a
much higher temperature since the secondary emission
process for the metal is not as eﬀective as that of the
insulator.
Once this critical temperature, Te∗ , is reached the
electron-attracting wall potential causes a substantial increase in the electron heat ﬂux to the walls thereby shortcircuiting any further increase in Te . In our idealized
model, this is represented by an electron energy proﬁle
that asymptotes to Te∗ [cf. Eq. (17) and the qualitative
Te plots in Fig. 6].
So far all is happening under conditions of quasineutrality. Since the ion ﬂux is constant but the ion
velocity is lower as we approach the anode, and since
the electron temperature stopped increasing (due to the
quenching eﬀect described above), the electron density
must increase in that direction in order to maintain quasineutrality [cf. Eq. (8)]. This will eventually lead to a crisis since further increase in electron density must be compensated by further increase in the electric ﬁeld, dφ̄/dx̄,
in order for the electron current not to vanish. This can
be seen by recalling Eq. (24),

For the SPT, the vigorous SEE processes lead to a
lower quenching temperature for the electrons (as discussed in the above paragraphs) and since the latter
scales the magnitude of the pressure gradient (cf. second
term on the right hand side of the above equation,) the required increase in the electric ﬁeld is delayed until a larger
portion of the potential is reached upstream [sepciﬁcally,
until φ̄ = 1 − T̄e∗ /2, cf. Eq. (31)]. This relaxation on the
requirement for electric ﬁeld increase implies that the
potential is more spatially relaxed compared to the case
where the quenching temperature is high (TAL). The acceleration zone is therefore more spatially extended for
the SPT.
Finally, it must be cautioned that while the plots of
the non-dimensional proﬁles in Fig. 5 show a more extended non-dimensional sheath region for the TAL as
compared to the SPT case, the opposite is true for the
dimensional extent due to the scaling of the ratio of the
relevant cross-sections with the electron temperature as
discussed in Section III D in the context of the quasineutral extent. Therefore, the sheath axial extent for the
TAL is shown graphically in Fig. 6 to be smaller than
that of the SPT. While the sheath extent is smaller for
the TAL, a relatively larger portion of the potential drop
occurs in the TAL’s anode sheath as also shown graphically in the same ﬁgure.
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dφ̄
dn̄e
− T¯∗ e
,
(57)
dx̄
dx̄
where we have taken T¯∗ as a constant and moved it outside the derivative. At a critical value of the potential
near the anode, the electric ﬁeld would have go to inﬁnity [cf. Eq. (30)], this is indicative of the failure of the
quasi-neutral description at that axial location which is
denoted by xqn in Fig. 6.
j̄ex = n̄e

9

φw

φw

0

0

Te

Te

Te*

Te*

φa

φa

φ

φ
xqn xa

B

xqn xa

Anode

Anode
B
E

E

TAL

SPT
FIG. 6. Schematic of the idealized phenomenological picture illustrating the fundamental diﬀerence between the two
Hall thruster variants
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