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Abstract
This paper describes the development and validation of a parallel version of our MHD code, that was
developed for the simulation of propulsive plasma flows. The physical model, along with the initial and
boundary conditions to be imposed on the numerical solver are described. A brief discussion of the code
structure, with a description of how it works in a parallel computing environment, is included. The results
of the simulation are compared with experimental measurements of a self-field magnetoplasmadynamic
thruster (MPDT). With 11 processors, the parallel code obtained the converged solution 7.5 times faster
than our old serial code.
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1 Introduction

Total mass density
Velocity of the fluid
Magnetic induction
Gas pressure, isotropic pressure tensor
Maxwell stress tensor
Electric field strength
Electric field seen by the plasma
Resistive diffusion tensor
Energy density of the plasma
Current density
Boltzmann’s constant
Thermal conductivity tensor
Electron/ion thermal conduction coefficient
Mass of an electron
Electron number density
Heavy species/electron temperature
Resistivity

The goal of this paper is to demonstrate the validity of a new parallel MHD code that was developed
by the authors, for the simulation of plasma flows
in MPD thrusters. This code, developed based on
the principles of using a conservation formulation,
with characteristics-splitting, and flux-limited antidiffusion to solve the governing equations, was introduced by the authors in ref.[1], and is described in
detail in ref.[2]. In this paper, we focus on the development of a parallel version of that code, and its
validation by comparing the results of its simulations
with experimental measurements.
In ) 2, we will describe the governing equations
and the physical models used in this simulation.
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Then, in ) 3 we will describe the initial and boundary conditions to be imposed on the solver described
in ref.[2] to obtain solutions of the flowfield in selffield magnetoplasmadynamic thrusters (MPDTs). In
) 4, we will follow that with a discussion on the parallel computing paradigm used, and describe the code
structure. Finally, in ) 5 we will look at the results
from the simulation of plasma flows in a real thruster.

and that of ions,
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In the above expressions,  and  are the pres-

sures of the electron and heavy species respectively,
 #j
and ( _ ` is the Ohmic heating term, and bic is the
energy exchange term to be discussed later.
Since experimental data suggest that the disparity between the two temperatures is less than an order
2 Physical Model
of magnitude, only one of eqns.(3) and (4) is needed,
The governing equations for a MHD flow problem and the internal energy of the other species can be obtained, without significant error, by subtraction from
can be written in the form:
the total energy.
In eqns.(3) and (4), the rate of exchange of en 
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The right hand side of the equation, I , contains the
where  is the electron mass density, and
is the
dissipative effects that are physical in nature,
average collision frequency between electrons and
M
ions. Energy losses due to radiation are important
M
in many types of plasmas. However, earlier work by
IKH =L?  
9
(2) Boyle[3], Villani[4], and Bruckner[5] suggests that
N
the relative magnitude of this sink is not significant.
Consequently, radiation losses will be ignored in the
The energy equation is written in terms of the current model.

energy density (energy per unit volume), , which
includes the internal energy, kinetic energy and the 2.1 Ionization Processes
energy in the magnetic field.
=O? N
, contains the The plasma in a self-field, quasi-steady MPDT is
The dissipative flux of energy,
Ohmic heating (written in terms of divergence of the generally in a state of ionizational nonequilibrium
[6]. Though some numerical simulations (such as
Poynting flux), and thermal conduction,
refs.[7, 8]) have used finite-rate ionization modQPKR 
els, they do not include higher levels of ioniza=L? N H =L?
< V  ?W= &
9
SUT
tion that have been observed experimentally [5, 9].
On the other hand, simulations at the University
In addition to the total energy equation, separate of Stuttgart[10], and at NASA-GRC[11], have indispecies energy equations are needed to account for cated that, for the conditions of interest to MPDT
the disparity in electron and ion temperatures. The plasmas, the solution of flow fields using the seemconservation relations for the internal energy density ingly restrictive assumption of equilibrium ioniza 
of electrons, , can be written as,
tion model may yield sufficiently realistic results.
;  
E   &] Ff Therefore, in this work we use a multi-level equi 
 #e

; <X=Y?[Z ]\ <  =^?  H ( _V`aBCbdc <X=Y? =
librium ionization model.
3
(3)
In equilibrium, irrespective of the manner in
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Table 1: Energy levels and statistical weights in argon and argon ions (obtained from refs. [12], [9] and
[13])
Ar I
E (eV)
0.000
11.577
11.802
13.096
13.319
14.019
14.242
14.509
14.690

Tq

Tq

g
1
8
4
24
12
48
24
24
12

Ar II
E r (eV)
0.059
13.476
16.420
16.702
17.177
17.688
18.016
18.300
18.438

q

q

gr
6
2
20
12
6
28
6
12
10

Ar III
E r]r (eV)
0.111
1.737
4.124
14.214
17.856
17.964
19.460
20.066
20.222

q

Ar IV
q
E r]r]r (eV) g ]
r r]r
0.000
4
3.478
16
14.671
24
31.133
24
35.568
40

q

q

g r]r
29
6
2
6
1
10
14
1
8

which the species are created, the densities of the Heiermann[17]),

#
electrons, % , ions, % , and the neutrals , %ts , are related by the Saha[14] equation,
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#q
where %ts is the total number density of all nuclei,
where  is the 7 energy
level of the species of ion# q
and the equilibrium constant,   is from eqn.(6).
ization level  , and is the corresponding statistical

weight.
Similar expressions can be written for higher ionization levels, with the energy levels scaled to a common ground. The propellant considered in this work
is argon, and its first, second and third ionization potentials are 15.755 eV, 27.63 eV, and 40.90 eV respectively. The relevant energy levels of argon atom
and its ions, and their statistical weights are given in
Table (1).
Even in the presence of thermal nonequilibrium
between electrons and ions, a modified Saha equation can be applicable. As shown in refs.[15] and
[16], in such situations, due to the high mobility of
the electrons, the temperature in eqn.(6) can be replaced with the temperature of the electron fluid, and
the resulting modified Saha equation is an accurate
model.
For a model with N levels of ionization, the
electron number density can be obtained by finding the single positive root of the polynomial (from

2.2 Equation of State

For monatomic propellants, the relationship between
pressure, density and temperature is of the form

 HL  &

;   q
;
9

(8)

The partition functions for many elements of interest
can be found in references, such as ref.[18]. Based
on this work, Choueiri[19] derived expressions to obtain the temperature from pressure and density, for
argon. As shown in Fig.(1), it is clear that at temperM
atures above  K, the deviations from the ideal gas
model are significant.
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lous transport due to momentum exchange between
waves and particles in the plasma. Effects of viscosity are not currently in our model. Detailed expressions for these coefficients will be given below.
2.3.1 Classical Transport
Our method for the calculation of classical transport coefficients relies on momentum transfer during elastic collisions. The energy-weighted average
of the momentum transfer collision frequency between the electrons and species s, is given by (cf.
refs.[20, 17]),
Figure 1: Deviation from ideal gas behavior for argon
(calculated from data in ref.[18])
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As energy is deposited into the internal modes,
the ratio of specific heats also changes. Once again, If the species in consideration is an ion of charge q,
this can be calculated from the data of partition func- then,
z¥
tions. As seen in Fig.(2), the deviation from the ideal
`
M
 ¡ H
4

¦
¢
value of W k is severe at temperatures above  K,
  ¢ £¤ V8a§
w 4 ¥4¨ 4¦
(10)
which is consistent with Fig.(1).
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The electron-neutral u collision
cross section, for ar 
M P M `T `
gon, s¯®±° 9
col  # m , andP the
w²
M u]ion-neutral
f
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®
°
`
W9

lision cross section,
m .
The ion-ion collision frequency is estimated to
be:

 j# # H

u wT
P M ]

W9  °  
P Mµ´
W 9 x kW³

& `

& {
% K9 (11)

From the abovementioned relations for collision
frequencies, the coefficient for the electron thermal
conductivity can be estimated to be:

  H


&]
M ` %
9k x $   m [

(12)

Figure 2: Variation of the ratio of specific heats for while that of the ions to be:
argon (calculated from data in ref.[18])

 # H
2.3 Transport Phenomena
The transport coefficients in our model are electron
and ion thermal conduction, classical electrical re=
sistivity, with Hall effect, and  effect, and anoma-
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From the definition of electrical resistivity, it is:

(as H

$ 

 "m 
%  2`

(14)
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3 Numerical Solution

while the electron Hall parameter is:

!
·  ¸ m"[ H
¹

¶  H

2.3.2


2ºp $
 m" 9

(15) The equations described in ) 2 contain hyperbolic and
parabolic PDEs. The techniques for the numerical
solution of these equations are described in ref.[2],
and in this section we will only describe the initial
and boundary conditions that are to be imposed on
that solver, to obtain solution for the flowfield in a
self-field MPDT.

Anomalous Transport

It is known that the current can drive microinstabilities in the thruster plasma which may, through induced microturbulence, substantially increase dissipation and adversely impact the efficiency. The presence of microinstabilities in such accelerator plasmas
has been established experimentally in the plasma of
the MPDT at both low and high power levels[21],
[22]. Choueiri[23] has developed a model to estimate the resulting anomalous transport and heating
in terms of macroscopic parameters. Under this formulation, apart from the classical collision frequency
of the particles, there exists additional momentum
and energy transferring collisions between particles
and waves. The resulting anomalous collision frequency is important whenever the ratio of electron
  #f¾
drift velocity to ion thermal velocity, »'¼ z½
W9 
. Above this threshold, the ratio of anomalous collision frequency to classical collision frequency was
found to depend on the classical electron Hall param¶ 
# &  , and the ratio of ion to electron temperatures,
& eter,
 . Polynomials giving these relations were derived in ref.[23] to be,
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As a result, the effective resistivity of the plasma is
now,

(
m "!

eff

H

$ 
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(17)

where cl is the classical collision frequency computed in ) 2.3.1.

3.1 Boundary Conditions
The set of governing equations ) 2 describe the evolution of many types of drastically different plasma
flows. It is the role of the boundary conditions to distinguish one problem from another. This section will
discuss the estimation of the convective and dissipative terms at various boundaries.
3.1.1 Flow Properties
Freestream
The computational domain is assumed to be large
enough such that there are no normal gradients in any
of the flow properties at the free stream boundaries.
Solid Walls
The governing equations need the value of thermal
conduction between the wall and the plasma to be
specified. This can either be given explicitly (as
in adiabatic walls, in which thermal conduction is
zero), or can be computed by fixing the temperature of the wall. In this simulation, the thermal
conduction is set to zero at insulators, and the wall
temperature is set to 2500 K at metallic boundaries.
Centerline
At the axis of symmetry, there are no radial convective fluxes. Moreover, there are no radial gradients.
Therefore, there is no thermal conduction across the
centerline.
Inlet
At the inlet, a specified mass flow rate of the propellant enters at a specified temperature at sonic conditions. In reality, the propellant is injected as neutral gas at room temperature, and it gets almost fully
ionized within a few millimeters from the inlet[9].
However, it is believed[24] that this ionization process cannot be modeled by fluid theory. Therefore,
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in this model, the inlet temperature is chosen to be
high enough such that the propellant is sufficiently
ionized. Effectively, the backplate of the numerical
model is not the true backplate, but a region few millimeters downstream of it.
On this issue, our simulation distinctly differs
from that of ref.[11], and ref.[25]. In both these simulations, the propellant is injected at close to room
temperatures, and ionization is allowed to develop
in a classical fashion. Therefore, in both ref.[11]
and [25], the plasma is only weakly ionized through
most of the thruster channel. However, due to our
inlet condition, the plasma is almost fully ionized
throughout the channel in our simulations.
3.1.2

Field Properties

Freestream
The computational domain is chosen to be large
enough such that all the current is enclosed within
the domain. Thus, from Ampère’s law, the magnetic
field at the free stream boundaries is zero.
Solid Walls
At all other boundaries, the magnetic field is computed purely from Faraday’s law. Using Stokes’ theorem it can be written as,

Á

; 
;

3

?µÂVÃ

H B

R ?µÂVÅ
Ä

9

È Ç P E Æ ` B Æ w F HÊÉ 

At conducting boundaries, all the current entering the discharge flows at the surface, at least in the
Ë
transient case. Therefore, even though resistivity, ( ,
for most conductors is very small compared to the
plasma resistivity,

(

M u { B M u 
Ohm.m
plasma
ÌLÍ P M u ² 
(
H W9 Î

Ohm.m
tungsten


(21)

the surface electric field is significant, due to the
large current density in the transient case. In a true
steady state, after the magnetic field has diffused into
the conductor, the surface potential drop decreases to
zero.
At insulated boundaries, the magnetic field diffuses into the wall instantaneously. Therefore, the
jump in the magnetic field, and subsequently the surface current, is zero.
Centerline
Due to symmetry, the inductive component of the
electric field is zero, because there is no flow across
it. However, the resistive component is finite. This
can be obtained from the value of the magnetic field
M
, through a simple Taylor
at a point close to Ï H
series expansion,

ÐGÑ   T H

(18)

In the cell-centered scheme used in this work,
eqn.(18) implies that the evolution of the magnetic
flux is specified by the contour integral of electric
field around the cell. Therefore, the only information
required is the electric field drop along the boundaries.
From classical electromagnetic theory[26], the
w
jump in the magnetic field, Æ ` B Æ , across an interface between two media has to satisfy the relation,

6

° º Ò ÑÔ 
 Ð    T H ( _ ÐGÑ   T H ( Ó
}` 9
S sVb Ï
t

(22)

Inlet
Since all the enclosed current is downstream of
the inlet (the backplate), the streamfunction, Õ H
 
ÏÖºÓÒ H StsV× s  xzy is a constant at any given time, and
changes only as the total current is changed. Since
Faraday’s law needs the information on the electric
field along the backplate, it can be computed to be:

  E
Ï

M F H   E "b^ØµF < b^Ø
Ï
Ï



;
;

Õ B
3

; Ù
 Ð
;
Ï

9
(23)

(19)


where É is the surface current per unit length. Due 3.2 Initial Conditions
to the no mass flux condition, the potential drop at a
The governing equations ( ) 2) also require that the
wall is entirely resistive, and is given by,
initial spatial distribution of the quantities be preRfË H ( Ë  Ë
9
(20) scribed. The code is typically started with the entire
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M u 

domain filled with a background pressure of 
Torr at a temperature of 300 K.
Then, the inlet boundary conditions, corresponding to fully ionized plasma entering at a specified
mass flow rate, are imposed. After this plasma has
filled the thrust chamber, the voltage at the backplate
is made finite, introducing the effects of current and
the magnetic field into the problem. For the calculations shown in ) 5, the current increased from 0 to
16 kA in Ì  S s, and this rate is controlled by the
adjustments to backplate voltage every time step.
Until this moment, the ionization is frozen to be
Z=1, and the ratio of specific heats is fixed to be
Ú H W . After the current has permeated throughout
k
the thrust chamber, the effects of multi-level equilibrium ionization and non-ideal equation of state are
slowly introduced. For instance, let Ú¹Û be the calcu«
<
 , and Ú be the
lated value of Ú at a time level %
old value at time level % . Then, the value of Ú used
<
 is:
at time level %

w
Ú « r HLÜµÝ Ú ÛÞ < Ü E  B Ý FßÚ « Þ

(24)

where Ý is a relaxation parameter between 0 and 1.
A similar method is used for introducing ionization
effects. This sort of “relaxation” is required to make
the transition from an unphysical initial condition to
a more realistic scenario.

3.3 Temporal Discretization
Unlike in fluid mechanics, the equations of MHD allow many different types of waves to exist. Even
though physically the flow velocity is the sought
quantity of most interest to propulsion, numerically the velocity of the fastest wave is what determines the time-step constraints. In plasmas
E Mof
propulsion interest, the fluid velocity is Í  F
m/s. ForE a quasineutral
plasma with charge denM`wF {
 m and thermodynamic pressures
sity of
E M Í u]w  F
E M w
of Í 
Torr and magnetic pressure of Í  F
Torr, the fast magnetosonic wave speed is typically
of the same order of magnitude as the flow velocity.
This indicates that an explicit time marching scheme
is suitable. From the CFL criterion, the time step
forE such
(with b Ï ®  mm) would be
M u ² B a problem
M u à F

s.
Í 

7

Physical dissipation brings in different characteristic time scales into the problem. They are:

¦ Ô " ¥
Magnetic diffusion: = á â Ô " ¥
«
Heat conduction: = §  ã 
/10

u wT
M ]
Ì  M u]w T s M u]w4w
B 
s
Ì 

As a result of this disparity in time scales, a timeMWM
accurate simulation to steady state ( Ì x S s) would
P Mä

require about x
time steps, and would take
about 2 weeks of CPU time (on a Pentium-II 450
MHz machine). In order to make this code a more
amenable tool for research, this time has to be reduced to å 1 day. Two different means of achieving
this can be identified:
1. instead of treating all the terms explicitly, treat
the time-limiting dissipative terms implicitly:
this allows a larger time step (closer to the convective time scale) to be used for computation,
2. increase the computational power that is available for calculation: using more than one processor to perform the computations is a more
effective route for this, than expecting the
technology for the speed of a single processor
to improve.
In this paper, we will discuss the latter approach,
whilst the former will be a topic of future work.

4 Parallel Computation
With the current trend in high performance computer architectures being away from single processor scalar/vector machines, and toward the design
and construction of parallel machines, it is important to exploit the strength of parallel computing
platforms (cf. ref[27]). For a given multiprocessor architecture, two distinct means of utilizing the
computational power to solve a given problem can
be identified: process decomposition, and domain
decomposition[28].
Process decomposition is the allocation of specific processors to specific portions of the algorithm.
For instance, for the problem at hand, the ionization
model can be computed by one processor, the equation of state model by another, the convective and
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diffusive fluxes by another, and so on. This is the
preferred choice of processor allocation under the
Parallel Virtual Machine (PVM) method of parallel
computing. However, this method would encounter
serious difficulties if the computer memory were distributed across various processors (as it is in the case
of the machine we are using: the SGI Origin 2000
system). Moreover, there are difficulties in ensuring
that all the processors are utilized continuously, and
in transporting the code across systems with different
number of processors.
Due to the abovementioned difficulties, we have
chosen to follow the domain decomposition method
of parallel computing. In this technique, the domain
is divided into smaller domains, and these smaller
domains are assigned to each of the available processors. Each processor only computes the solution in
the domain it is assigned. If the domain of each processor is roughly of the same size, then all processors
will finish one time step at roughly the same time,
and if necessary, communicate with each other about
the updated solution. This feature, often termed as
“load balancing” ensures maximum utilization of the
available computing power. Moreover, with domain
decomposition, transporting the code across computers with varying number of processors is an easy
task.
Under domain decomposition, in order to estimate the values at time t near the boundaries, processors need information of variables (at time 3 B@b 3 )
that lie just outside the boundaries of their domain.
Under the current discretization scheme, each processor needs exactly one row of cells from each of
its neighboring processor’s domain, as illustrated in

8

Fig.(4). In this work, we use the Message Passing
Interface (MPI) standard [29] to handle these interprocessor communications.

1

2

3

4

Figure 3: Information sent and received by a processor
There are certain parts of the code (such as
input/output, convergence checks, and estimating
global time steps) that are not amenable to parallelization. This constitutes an overhead, and we assign a separate processor (termed MASTER) to handle this. All the other processors (termed WORKERS) are exclusively involved in computation of the
solution within their assigned domains, or are communicating with other processors for this purpose.
The schematic of the calculations in our code is
shown in Fig.(4).
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Figure 4: Flow chart of the parallel MHD code
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5 Results
The geometry chosen for this simulation was one of
the series of constant area coaxial thrusters, used by
Villani[4]. In this particular case, the cathode and the
anode radii were 0.95 cm and 5.10 cm respectively.
The cathode and the anode lengths were 26.4 cm and
20.0 cm respectively.
In this section, we present some of the results
of the simulation of the flowfield of the thruster described above. Because of the inadequacy of the grid
generation routine, the rounded corner of the anode,
and the tip of the cathode, are represented as a sharp
corner, and a flat tip, respectively, in the simulation.

5.1 Density
The electron number densities within the chamber increase from the anode to the cathode (cf. Fig.(5)).
This may be attributed to the radial pumping force,
_ Ð ºÓÒ , which pushes the plasma away from the anode,
towards the cathode. This trend has been observed in
experiments and in previous simulations[7].

5.2 Ionization Levels

10

ment with the measurements within the thruster
chamber, but not in the plume region. The convection of the current lines in the simulation is less than
that observed by experiments, and this could be due
to incorrect estimation of the transport properties, or
may also be influenced by the artificially high value
of the electric field at the sharp corner of the anode.
In this simulation, the cathode was set at a reference potential of 0. It is important to note that
the predicted values of voltage do not include electrode drops, and are therefore cannot be compared
to the measured value across the electrodes. Nevertheless, they do serve the purpose of quantifying the
plasma part of the voltage drop. This simulation predicts a voltage drop across the plasma of 30.83 Volts
(cf. Fig.(10)). The true voltage drop is 56 Volts [4],
and the difference can be attributed to the 25 Volts of
anode drop that was measured. Since the experimental measurements indicate that the anode drop is 25
V, the calculated potential contours were shifted by
25 V. Though this value is not a constant along the
anode, it nevertheless allows comparison of calculations with measurements. These contours are shown
in Fig.(10).

The effective ionization fraction is shown in Fig.(6).
The presence of Ar-III and a small amount of Ar-IV
in the plume is in agreement with experimental ob- 5.5 Thrust & Efficiency
servations (cf. ref.[5]) for these operating conditions.
By definition, the thrust is computed using the fol5.3 Velocities
lowing relation,
The distribution of axial velocities in the domain are
shown in Fig.(7). Since the thrust, consequently exhaust velocities, should be roughly independent of
the geometry, these numbers from these simulations
compare well with measurements of a different geometry in ref.[30].
To illustrate the effect of radial velocity on the
flow, the velocity streamlines (where the velocity
vector is a tangent at every point) are shown throughout the domain in Fig.(8).

& H
Á

»

Ð E   ?WÂÃ Fp

(25)

where the integral is performed over all the boundaries. Using eqn.(25), the code predicts a thrust of
42.9 N. This compares well with the analytically calculated value (from Maecker’s law) of 41.2 N.

The calculated value of potential difference is
30.83 Volts. However, this is significantly lower than
the measured value of 56 Volts, because electrode
falls are not included in our model. Therefore, for
5.4 Enclosed Current and Electric Potential
a total current of 15.0 kA, the simulation predicts
The contours of enclosed current are shown in a thrust efficiency of 33.2%, though the measured
Fig.(9). The calculated values are in general agree- value is 18.3%.
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Figure 5: Distribution of electron number densities (in #/$ { )

Figure 6: Distribution of ionization levels

6 Concluding Remarks

We have demonstrated the validity of our new parallel MHD code for the simulation of plasma flowfield
in self-field MPDTs. By using MPI based parallel
computing, we cut down the time required for simulation by a factor of 7.5, by using 11 processors (10
workers + 1 master). Further investigation into parallel computing techniques could improve the efficiency of the speedup even more.
From the results shown in ) 5, it can be inferred
that the physical model used was adequate for a realistic description.
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