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A theory for the single-channel hollow cathode (SCHC) that includes the relevant physical pro-
cesses and predicts the operating parameters is presented. A SCHC consists of a cylindrical channel
approximately ten diameters in length through which a working gas (taken as lithium vapor here)
flows and exits as a plasma. A high current (1-100 A) is conducted into the channel by the plasma
and to the cathode walls via field-enhanced thermionic emission and the plasma ions. The cathode
voltage is determined from an energy balance that accounts for surface processes. An energy bal-
ance in the plasma volume determines the electron temperature. The SCHC theory includes, for the
first time, a model of non-equilibrium excitation and ionization via thermionic and thermal electron
collisions that utilizes a rate balance of the important excitation states of the lithium neutrals. The
model predicts important operating parameters including the cathode voltage, temperature profile,
and ionization fraction as a function of current, lithium flow rate, and channel diameter. The phe-
nomenon of the minimum voltage as a function of current is captured by the model. The model
gives insight into the primary loss mechanisms. It was found that thermal radiation dominates at
low current, thermionic cooling dominates at moderate current, and convection of thermal electron
energy dominates at high current.

I. INTRODUCTION

High-power electric propulsion systems have long
been recognized as among the most promising options
for heavy-payload orbit raising and piloted planetary
missions [1–4], but research has been limited due to
lack of in-space power. With NASA’s renewed in-
terest in the development of nuclear power systems
for spacecraft, the steady-state power necessary for
the practical application of these thrusters may soon
be available. Among these high-power devices is the
lithium Lorentz force accelerator (LiLFA), a type of
magnetoplasmadynamic thruster (MPDT) that uti-
lizes lithium propellant and a multichannel hollow
cathode (MCHC). A MCHC is a single cathode that
consists of several parallel SCHCs through which the
propellant flows and current is conducted. Lithium is
an ideal propellant for plasma thrusters where frozen
flow losses are important, such as MPDTs, because of
a low first ionization potential (5.4 eV), a high second
ionization potential (75.6 eV), and a high first excita-
tion level (61.95 eV) of Li II. The MCHC is critical
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to the LiLFA due to its dual purpose role of plasma
source and arc cathode, yet there is no model that
describes its operation.

A MCHC model requires the existence of a SCHC
model and the inclusion of the thermal interaction of
adjacent channels and the division of current and mass
flow. In fact, there is no multichannel model that con-
sistently includes ionization and current conduction.
Ogarkov et al. [5, 6] studied MCHC design by fo-
cusing on plasma-surface interactions. The seminal
work on MCHCs by Delcroix, Minoo, and Trindade
[7] presented no detailed theory, instead their insight-
ful analysis compares MCHC operation to that of a
single-channel hollow cathode (SCHC).

Ferreira and Delcroix present the most detailed the-
ory of the SCHC [9], however it required experimental
data (the cathode temperature profile) as an input.
Our goal is to develop a self-consistent SCHC model
that will not require experimental data as an input,
but rather that the predictions of the model can be
compared to experimental data. To attain that goal,
we are the first to include a model of non-equilibrium
ionization and excitation via thermionic and thermal
electron collisions that utilizes a rate balance of the
important excitation states of the neutrals. We will
extend our validated SCHC model to a MCHC model
in the future.

In section II we present a self-consistent model that
predicts the measurable properties of the cathode dur-
ing operation as a function of the controllable parame-
ters: the channel diameter, propellant mass flow rate,
and current. The relevant measurable properties that
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FIG. 1: Diagram of some of the processes in included in
the SCHC model: the particle flux balance at the wall
and through the channel, the energy balance at the wall,
current conduction, and the ionization process.

our model will predict are the cathode voltage, elec-
tron temperature, and plasma ionization fraction. We
present the results of the model and discuss the phys-
ical insights that our SCHC model provides in section
III.

II. SCHC MODEL DESCRIPTION

A realistic physical model of the SCHC requires the
inclusion of at least the following processes (shown in
Fig. 1),

• Gas flow through the channel

• Non-equilibrium excitation/ionization

• Thermionic electron energy loss

• Work function reduction due to plasma sheath

• Current conduction at cathode

• Cathode heating

• Plasma electron heating

The channel of the hollow cathode is modelled as
a cylinder of length l and radius r within which the
plasma properties are assumed uniform, Fig. 2. The
radius is an independent parameter that we choose ac-
cording to experiments. The present model must use a
plasma penetration depth l measured experimentally.
We would rather determine l with the model, but we
have not yet developed a theory for this process. We
assume that the thermionic electrons are emitted from
a uniform temperature tungsten wall that surrounds

FIG. 2: Schematic of the cylindrical SCHC adopted for the
model.

the channel. The number densities of the excited states
of lithium and the thermionic electrons are determined
by a rate balance of all of the collision and flow pro-
cesses, assuming steady state.

A. Gas Flow

The plasma pressure within the channel is deter-
mined by the gas mass flow rate, the channel radius,
cathode temperature, and velocity. The pressure out-
side of the channel is much less than that within and
thus can be approximated as zero. The large pressure
difference also implies a sonic condition at the cathode
exit, which Ferreira and Delcroix [9] verified. The pres-
sure at the exit of the channel is therefore determined
by,

Pex =
ṁ

πr2

√

RTc

γ
(1)

where R is lithium’s gas constant, Tc is the cathode
temperature, and γ = 5/3 is the ratio of specific heats
for a monatomic gas.

We will assume that the pressure along the channel
is equal to Pex. Using the theory of transitional chan-
nel flow presented by Dushman [10], the assumption
is accurate to within a factor of three for the region
within 10 channel diameters upstream of the exit.

Particle flux is conserved at the cathode wall and
as the lithium vapor flows through the channel. The
ions that impact the cathode wall are neutralized and
return to the plasma volume as neutrals. The total flux
of ions and neutrals leaving the cathode must match
the flux of neutrals that enter the cathode.

B. Non-equilibrium Excitation/Ionization

The most important component of the SCHC model
is non-equilibrium ionization. The lithium is ionized
via multi-step inelastic collisions with beam electrons
thermionically emitted from the cathode surface as
well as thermal electrons in the plasma. Lithium ex-
citation is accomplished primarily through collisions
with the beam electrons. This forces a non-equilibrium
model rather than Saha-type equilibrium model.
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FIG. 3: Electronic levels of Li I adopted in the SCHC
model, based on [11].

The collision frequencies are modelled utilizing ex-
perimental or theoretical cross-section data. The low-
est eight states of neutral lithium and singly ionized
lithium are included, as shown in Fig.3. The difference
between the energies of the states above the 4d level
is small compared to the energy associated with the
electron temperature, therefore we can assume that
the those states are easily ionized and do not require
explicit modelling. A collision frequency is determined
for each lithium state and beam electron energy.

1. Lithium Excitation Model

The state of the lithium neutral atom is modelled
with electron-impact excitation transitions and spon-
taneous radiative emission of excited states of the
atom. Published [12] values of the transition proba-
bility for spontaneous emission are used in the model.
Since lithium has no metastable states, the forbidden
transitions are not included in the excitation model.
Also, no excited states of the lithium ion are consid-
ered since the first excited state is 61.95 eV.

The radiated power released by the spontaneous
emission Psp is partially trapped within the channel
by the cathode walls. The radiated power that is not
lost out of the end of channel heats the cathode sur-
face. We will take the ratio of trapped to released
radiation as the ratio of the sum of the channel exit
and entrance areas to the total area surrounding the

plasma volume,

Rsp =
2πr2

2πrl + 2πr2
=

r

l + r
. (2)

The amount of power transferred to the cathode from
the spontaneous emission process is RspPsp, as re-
quired for the power balance in section II F.

2. Excitation and Ionization Via Thermionic Electrons

One of the two excitation and ionization processes
is the inelastic collisions of mono-energetic electrons
with the neutral lithium. Since we track the number
density of beam electrons as a function of energy, we
can calculate the collision frequency for the thermionic
electrons as they decelerate. The frequency of a pro-
cess p between the thermionic electrons (subscript th)
and the state j of the lithium atom is

νp
th,j(ε) = nj

√

2ε/me Qp
th,j(ε), (3)

where Qp
th,j(ε) is the cross section of the process eval-

uated at the energy ε, nj is the number density of the
excited state j, and me is the electron mass. The pro-
cesses are the various transitions between the states of
lithium as well as ionizatoin. We have used the cross
sections provided by the International Atomic Energy
Agency [13] because they provide standardized formu-
lae for electron impact cross sections as a function of
energy.

3. Excitation and Ionization Via Thermal Electrons

The second excitation and ionization process is the
collision of thermal electrons with the lithium atoms.
Because of the relatively low excitation energies of
lithium, even electrons with a low temperature can
contribute significantly to ionization. The frequency
of each transition is calculated from

ν̄p
p,j = nj

√

2

me

∫ ∞

0

2ε Qp
th,j(ε)

√
π(kTe)3/2

exp

(

−
ε

kTe

)

dε, (4)

where Te is the electron temperature and k is the
Boltzmann constant. These inelastic collisions drain
power, Pex, from the thermal electrons.

C. Thermionic Electron Energy Loss

We must account for the energy loss of the
thermionic electrons as they collide with the electrons
and neutrals in the plasma. The thermionic electrons
enter the plasma with an energy equal to the sheath
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voltage plus the initial thermal energy associated with
the cathode temperature,

εth,i = Vs + 3/2 kTc. (5)

As discussed in Appendix A, the thermionic electrons
have a Maxwellian energy distribution normal to the
surface with an average equal to the cathode temper-
ature [14–16] as they leave the surface. We can ap-
proximate the energy of the thermionic electrons as
a mono-energetic beam because the energy gained by
acceleration through the sheath is much greater than
the energy associated with the surface temperature.
Therefore, the energy differences due to the initial
Maxwellian distribution are small compared to the en-
ergy gained by acceleration through the sheath and
can be neglected.

Inelastic collisions with neutral lithium and elastic
collisions with plasma electrons reduce the energy of
the thermionic electrons until it is equal to the energy
corresponding to the plasma temperature, at which
point they are considered to be thermal plasma elec-
trons. The energy lost in each inelastic collision is
assumed to be equal to the energy of the excited state
transition caused by the collision. The energy lost
through collisions with plasma electrons is [17]

∆εth =
1

2

(

εth −
3

2
kTe

)

. (6)

We will call the total power lost Ph. This power heats
the plasma electrons, as described in section IIG.

D. Work Function Reduction Due to Plasma
Sheath

The cathode wall and the internal plasma are sep-
arated by a sheath which accelerates the ions toward
the wall and electrons into the plasma. The details of
the sheath are not relevant with the exception of the
electric field at the cathode surface because the field
can reduce the effective work function. We use a ver-
sion of the double sheath model developed by Prewett
and Allen [18] modified to account for the finite energy
of the thermionic electrons as they leave the cathode
surface. Since our result is slightly different from pre-
vious researchers [16, 19] a derivation of the modified
double sheath model is included in Appendix A. The
electric field at the cathode surface, Ec, is determined
by the relation

εo

2
E2

c = −
jthme

e

[

(

2e

me
Vs +

3kTc

me

)1/2

−

(

3kTc

me

)1/2
]

+ 2ni,oVoe

(

(

1 +
Vs

Vo

)1/2

− 1

)

+ ne,okTe

(

exp

(

−
eVs

kTe

)

− 1

)

, (7)

where Vo represents the energy of the ions as they enter
the sheath, ni,o and ne,o is the number density of the
ions and electrons at the sheath/plasma boundary, εo

is the permittivity of free space. The sheath voltage
Vs is different from the cathode voltage due to the
presheath potential required to accelerate the ions Vo,

Vs = Vc − Vo. (8)

The reduction of the effective work function by the
electric field (Schottky effect) is given by [20]

φeff = φo −

√

eEc

4πεo
, (9)

where φo is the work function of the cathode material.

E. Current Conduction at Cathode

Current is conducted from the plasma to the cath-
ode via ions ji, thermionic electrons jth, and thermal
electrons jpe from the plasma,

J

As
= j = jth + ji − jpe, (10)

where J is the total current and j is current density.

Thermal electron density follows a Boltzmann dis-
tribution determined by the potential in the sheath.
The flux of electrons to the wall is then 1

4
npe,cv̄ where

npe,c is the number density at the cathode and v̄ is
the average electron velocity as determined from the
plasma electron temperature [21], therefore

jpe = e
1

4
ne exp

(

−
eVs

kTe

)(

8kTe

πme

)1/2

. (11)

The thermionic current is described by the
Richardson-Dushman equation [20],

jth = AT 2

c exp

(

−
eφeff

kTc

)

, (12)

where A is an empirical constant for tungsten.

The ion current is determined from the ion flux as
described in section II F,

ji = enivB,m. (13)

We match the net current J to the desired current by
adjusting the sheath voltage, which results in a change
in cathode temperature and ionization fraction. Those
changes are fed back iteratively into the thermionic
and ion current allowing a solution to be found.

4
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F. Cathode Heating

A power balance of the cathode is important because
it determines the cathode temperature, which gives
the thermionic current via the Richardson-Dushmann
equation (12). The ions and electrons that bombard
the surface and the spontaneous radiation supply en-
ergy while thermal radiation and thermionic cooling
remove energy,

Pi + Ppe + Psp,c = Prad + Pth. (14)

The power delivered by the ions has two compo-
nents, the kinetic energy of impact and the energy re-
leased when the ion recombines with a surface electron
to become a neutral,

Pi = nivB,m (Vc − φeff + φi) As, (15)

where vB,m is the modified Bohm velocity described
in Appendix A and As area of the cathode wall.

If the plasma electron temperature is comparable
to the cathode voltage then the electrons can reach
the cathode and combine on the surface. The flux of
electrons is given by equation (11) divided by e. If the
voltage that corresponds to the electron temperature
is less than sheath voltage, the average energy of each
electron that reaches the cathode is

ε̄pe,c =
3

2

kTe

e
. (16)

Therefore, the power delivered by the thermal elec-
trons is

Ppe =
jpe

e

(

3

2

kTe

e
+ φeff

)

As, (17)

where the energy released as the electrons recombine
with the cathode material is included.

The spontaneous radiation emitted by the excited
lithium atoms can be trapped within the channel, thus
depositing power into the cathode wall. Using equa-
tion 2, we denote Psp,c as the spontaneous radiation
power captured by the cathode as

Psp,c = RspPsp. (18)

The thermal radiation is modelled using the Stefan-
Boltzmann relation

Prad = εW σT 4

c As, (19)

where εW is the emissivity of tungsten and σ is the
Stefan-Boltzmann constant.

Finally, we include the power removed by thermionic
cooling. As the electrons leave the cathode material
they take energy that is equal to the sum of their initial
temperature and the effective work function

Pth = jthe (φeff + 3/2 kTc) As. (20)

G. Plasma Electron Heating

The temperature of the plasma electrons is deter-
mined by another power balance. The electron tem-
perature is important because lithium excitation and
ionization via thermal electrons depend strongly on
that value. The plasma electrons gain energy through
elastic collisions with the thermionic electrons. The
energy is lost by transport out of the channel for
current conduction, excitation and ionization of the
lithium atoms, and conduction through to the cath-
ode wall,

Ph = Pex(Te) +
Je

e
kTe + Ppe, (21)

where we note that the power lost to excitation Pex(Te)
is a function of electron temperature and Je is the total
current conducted by the electrons out of the channel.
We use this relation to self-consistently determine Te.

III. RESULTS

A. Comparison with Experiment

We modelled a SCHC over a range of current at a
fixed mass flow rate and channel diameter. Our goal
was to demonstrate that the SCHC model can pre-
dict a minimum in the voltage, an increase in electron
temperature, and an increase in ionization fraction as
current is increased from 1 to 100 A, as observed ex-
perimentally by many researchers [5, 22–24]. (The fol-
lowing results were obtained from a simplified model
that takes Psp,c = 0 and φeff = φo. Those simplifi-
cations increase the predicted voltage 1-10% over the
prediction of the complete SCHC model, but allow for
results to be generated quickly. They have little effect
on ionization fraction or electron temperature.)

We choose to compare our model to a single chan-
nel of a MCHC experiment conducted by Babkin et al.

[25] because they measured voltage, ionization frac-
tion, and electron temperature. Each channel diam-
eter was 2 mm with an approximate mass flow rate
of 0.1 mg/s, although the mass flow rate was prob-
ably lower due to the possibility of flow around the
channels. It was noted that the plasma penetration
depth was approximately one channel diameter, which
we used as an input for the model.

The minimum cathode discharge voltage of 8 V oc-
curred between 5-10 A per channel. The minimum
predicted by the SCHC model was 6 V, a difference of
only 2 V. The predicted voltage is within a factor of
two of the experimental data across the entire range
of measured current, shown in Fig. 4. The model
predicted the minimum voltage at 30 A, which is off
by a factor of three to six. This difference may be
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FIG. 4: A comparison of the predicted cathode voltage
with experimental data. The measured potential repre-
sents 80% of the total discharge voltage as reported by
Babkin et al. [25]

attributed to the reduced mass flow rate. Delcroix
[8] demonstrated that a reduction in mass flow rate
causes a reduction in the current at which the voltage
is a minimum.

In Fig. 5 we show a comparison of electron tem-
perature and ionization fraction. The measured tem-
perature was approximately 0.5 eV while the model
predicted an increase from 0.4 to 0.6 eV over the same
range of current. Since no uncertainty was given for
the measured electron temperature, we can not de-
termine if the trend of increasing temperature pre-
dicted by the SCHC model is correct, although results
from other experiments [22–24] show the trend pre-
dicted. The model predicts an ionization fraction that
increases from 20% to 80% while it varied from 75% to
85% in the experiment. The trend of increasing ioniza-
tion fraction with current is correct, but the prediction
is off by a factor of four at low current. This difference
may again be attributed to the reduced mass flow rate
in each channel, which would increase the ionization
fraction at a given current.

B. Physical Insight

More importantly, the model also provides physical
insight into the nature of the SCHC processes. As
seen in Fig. 6, the minimum voltage occurs at a cur-
rent that corresponds to an ionization fraction of 90%.
An analysis of the primary power loss mechanisms pro-
vides further insight into SCHC operation as well as
describing the minimum voltage phenomenon. It can
be seen in Fig. 7 that at low current (<1 A) thermal
radiation dominates the power loss mechanisms. As
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FIG. 5: A comparison of predicted electron temperature
and ionization fraction with experimental data.
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FIG. 6: SCHC model prediction of cathode voltage and
ionization fraction.

the current increases the power lost to thermionic cool-
ing begins to dominate. This process dominates until
the ionization fraction increases to approximately 90%
(at 30 A), at which point the power lost to thermal
electron convection begins to play a prominent role.
The loss of power through convection is the factor that
increases the voltage at high current. The electron
temperature increases at a high ionization fraction be-
cause the thermal electrons have no neutral atoms to
collide with inelastically to suppress their temperature.
Also, at high current the flux of electrons is large and
thus removes a large amount of power.

6



CASSADY AND CHOUEIRI: Lithium-Fed Hollow Cathode Theory

0.1

1

10

100

1000
 P

ow
er

 (W
)

0.1 1 10 100
 Current (A)

Total Power Lost

Thermal Electron Convection

Thermal Radiation

Thermionic Cooling

Frozen Flow

Spontaneous Radiation
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IV. CONCLUSION

We have presented a theory for the single-channel
hollow cathode (SCHC) that includes the relevant
physical processes and predicts the operating parame-
ters of cathode voltage, temperature profile, and ion-
ization fraction. The independent parameters of the
model are current, lithium flow rate, and channel di-
ameter. The SCHC theory includes, for the first time,
a non-equilibrium excitation and ionization model of
the working gas. As you have seen, the model:

• Captures the minimum voltage as a function of
current that has been seen in experiments to
within 2 V

• Predicts the trends of the voltage and electron
temperature also seen in experiments

• Gives insight into the primary loss mechanisms.
It was found that thermal radiation dominates
at low current, thermionic cooling dominates
at moderate current, and convection of thermal
electron energy dominates at high current.

APPENDIX A: THE SHEATH MODEL

We begin by deriving a model of the double sheath,
similar to that of Prewett and Allen [18]. We have in-
cluded a finite thermal energy for the thermionic elec-
trons, rather than the zero energy assumed by Prewett
and Allen. At the high currents of a hollow cath-
ode discharge the double sheath model of Prewett and
Allen can predict a space charge limited current, which
is not consistent with experimental results. Including

a finite thermal energy gives a more accurate model of
the sheath that results in larger values of the electric
field at the cathode surface. In contrast to other re-
searchers that included a finite thermal energy in their
double sheath model [16, 19], we have set the average
thermal energy to 3

2
kTc.

A beam of electrons exit the cathode with a fi-
nite thermal energy and are accelerated through the
sheath. Ions enter the sheath from the plasma and
are accelerated until they reach the surface where they
recombine to form neutrals. The contribution of the
thermal electrons from the plasma is included as well.
The cathode will be considered the origin of the prob-
lem and the plasma will be considered to have zero
potential.

a. Thermionic Electrons

The thermionic electron flux is a fixed value deter-
mined by the temperature of the cathode. The elec-
trons possess an initial thermal energy that is accu-
rately described as a Maxwellian distribution [14, 15].
The average initial energy is thus directly related to
the cathode temperature as 3

2
kTc[17], where k is the

Boltzmann constant. As stated in section IIC, we can
approximate the energy of the thermionic electrons as
a mono-energetic beam because the energy gained by
acceleration through the sheath is much greater than
the energy associated with the surface temperature.
Therefore, the energy differences due to the initial
Maxwellian distribution are small compared to the en-
ergy gained by acceleration through the sheath and
can be neglected. Energy conservation (assuming no
collisions) gives the velocity of the thermionic electrons

7



CASSADY AND CHOUEIRI: Lithium-Fed Hollow Cathode Theory

as they pass through the sheath,

1

2
mev

2

th = e(Vs − V ) +
3

2
kTc, (A1)

where −Vs is the potential at the cathode, −V is the
potential through the sheath, e is the charge of an
electron, me is the mass of an electron, and vth is the
velocity of the electron as it moves through the sheath.

The number density of the thermionic electrons can
be found from continuity

nthvth = jth/e, (A2)

where nth is the number density of thermionic elec-
trons and jth is the current density of the thermionic
electrons. The number density is

nth =
jth

e
m1/2

e [2e(Vs − V ) + 3kTc]
−1/2

. (A3)

b. Ions

The Bohm condition applies to the boundary be-
tween the sheath and the bulk plasma. The condition
specifies that the ions enter the sheath with a velocity
equal to the ion sound speed in the plasma. We will
express the initial velocity, vi,o, in terms of an equiva-
lent potential, Vo,

1

2
miv

2

i,o = eVo (A4)

The energy of the ions can be expressed using the en-
ergy conservation equation

1

2
miv

2

i =
1

2
miv

2

i,o + eV (A5)

as they travel through the sheath without collisions.
Combining equations A4 and A5 gives the ion velocity
as a function of sheath potential

vi =

(

2e

mi

)1/2

(Vo + V )
1/2

. (A6)

Again, the electrons must be conserved across the
sheath

nivi = ni,ovi,o, (A7)

where ni,o is the number density of ions at the sheath
edge. Combining equations A6 and A7 we get the
relation for ion number density throughout the sheath

ni = ni,o(1 + V/Vo)
−1/2. (A8)

c. Thermal Electrons

The thermal electrons within the plasma will pen-
etrate the sheath by virtue of their high thermal en-
ergy. This is especially important for a lithium plasma
sheath because the potential can be as little as 5 times
the energy associated with the electron temperature.
We will use a Boltzmann distribution to describe their
energy distribution

ne = ne,o exp (−eV/kTe). (A9)

d. Sheath Relations

Since we assumed that the sheath is not quasi-
neutral we can use Poisson’s equation to determine
the potential within the sheath,

εo
d2V

dx2
= ρ, (A10)

where εo is the permittivity of free space and ρ is the
space charge density. The space charge density in the
sheath is determined by the sum of the relations we
derived above for the thermionic electrons (A3), the
ions (A8), and the thermal electrons (A9) multiplied
by the electron charge,

εo
d2V

dx2
= −jtm

1/2

e [2e(Vs − V ) + 3kTc]
−1/2

+ ni,oe(1 + V/Vo)
−1/2

− ne,oe exp (−eV/kTe). (A11)

We normalize the relation to clarify the fundamen-
tals of the problem using the following normalized
quantities:

η =
eV

kTe
(A12)

τ =
3Tc

Te
(A13)

νi =
ni,o

ne,o
(A14)

Jth =
jth

ne,oe(kTe/me)1/2
(A15)

ξ = x/λD (A16)

λD =

(

εokTe

ne,oe2

)1/2

. (A17)
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The normalized equation is

d2η

dξ2
= % = −Jth [2(ηc − η) + τ ]

−1/2

+ νi(1 + η/ηo)
−1/2 − exp (−η). (A18)

We can apply a boundary condition to the above
equation to determine the value of one of the free pa-
rameters νi and ηo. Our first boundary condition is
quasineutrality at the sheath-presheath boundary,

% = 0 at η = 0. (A19)

This determines the value of the normalized ion den-
sity

νi = 1 + Jth(2ηc + τ)−1/2. (A20)

It can be seen that if there is no thermionic current
the normalized ion density is unity, exactly the value
predicted by Bohm for a space charge sheath.

The second boundary condition is derived by An-
drews and Allen [18]

d%

dη
= 0 at η = 0 (A21)

and determines ηo

ηo =
1

2

1 + Jth(2ηc + τ)−1/2

1 − Jth(2ηc + τ)−3/2
. (A22)

Again, it can be seen that the Bohm condition is sat-
isfied when the thermionic current is zero. These two
boundary conditions can be thought of as modified
Bohm conditions for an electron emitting cathode with
a double sheath,

1

2
miv

2

B,m = ηo
kTe

e
. (A23)

The solution of the electric field is found by multi-
plying by dV/dx and integrating from x to the sheath
edge. Setting E = −dV/dx, the result is

ε2c = −2Jth[(2ηc + τ)1/2 − τ1/2]

+ 4νiηo[(1 + ηc/ηo)
1/2 − 1]

+ 2 exp (−ηc) − 2 + ε2e. (A24)

An analysis of the normalized electric field will show
that the εe term can be neglected. First, let’s approx-
imate the electric field E as ∆V/∆L, where ∆L is the
characteristic length of the presheath region

εe =
EλD

kTe/e
=

∆V

kTe/e

λD

∆L
. (A25)

The characteristic length is defined by the mean free
path of the ions, which is normally 102 to 103 times
greater than the Debye length. If we consider that the
field in the presheath is the largest near the sheath,
conservatively an order of magnitude larger, we can
approximate ∆L ≈ 10λD. The voltage fall in the
presheath is approximately half of the electron tem-
perature

∆V

kTe/e
≈

1

2
, (A26)

which gives

εe =
λD

2 ∆L
≈

1

20
. (A27)

In equation A24 the electric field at the presheath
boundary is squared. The square of our approxima-
tion of ε2e = 1/400 is much smaller than 2, thus it will
be neglected.

The electric field at the cathode surface will be de-
termined from

ε2c = −2Jth[(2ηc + τ)1/2 − τ1/2]

+ 4νiηo[(1 + ηc/ηo)
1/2 − 1]

+ 2 exp (−ηc) − 2. (A28)

e. Presheath effects

We use a simple approximation for the voltage drop
across the presheath that is based solely on the Bohm
velocity. There are two reasons for using a simple
approximation: 1) no analytical solution is possible
for the case of thermionically emitting cathode and 2)
the presheath has little bearing on the hollow cath-
ode physics. The presheath voltage will be taken as ηo

from equation A22.

It is difficult to develop an accurate theory to de-
scribe the acceleration of the ions to the Bohm ve-
locity because only a few simple cases are solvable
analytically [26]. Presheaths that are dominated by
collisions or ionization have voltages of 0.6 kTe/e [27]
or 0.69 kTe/e [26, 28], respectively. Neither case is
appropriate, but they demonstrate the small range of
presheath potentials.
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