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A critical review of zero-dimensional orificed hollow cathode modeling is presented, with
a focus on the validity of model assumptions, the reproducibility of model results, and the
observed scaling behaviors. Complete models were capable of recreating the original results
of their authors, but were generally unable to produce agreement with other experimental
data. Resolution of the potential structure of the emitter sheath beyond the inclusion of the
pre-sheath is attempted in only one model. In all other models it is assumed that the plasma
and sheath potentials are equal, inflating the contribution of emitter ion bombardment
and power deposition in the insert plasma by sheath electrons while essentially neglecting
electron back-bombardment. Model results are generally sensitive to the internal neutral
pressure, but neutral flow predictions do not agree with experimental data. Inconsistent
property data and the inappropriate evaluation of flux terms between control volumes are
pervasive, and introduce significant errors. Most models require substantial input in the
form of experimental data or free parameters and cannot be used for predictive calculations.

List of Symbols

Constants

ε0 Permittivity of vacuum 8.85× 10−12 F/m

C0 Double sheath factor 1.8516

e Elementary charge 1.602× 10−19 C

h Planck’s constant 6.62× 10−34 J·s

kB Boltzmann’s constant 1.38× 10−23 J/K

m Electron mass 9.1× 10−31 kg

Circuit parameters

Id Discharge current A

Rp Plasma resistance Ω

Ror Orifice plasma resistance Ω

Vd Discharge voltage V

Geometry

Aemit Emitter area m2

Lemit Emission length m

Li Insert length m

Lo Orifice length m

Lt Cathode tube length m

Lck Cathode tip to keeper length m

rc Cathode (insert) radius m

ro Orifice radius m

rci Cathode tube inner radius m

rds Spherical double sheath radius m

tc Cathode tube thickness m

ti Insert thickness m

Plasma parameters

α Ionization fraction

ηp Plasma resistivity Ω·m
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φp Plasma potential V

φs Sheath potential V

φds Double sheath potential V

φps Pre-sheath potential V

D Diffusion coefficient m2/s

Da Ambipolar diffusion coefficient m2/s

Ie Electron current A

Ii Ion current A

Ir Random electron current A

Iem Thermionic current A

Je Electron current density A/m2

Jr Random electron current density A/m2

Jem Thermionic current density A/m2

Ji Ion current density A/m2

ne Electron density m−3

ng Neutral gas density m−3

Ni Total number of ions

ni Ion density m−3

Nex Total number of excited atoms

Te Electron temperature K

Tg Neutral gas temperature K

Ti Ion temperature K

TeV Electron temperature V

TgV Neutral gas temperature V

TiV Ion temperature V

vB Bohm velocity m/s

Collisions

λex Mean free path for excitation m

λpr Energy exchange mean free path m

νei Electron-ion collision frequency s

νen Electron-neutral collision frequency s

νin Ion-neutral collision frequency s

σCEX Charge-exchange cross section m2

σen Electron-neutral collision cross section m2

σex Excitation cross section m2

σin Total inelastic cross section m2

σiz Ionization cross section m2

Thermionic emission

φeff Effective work function V

φw Surface work function V

DRD Richardson-Dushman constant A/(m2·K2)

Ec Cathode surface electric field V/m

Power terms

q̇conv Convection power W

q̇Ω Resistive power W

q̇coll Power lost to plasma volume by random elec-
tron flux W

q̇ori Power deposited in plasma volume by orifice
ions W

q̇dx Power deposited at insert surface by de-
excitation of excited states W/m2

q̇em Power deposited in plasma volume by
thermionic electrons W

q̇ex Excitation power W

q̇iz Ionization power W

q̇ph Power deposited at insert surface by emitted
photons W/m2

q̇th Thermal power lost from the insert W

Gas properties

εi Ionization energy eV

εex Excitation energy eV

µ Dynamic viscosity Pa·s

dm Diameter of particles as hard-spheres ap-
proach m

M Ion or neutral particle mass kg

Flow properties

ṁ Mass flow rate kg/s

γ Ratio of heat capacities

P Total pressure Pa

Pg Neutral gas pressure Pa

R Gas constant J/(kg·K)

Other symbols
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δ Free parameter for Mizrahi et al. model

λ01 First zero of 0-th Bessel function of the first
kind

Σ0 Internal partition function for the neutral
state

Σi Internal partition function for the singly ion-
ized state

τij Ratio of the temperature Ti to Tj

Tc Cathode wall temperature K

To Orifice plate temperature K

2rc
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Insert / Emitter
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Figure 1. Orificed hollow cathode schematic.

I. Introduction

Modern Hall and ion thrusters rely on orificed hollow cathodes as neutralizers and plasma generators
in order to provide the required neutralization and/or discharge currents while operating efficiently (at low
voltage due to the high internal pressure, and at low mass flow rates compared to similarly sized single-
channel hollow cathodes) with long operational life. Discharge power and lifetime requirements for Hall
and ion thrusters continue to increase, while “near-term” projected power throughput for next-generation
thrusters is expected to be 100 − 200 kW,1 with some proposed missions requiring operational lifetimes of
up to 100 kh.2,3 For specific impulses in the range of 2000− 6000 s, cathode discharge currents approaching
700 A may be required.4,5 At least one existing Hall thruster has already been designed to operate at up to
200 kW,6 and an accompanying hollow cathode has been developed by Goebel et al.5 in order to provide the
expected 300 A of discharge current required with an estimated operational life of 10 − 20 kh. In our own
work,7 we have demonstrated a large hollow cathode capable of providing up to 400 A of discharge current,
but without probe measurements of the plasma potential, emitter temperature profile, or internal axial
plasma density profile, the expected operational life cannot be predicted accurately. Lower-current hollow
cathodes have already demonstrated life tests up to 50 kh,8 but experimental verification of operational life
is costly and extremely time-consuming. In order to continue the development of long-life, high-discharge-
current orificed hollow cathodes, generally applicable cathode models that provide predictive capabilities
without requiring preexisting experimental measurements will be a necessity.

Several approaches have been used to model the physical processes within orificed hollow cathodes, often
restricting their focus to the “active zone” or insert plasma region9–11 where significant electron emission
is supplied to the plasma by the emitter, generating sufficient ion current from the plasma to be self-
sustaining and to avoid space-charge-limited emission. The insert plasma is usually modeled with either 0-D
or 2-D axisymmetric approaches, either including the orifice as a coupled region or using a separate model
implemented as a boundary condition. This review examines 0-D approaches to orificed cathode modeling.
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The 0-D approach relies on a control volume with volume-averaged plasma properties. While important
processes such as the variation of the plasma density along the cathode axis or the plasma potential along
its radial direction may be neglected, 0-D models can still provide useful results and scaling relationships.
Any choice of simulation dimension requires the inclusion of plasma-wall interactions for a comprehensive
model, ideally implemented in the form of a double- or emitting-sheath model at the surface of the emitter.
The emission mechanism is typically assumed to be field-enhanced thermionic emission,12–14 governed by
the Richardson-Dushman equation. The work function is often modified to account for the Schottky effect
due to the sheath electric field (though this correction is sometimes neglected11). In order to estimate the
electric field at the emitter surface, the double-sheath analysis of Prewett and Allen15 is typically employed
using the plasma potential instead of the sheath potential; the effect of this simplification will be discussed in
later sections. Other important emission processes, such as space-charge-limited emission, are often ignored
or implicitly handled through the use of the emission length or “active zone” where the plasma density is
assumed to be sufficient to avoid limitation of the extracted thermionic current.

One of the primary difficulties associated with the assumption of uniform plasma properties is that it
requires a description of the appropriate boundaries of the active zone in order to model the insert emission
region. The calculation of the emission length, Lemit, or active zone length, in the axial direction typically
requires a separate model, as the 1-D variation of the plasma and neutral densities appears to govern the
formation of this region.

Approaches for calculating the attachment length include: 1) using a fixed multiple of the mean free
path for energy exchange10,16 of the emitted electrons, 2) assuming ambipolar-diffusion-dominated density
decay,11 3) using empirical correlations that yield Lemit as a function of the cathode internal pressure,14 4)
iterative calculations of the discharge power (selecting Lemit such that the power is minimized),9 5) using
Lemit as a free parameter to fit experimental data,14 or 6) taking Lemit from experimental data.11

While various models have been proposed, few are completely self-consistent or self-contained and readily
available to extend the domain of operation of hollow cathodes. This paper will review 0-D models developed
since the advent of the orificed hollow cathode, summarize the necessary inputs and expected outputs of
each model, and provide critical insight on their quality and validity. The resulting analysis is given in
Section II. When possible, the results of the original authors are re-implemented using Python and its
Numpy17 and Scipy18 packages and shown following the model description and review. Non-linear systems
of equations are solved in a least squares approach with Scipy’s root solver configured with the Levenberg-
Marquardt algorithm.19 Comparisons between the various model results and experimental data for two
benchmark cathodes are given in Section III. Finally, the critical modeling issues we identified in our review
are discussed in Section IV and our conclusions are given in Section V.

II. Model Review

A. Siegfried and Wilbur20

A simple first-principles approach was initially chosen by Siegfried and Wilbur to model orificed hollow
cathodes operating on mercury, employing tantalum-foil inserts coated with the low work function material
R-500 (φw of approximately 2.3-2.4 eV). Their work follows modeling efforts from Bessling.21 Plasma-wall
interactions are entirely neglected in this model, but it allows for the calculation of the local plasma density
and ionization fraction as a function of the measured electron temperature and the — calculated or measured
— cathode pressure. The cathode stagnation pressure is estimated assuming choked-sonic flow at the orifice,

P =
ṁ
√
Tg

πr2
o

[
γ

R

(
2

γ + 1

) γ+1
γ−1

]−1/2

, (1)

where P and Tg are stagnation quantities. Using the set input mass flow rate for ṁ in Equation 1 implicitly
assumes that 100% of the propellant gas leaves the cathode in a neutral state, and therefore neglects ionization
processes that decrease the total number density of neutrals as well as any pressure contributions from plasma
ions or electrons. It also neglects viscous effects within the orifice and insert region and the heating of the
neutral gas by the plasma, as the derivation of Equation 1 relies on the assumption of isentropic flow. The
effect of the discharge current on the pressure is also neglected, though the authors note that the variation
was only 15% of the total over the range of discharge currents examined. Siegfried and Wilbur also report
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good agreement between measured and calculated pressures, despite the apparent inapplicability of the flow
model used.

The ionization fraction α is determined based on a two-temperature Saha model,

α1+τge

(1− α)τge (1 + α/τge)
=

1

P

(2πm)
3/2

h3
e5/2TgV T

3/2
eV

(
Σi
Σ0

)τge
exp

(
− εi
TeV

)
, (2)

where α = ne/ (ne + ng), the total pressure is expressed in Pascals, and the ions/neutrals are assumed to
be in thermal equilibrium with one another, but not with the electrons, which are further assumed to have
equilibrated amongst themselves. The total pressure is linked to the heavy particle density and plasma
density using the perfect gas law

P = e (neTeV + ngTgV + niTiV ) , (3)

assuming that the densities and temperatures are uniform within the cathode. The neutral temperature is
also assumed to be equal to the ion temperature and is calculated as the average of the estimated internal
cathode temperature and the orifice plate temperature (≈ 0.1 eV for Siegfried and Wilbur’s experiment).

Algorithm If the measured pressure is not available, the cathode stagnation pressure should first be
calculated using Equation 1 and the input mass flow rate. If the cathode stagnation (upstream) pressure has
been measured, this value can be used directly in Equation 2 along with the measured electron temperature
to find the ionization fraction. Equation 3 is then used to obtain the electron density.

Evaluation The authors demonstrate good agreement between calculated and experimental data for their
mercury cathode operating in spot mode (Id = 6.0A at ṁ = 100mA). In plume mode (Id = 2.0A at the same
ṁ), the authors experimentally measured a flat electron temperature profile, but chose to use a linear fit for
the electron temperature when implementing their model as it gives better agreement with the experimental
data. Siegfried and Wilbur also demonstrate that the model results are sensitive to the chosen neutral gas
temperature. They compare the results of the algorithm for two values of TgV : TgV =0.1 eV and TgV = TeV .
The latter value results in an increase in the ionization fraction, and therefore the plasma density, of several
orders of magnitude.

We have implemented Siegfried and Wilbur’s solution using the measured electron temperature and
cathode pressure data that they report. Results are shown in Fig. 2. We obtain good agreement with the
original work by Siegfried and Wilbur.

B. Siegfried and Wilbur10,12,16,22,23 — a refined approach

Siegfried and Wilbur refined their original model in a series of articles and reports. In this refined model, the
authors assume that the plasma properties are uniform within an “ion production region” which coincides
with the insert emission area (or attachment length, Lemit). An early version of the new model is described in
Refs. 12 and 22. It consists of a current balance and insert power balance, with the assumption that ions are
either collected at the emitter or the orifice plate, leave the cathode through the orifice, or travel toward the
upstream region of the cathode at the Bohm velocity. The sheath electric field is described using Child’s law
and an assumed sheath thickness of one Debye length (thereby assuming a single-species, space-charge-limited
sheath). The unknowns of this system are the plasma potential, electron temperature, emitter temperature,
and plasma density. This version of the model requires two measured quantities (electron temperature and
plasma potential), the emission length, and the heat loss from the emitter (through conduction, radiation,
and convection) in order to solve for the two other quantities of interest. This model is still a notable
improvement over the initial one, as it does not rely on a Saha-type equation for the ionization fraction, the
use of which is generally not justified.9,14

A later, improved approach introduced a flow model, a double-sheath approach to treat the electric field
at the cathode surface, and a plasma volume power balance. The emission length is linked to the energy-
exchange mean free path of the emitted electrons. The introduction of two additional physical constraints
allows for four physical quantities to be computed — the plasma density, plasma potential, neutral gas
density, and emitter temperature. The electron temperature remains a free parameter. This improved
version is described and critiqued below.
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Figure 2. Comparison of ionization fraction and electron density as calculated with Siegfried and Wilbur’s
original model (Ref. 20, dashed lines) and our re-implementation (solid lines). Experimental data from Ref. 20
is included; it does not feature error bars. Two test cases are considered for a mercury hollow cathode.
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Model details The cathode pressure upstream of the orifice is assumed to be equal to the stagnation
pressure, which is roughly constant along the cathode length. It is given by an empirical relationship,

P =

(
ṁ

4r2
o

)
(c1 + c2Id)× 10−3, (4)

where P is in Torr, ṁ in mA-equivalent, and ro in mm. The constants c1 and c2 depend on the gas of
interest. Equation 4 addresses the shortcomings of Equation 1, as it is empirically derived and does not
neglect the effects of the plasma on the flow.

Ion and electron currents are related to the total discharge current through a net current balance. Ions
are lost from the plasma volume at the emitter and orifice boundaries and in the upstream portion of the
cathode. Siegfried and Wilbur assume that the ions are lost upstream at the Bohm velocity, as opposed
to the ion thermal velocity. This leads to an ion current contribution approximately 2 times higher at the
upstream boundary as compared to the ion thermal current (using TeV = 0.8 eV and TiV = 0.1 eV).

Id = Ie + Ii = JemAemit + Ji
(
Aemit + 2πr2

c

)
(5)

The ion current is obtained with the Bohm velocity, which is assumed to be valid even with a boundary
emitting electrons, a common assumption that yields reasonable results (the modification of the Bohm
velocity is expected not to exceed approximately 20% of the assumed value) but that is not entirely justified.
The effect of the pre-sheath on the ion density is also neglected in the expression for the ion current density:

Ji = ene

(
eTeV
M

)1/2

. (6)

It is assumed that no electrons return to the insert from the plasma so that only thermionic electrons
contribute to the total current, in sharp contrast with later models.11,14,24 This assumption does not hold
under all conditions encountered in orificed hollow cathodes. Assuming that the collection areas for back-
streaming electrons and ions are the same, the ratio of back-streaming electrons to ion current at the insert
surface may be calculated as

Ir
Ii

=

(
M

2πm

)1/2

exp (−φs/TeV ) . (7)

Fig. 3 illustrates this ratio for common operating conditions found in orificed hollow cathodes, for both
mercury and xenon as propellant. For the case where the sheath potential is taken to be equal to the plasma
potential, this assumption may be valid at low electron temperatures (1–1.5 eV).

The Richardson-Dushman relationship is used to calculate the thermionic current,

Jem = DRDT
2
c exp

(
− eφeff

kBTc

)
, (8)

with an effective work function modified to take into account the finite electric field at the cathode surface,

φeff = φw −
(
e |Ec|
4πε0

)1/2

. (9)

The cathode surface electric field can be calculated using an approximate form of the surface electric field
expression from Prewett and Allen’s double sheath model:15

Ec ≈
(
neeTeV
ε0

)1/2
(

2

(
1 + 2

φp
TeV

)1/2

− 4

)1/2

. (10)

Siegfried and Wilbur use the plasma potential instead of the sheath potential in Equation 10. The correction
to the work function is not affected by this change, as the plasma potential only appears to the 1/4-th power
in Equation 9

The model includes power balances for both the insert surface and plasma volume, given by Equations 11
and 12, respectively. Power deposition to the insert by de-excitation and photon absorption are neglected,
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Figure 3. Ratio of thermal electron current to ion current for varying sheath potentials and electron temper-
atures. Left: mercury. Right: xenon.

as shown below.

JiAemit (φp + εi − φw) + q̇dxAemit + q̇phAemit︸ ︷︷ ︸
neglected

= q̇th + Iemφeff (11)

φpIe = εiIi +
5

2
TeV Id (12)

Ohmic heating in the plasma is ignored, which becomes more significant with increasing discharge current.
The electrons back-streaming to the surface are neglected here as well. The power contribution of the
backstreaming electrons may be compared to the ion contribution

Pr
Pi

=

(
M

2πm

)1/2

exp (−φs/TeV )
2TeV + φw
εi + φs − φw

. (13)

Fig. 4 illustrates the power ratio for common operating conditions found in orificed hollow cathodes, for
mercury and xenon propellants. Similar conclusions to those drawn from Fig. 3 can be reached: assuming
a sheath potential equal to the plasma potential (usually 8–12 V) and low electron temperature justifies
neglecting the random electron flux.

The plasma attachment length is taken to be proportional to the energy-exchange mean free path of the
thermionically emitted electrons (primary electrons):

Lemit = c3λpr, (14)

where c3 varies with the gas species.16 The energy-exchange mean free path is the mean free path of the
primary electrons. For mercury, it may be estimated with

λpr =

(
6.5× 10−17ne

φ2
p

+
103ngφp

2.83× 1023 − 1.5ng

)−1

, (15)

where the first term corresponds to elastic collisions, while the second approximates inelastic collisions.
Only electron-electron collisions are retained for elastic collisions, as they dominate over electron-atom and
electron-ion elastic collisions.23 In Equation 15, the second term is a fit to Peters and Wilbur’s model, as
the knowledge of the density of every gas state needs to be known. For other species, the inelastic mean
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free path can be estimated using its usual definition with the plasma potential taken as the electron beam
energy

λpr =

(
6.5× 10−17ne

φ2
p

+ ngσin (φp)

)−1

. (16)

The total inelastic collision cross section includes excitation and direct ionization reactions, both from ground
states, but step-wise ionization is ignored. The system is closed with the perfect gas law (Equation 3).

The final version of the model still relies on experimental data, as it does not include any prediction of the
electron temperature. The heat loss is calculated by considering surface-to-ambient radiation and conduction
through the cathode back to the cathode base. Several other noteworthy assumptions and simplifications
exist in all versions of the model, including:

- Except in the calculation of the energy-exchange mean free path for mercury, excitation and stepwise
ionization are ignored. This is a common assumption11,14 that appears to produce decent results
despite being generally unjustified.

- As a result of the assumption that plasma and sheath potentials are equal, the energy of the primary
electrons for use in calculating the energy-exchange mean free path is assumed equal to the plasma
potential, which may differ from the energy the electrons would actually gain in the sheath.

Algorithm Based on the operational points for discharge current or pressure (Id or P ), the cathode
geometry (ro, rc), emitter material (φw), the propellant of interest (εi, M), electron temperature TeV , and
heat loss term q̇th, the four physical Equations 3, 5, 11, and 12 are solved for the electron density, neutral
gas density, plasma potential, and insert temperature. The constants c1, c2, and c3 may be found in Ref. 16
(included them in the Appendix).

Evaluation For a mercury cathode, the model shows relatively good agreement for the evolution of the
emitter temperature as a function of discharge current, and plasma density as a function of internal pressure.
However, the model predicts a non-linear trend for the plasma density as a function of discharge current,
in contradiction with experimental data. The predicted plasma density evolves linearly as a function of the
internal pressure and does not capture the saturation of the plasma density for pressures above 3 Torr. The
model also tends to under-predict the plasma potential for the mercury cathode, with the caveat that it is
only compared to a single value for a different experiment. Results of the model are shown in Fig. 5, along
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with a comparison with our implementation of this model. Calculations for the xenon cathode are shown
later in comparisons with other models.

In summary, the various incarnations of Siegfried and Wilbur’s model can produce good agreement with
experimental data, but cannot predict the electron temperature and require an additional model for the
insert heat loss, in addition to relying upon a number of assumptions that may not hold for other cathode
operating conditions.

C. Mandell and Katz25–28

Mandell and Katz offer a model of the orifice plasma only. It relies on the balance of ion production and
losses, a neutral gas flow model, and a plasma power balance.

Neutral gas flow From mass conservation, the total mass flow rate is equal to the sum of the gas and
ion mass flow rates:

ṁ = ṁg + ṁi. (17)

In units of equivalent-Ampères, the mass flow rates have the following form:

ṁg = πr2
onge

√
eTgV
2πM

(18)

ṁi = πr2
oJi. (19)

The ion current density is defined using the average velocity of a Maxwellian distribution:

Ji = nee

√
eTiV
2πM

. (20)

Ion balance The ion production through direct electron-impact ionization is balanced by the losses to
the boundaries of the system (

dNi
dt

)
iz

=

(
dNi
dt

)
out

. (21)

The ionization rate is estimated using a Maxwellian-averaged cross-section:(
dNi
dt

)
iz

=
(
πr2
oLo

)
nengσiz(TeV )

√
8
eTeV
πm

. (22)

For xenon, the ionization cross-section is calculated with a fit to Hayashi’s experimental data29

σiz(TeV ) =
(
3.97 + 0.643TeV − 0.0368T 2

eV

)
exp

(
−12.127

TeV

)
× 10−20. (23)

Ion losses occur through the boundaries of the orifice. Mandell and Katz assume that the ion losses are
uniform at the orifice entrance, exit, and walls. Neglecting the density and potential drop due to the pre-
sheath, and using the thermal flux for ion loss, the ion outflow is given by:(

dNi
dt

)
out

= 2πro (ro + Lo)

√
eTeV
2πM

ne. (24)

Plasma power balance Ohmic heating is balanced by ionization, radiation / excitation, and convection
losses.

q̇Ω = q̇iz + q̇ex + q̇conv (25)

⇔ RpI
2
d =

(
dNi
dt

)
iz

〈εi〉+

(
dNi
dt

)
ex

〈εex〉+ Id
(
TeV − T ins

eV

)
, (26)

where
(
dNi
dt

)
ex

has the same expression as
(
dNi
dt

)
iz

, with the excitation cross-section substituted for the
ionization cross-section. For xenon, the excitation cross-section can be fit to Hayashi’s experimental data:

σex(TeV ) = 1.93× 10−19T
−1/2
eV exp

(
−11.6

TeV

)
. (27)
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Siegfried and Wilbur’s refined model (Ref. 10, 12, 23, dashed lines) and our re-implementation (solid lines).
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The average ionization and excitation energies are estimated as 12.2 eV and 10 eV, respectively. The authors
have omitted the factor of 5/2 for the convection losses in Equation 25.

The plasma resistivity contains contributions from both electron-ion and electron-neutral collisions, and
is given by:

ηp =
m

nee2
(νei + νen) . (28)

The plasma resistance is obtained from the resistivity and the orifice geometry assuming axial current
conduction:

Rp = ηp
Lo
πr2
o

(29)

The electron-ion collision frequency is obtained using:

νei = 2.9× 10−12ne ln ΛT
−3/2
eV , (30)

with the Coulomb logarithm expressed as

ln Λ = 30− 1

2
ln
(
neT

−3
eV

)
. (31)

The electron-neutral collision frequency may be defined with a hard-sphere model with a constant collision
cross-section equal to 5×10−19 m2 (e.g., Ref. 25). Alternatively, it may be calculated based on the momentum
transfer cross-section. The authors propose a fit to experimental cross-section data:28

σen = 6.6× 10−19 TeV /4− 0.1

1 + (TeV /4)
1.6 , (32)

but use the total electron-neutral collision cross-section, which also includes inelastic collisions, instead
of the momentum transfer cross-section. Fig. 6 features a comparison of the fit to the total, Maxwellian-
averaged, experimental cross-section, and to the Maxwellian-averaged momentum-transfer cross-section, both
from Hayashi’s experimental data.29 Equation 32 approximates Hayashi’s recommended data for the total
electron-neutral collision cross-section for electron temperatures between 1 and 10 eV (Fig. 6, left). The
numerical fit also approximates the momentum-transfer cross-section for electron temperatures between 0.8
and 2 eV. However, the fit overestimates momentum-transfer data by a factor of 2 for electron temperatures
above 2 eV. More recent elastic electron-neutral cross-section data also indicates that Equation 32 under-
estimates the electron-neutral cross-section at low electron energies (Fig. 6, right). We retrieved the elastic
cross-section data from the LXCAT website30 (originally from Ref. 31). We recommend using the more
recent elastic cross-section data from Hayashi to estimate the electron-neutral collision frequency.

Further assumptions are required to compute the plasma density, neutral gas density, and electron tem-
perature. The authors assume that:

- The ion temperature is equal to the electron temperature. This is in sharp contrast with both ear-
lier10,12,20,23 and later models,11 where the ion temperature is set equal to the neutral gas temperature,
a consequence of frequent charge-exchange collisions in the plasma volume. The authors relax this as-
sumption in Ref. 28, and set TiV equal to 0.1 eV.

- The electron temperature from the insert T ins
eV is known.

- The neutral gas temperature is known.

Algorithm The ion balance (Equation 21), plasma power balance (Equation 25), and mass conservation
(Equation 17) are solved iteratively. The orifice geometry (ro , Lo), gas properties (εi , εex , σiz , σex , σen ,M),
and operating conditions (Id , ṁ) are required inputs.

Evaluation The neutral gas temperature is assumed to be equal to that of the wall of the cathode studied
in Ref. 25, and set to 0.1 eV. The insert electron temperature is not specified or reported in the test cases
presented in Refs. 25–28. It is possible to infer this quantity from Equations 17, 21, and 25. Using values
reported in Ref. 25, we calculated T ins

eV . Results are shown in Fig. 7. We used an average value of T ins
eV = 0.8 eV

for the rest of our calculations.
We were able to reproduce the model described above. Results are shown in Fig. 8. The original authors

do not compare the results of this cathode model to experimental data. Our re-implementation of this model
features excellent agreement with the original results.
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Figure 6. Left: Comparison of Katz’s fit (Equation 32) to Hayashi’s recommended data for total electron-
neutral collision cross-section, and to the electron-neutral elastic collision cross-section (Ref. 29). Right:
Comparison of Katz’s fit to elastic collision cross-section for momentum-transfer, for two experimental data
sets. The reported cross-sections are Maxwellian-averaged.
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D. Capacci et al.32

Capacci et al. propose a complete model of a hollow cathode, consisting of an independent insert model,
a simple orifice model, and a plume model. The plume is considered to extend from the cathode tip to
the keeper plate. The goal of the model is to predict the performance of new hollow cathode designs by
calculating the current-voltage characteristic of a cathode along with the cathode temperature.

1. Insert

The insert model is solved for the plasma and gas densities, the wall temperature, the plasma potential, and
the electron temperature. It follows the latest revision of Siegfried and Wilbur outlined in Ref. 10, with an
additional equation required to close the system. Capacci et al. suggest the addition of a two-temperature
Saha equation (Equation 2), or an ion conservation equation (Equation 21). Additional modifications are
introduced in the determination of the pressure in the insert region, evaluation of the emission length, and
estimation of the heat loss in the insert surface power balance.

Neutral flow Much like Siegfried and Wilbur, Capacci et al. use an empirical relationship for the
pressure in the insert region,

P =
ṁ

4r2
o

(
c1 + c2Id + c3I

2
d

)
, (33)

where c1, c2, and c3 are empirical constants. The expression differs from Equation 4 with the addition of a
quadratic dependency on the current. We were not able to compare the two empirical relationships, as the
empirical constants are not specified in Ref. 32.

Emission length The emission length is defined without a thorough analysis of the collision processes
present in the insert region. It is posited that the emission length is directly proportional to the insert radius,
and is given by:

Lemit = c4rc, (34)

where c4 is another empirical constant. The authors indicate that c4 should take into account the non-
uniformity of the thermionic process — suggesting this term should be evaluated with a separate model or
experimental data. Capacci et al. set c4 to a value of 0.5 in their study. This approach does not take into
account any of the processes that influence the emission length. For example, higher mass flow rates and
discharge currents typically reduce the emission length.

Heat loss The authors estimate the heat loss q̇th from a separate thermal analysis of the insert region:

q̇th = 2rc (c5 + c6Tc)L
0.2
emit, (35)

where c5 and c6 vary based on cathode geometry.
The remaining insert model equations are identical to those of Siegfried and Wilbur’s refined model.

2. Orifice

The orifice model serves as a bridge between the insert and keeper regions. It is also used to estimate
the voltage drop across the orifice. No plasma processes (e.g., ionization) are considered. Only electron-
ion collisions are implemented in the finite plasma resistance, in effect considering the plasma to be fully
ionized. While the approximation νei � νen may be true at low electron temperatures for sufficient ionization
fractions (less than 1 eV and 1%) or for high ionization fractions (greater than 10%), the electron-neutral
collisions can not be neglected for a typical cathode orifice operational point (TeV ≈ 1− 3 eV, α ≈ 1− 10%)
as shown on Figure 9 for xenon.

The temperature of the electrons in the orifice is a free parameter, and is assumed to be equal to 1 eV in
the calculations of Capacci et al.. The electron density is obtained by considering that the current is entirely
carried by the electrons, with the fluid velocity of the electrons assumed to be equal to their thermal velocity

Id = enorifice
e

(
eTeV
2πm

)1/2

πr2
o. (36)
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Figure 9. Ratio of electron-ion to electron-neutral collision frequencies, for increasing ionization fraction
α = ne/ng. The Coulomb logarithm is assumed to be equal to 7.1 — the average value for electron temperatures
between 0.1 to 10 eV, and electron densities between 1018 and 1022 m−3.

This assumption ignores the ions entrained outside of the orifice, and overestimates the fluid velocity of the
electrons. For a given cathode, with only electrons carrying current, the fluid (or drift) velocity may be
obtained as

ue =
Id

neeπr2
o

. (37)

For the NSTAR neutralizer cathode (ro = 0.14 mm), 2-D simulations33 have shown a maximum orifice
plasma density of 2.2×1022 m−3, and an electron temperature of 2.2 eV for a mass flow rate of 3.6 sccm and
discharge current of 3.26 A. This amounts to an electron fluid velocity of 1.5 · 104 m/s, while the electron
thermal velocity is equal to 6.2·105 m/s. Capacci et al. clearly overestimate the fluid velocity of the electrons,
and, as a consequence, underestimate the plasma density in the orifice.

Neutral flow The orifice neutral density is estimated by assuming adiabatic and isentropic flow condi-
tions:

norifice
g = ng

(
γ + 1

2

)−1/(γ−1)

. (38)

Double sheath The authors assume the existence of a planar double sheath at the entrance of the orifice,
though they ignore any ion contribution from the orifice in their insert model. A rigorous derivation of
the double-sheath potential in the space-charge limited case over a distance d is described in Ref. 34 by
Langmuir. Langmuir’s result can be rewritten as35

φds =

(
9

4

(Je + Ji)d
2

ε0C0

√
m

2e

(
1 +

√
m

M

)−1
)2/3

. (39)

Capacci et al. consider the distance between the two planar sources of charged species to be the Debye length,
and introduce the approximations m/M � 1, C0 ≈ 7.5/4, and Je+Ji ≈ Id/πr2

o. By conservation of current,
the latter assumption amounts to ignoring ion and electron currents to the orifice wall. The double sheath
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potential can now be computed in terms of electron temperature, density, and total discharge current:

φds =

(
9IdTeV

7.5πr2
onee

√
m

2e

)2/3

. (40)

Ohmic heating An additional voltage contribution across the orifice comes from the plasma resistance:

VΩ = IdRor. (41)

Capacci et al.’s expression for the plasma conductivity artificially inflates the contribution of the orifice to
the total voltage drop from anode to cathode. The scaling constant is off by multiple orders of magnitude.

The assumptions of adiabatic and isentropic flow are also contradicted by introducing Ohmic contributions
in the orifice region — the power deposited by Joule heating will clearly heat the neutral gas before it expands
in vacuum. The existence of a double-sheath at the entrance of the orifice region is also disputed.

3. Keeper

Spherical double sheath Capacci et al. consider the existence of an additional double-sheath in the
plume region, which has been observed by Siegfried and Wilbur in the keeper region in the plume mode.20

The authors assume that the double-sheath is located at the tip of the cathode. This assumption implies the
existence of ions streaming towards the orifice region, which have been ignored in both the orifice and insert
models. The authors use a spherical model to estimate the current through the double-sheath as described
in Ref. 36, which assumes a space-charge-limited process. Assuming that Id ≈ Ie, the ion current and double
sheath voltage are:

Itip
i = α

(
ro/r

tip
ds

)
Id

√
m

M
, (42)

φtip
ds =

 Itip
i

4πε0j0

(
ro/r

tip
ds

)√M

2e

2/3

. (43)

Both α
(
ro/r

tip
ds

)
and j0

(
ro/r

tip
ds

)
are tabulated as functions of ro/r

tip
ds in Ref. 36.

The authors propose to calculate the external double sheath radius at the cathode tip by assuming that
the Bohm criterion applies to the ions. This is in direct contradiction with the assumption of Wei and Wilbur,
where the ions are considered to be cold at the sheath entrance. The proposed surface area over which the
ions flow is incorrectly assumed to be a circle. To be consistent with the assumption of a hemispherical
double sheath, it should be the area of a sphere, of radius rtip

ds . The ion current is given by:

Itip
i = entip

e 2π
(
rtip
ds

)2

√
eT tip
eV

M
. (44)

Neutral flow The neutral gas density, electron density, and temperature in this region are estimated
assuming a spherical expansion and a simple two-temperature Saha equation model (see Equation 2), re-
spectively. The resulting expression for the neutral density in the plume is:

ntip
g = norifice

g

(
ψro/ sinψ

(ro/ sinψ + Lck/2)ψ

)2

(45)

This approach is similar to Siegfried and Wilbur’s first attempt at hollow cathode modeling (Ref. 20), with
the choked flow (Equation 1) being replaced by Equation 45.

4. Evaluation

Algorithm The insert, orifice, and keeper region models are solved for the electron and neutral gas
densities in their respective regions. The insert model is entirely independent of the orifice and keeper regions.
It outputs the electron and neutral gas densities, the plasma potential, wall temperature, and electron
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temperature. In the orifice region, the plasma density is obtained from Equation 36, while the electron
temperature is a free parameter. In the keeper region, these quantities are solved for using Equations 2, 44,
and 45.

The total potential difference for the cathode is then estimated by summing each contribution from the
different regions:

Vd = φp + VΩ + V orifice
ds + V tip

ds . (46)

Application The authors apply their solver to three cathodes — NCC A300, A5000, and A10000. Results
of Capacci’s implementation for the aforementioned cathodes are shown in Fig. 10. The model seems to be
insensitive to changes in the mass flow rate, and is not able to reproduce the discharge characteristic of the
cathode. The overall shape of the characteristic seems qualitatively correct, but the model under predicts
the discharge voltage by 8 to 45%, even though the orifice plasma resistivity is overestimated.
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Figure 10. Comparison of the discharge characteristic for three different cathodes (A300, A5000, and A10000)
using Capacci et al.’s hollow cathode model and experimental data from Ref. 32. No error bars were reported.

The results for the A300 cathode suggest that the majority of the discharge voltage comes from the
plasma potential drop, as shown in Fig. 11. The electron temperature obtained in the insert region is also
quite low — around 0.7 eV. The authors do note that the wall temperature is very sensitive to the effective
work function. The introduction of a simple constant value for the calculation of the effective length also
decreases the accuracy of the wall temperature prediction.

We were not able to reproduce results from this model, as the necessary information to solve for the
different cathodes of interest — constants c1 through c6, as well as the gas plume expansion angle ψ —
is not presented in Ref. 32. The specific contributions of the orifice and keeper models are not discussed,
and no comparison with previous models is offered. The approach is promising and reuses key elements
of Siegfried and Wilbur’s successful low-current approach, but some assumptions are questionable, and the
spherical double-sheath model is not implemented correctly. The plasma resistivity is also overestimated in
the orifice region, and the model relies on experimental data (e.g. empirical pressure relationship). These
factors combined render the approach unreliable in its current form.

18 of 52

American Institute of Aeronautics and Astronautics



0.2 0.4 0.6 0.8 1
80

90

100

Discharge current (A)

φ
p
/
V
d

(%
)

Figure 11. Ratio of predicted plasma potential to predicted discharge voltage from Ref. 32. The simulated
cathode is the A300, for 1 sccm of xenon.

E. Domonkos13,24

Domonkos models cathode performance by considering the orifice and the insert regions separately. The
model for the orifice region is based on that of Mandell and Katz13,25 (with the addition of a current balance
equation) and requires the orifice wall temperature, mass flow rate, and discharge current as input. The
full model is comprised by current, ion, and energy conservation equations in each volume. The insert and
orifice region models are coupled through the electron/ion exchange in the orifice entrance and the insert
electron temperature (via its contribution to the electron convection balance in the orifice). Each of the
coupled models has its own set of free parameters needed to approximate the excitation and ionization pro-
cesses taking place and to describe the electron emission and power deposition in the insert. Unfortunately,
Domonokos’s model description contains typographical or physical errors in many of the equations (repeated
in all references for the model, and in later models citing his work14,37), making it difficult to implement
without ambiguity. We have attempted to correct typographical errors in the equations that follow, pointing
out inconsistencies in the physical treatment when they appear.

1. Orifice model

The orifice model uses ion conservation, current continuity, and conservation of energy in the plasma volume
to solve for the plasma density and electron temperature in the orifice. In order to evaluate the neutral
density, the gas flow through the orifice is assumed to occur at the sonic velocity characteristic of the orifice
wall temperature.

Ion conservation The ion balance in the orifice region equates the creation of ions through electron-
impact ionization and the influx of ions from the insert region to the outflux of ions through the orifice inlet
and outlet and ion losses to the walls of the orifice, and is given by:(

dNi
dt

)
iz

+

(
dNi
dt

)
in︸ ︷︷ ︸

neglected

−
(
dNi
dt

)
out

= 0. (47)

The second term in Equation 47 is neglected due to the assumption that a double sheath exists at the
constriction of the orifice entrance, preventing the flow of ions from the insert region. The ionization rate
coefficient is calculated by integrating the product of the velocity-dependent ionization cross-section and the
electron velocity over a Maxwellian EEDF. Domonkos considers only direct electron-impact ionization and
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neglects step-wise ionization in the orifice:(
dNi
dt

)
iz

=
(
πr2
oLo

)( m

2πeTeV

)3/2

4πneng

∫ +∞

0

v3σiz(v) exp

(
− mv2

2eTeV

)
dv. (48)

The ions leaving the volume exit through either the sheath surrounding the orifice surfaces (assumed to
include the orifice inlet) or through thermal efflux at the orifice outlet, towards the keeper and anode. The
Bohm condition is used to calculate the flux of ions towards the wall and through the double sheath:(

dNi
dt

)
out

= 0.61ne

√
eTeV
M

(
2πroLo + πr2

o

)
︸ ︷︷ ︸

sheaths

+
1

4
ne

√
8eTiV
πM

πr2
o︸ ︷︷ ︸

thermal

. (49)

Using the Bohm criterion to calculate the ion flux to the orifice surfaces is justifiable, due to the assumption
that the orifice walls are not emitting. Therefore the ion acceleration in the pre-sheath should be unmodi-
fied.15 However, applying the Bohm criterion to the double sheath is questionable. The electrons and ions
are counterstreaming in the case of the double sheath, rather than traveling in the same direction, as in
the case of the wall sheath, and the ion current should instead be solved for in a manner consistent with
the double sheath model used (e.g., using the Langmuir ratio

√
m/M to find the ratio of ion to electron

currents34).

Mass conservation The neutral gas density in the orifice is calculated using mass conservation, assuming
sonic flow:

ng =
ṁ

Mπr2
o

√
γRTg

. (50)

The (static) neutral gas temperature is assumed to be equal to the orifice plate temperature, which must
be obtained from experimental data. In using this equation for the neutral density, Domonkos implicitly
assumes that 100% of the neutral gas input exits the cathode in the same state, disregarding ionization
processes and the electron pressure contribution. Domonkos seems to imply at various points within the
coupled models that ng instead refers to the density of heavy particles — both ions and neutrals — which
is more reasonable from a mass conservation standpoint. However, he then uses this value as the neutral
density for the purposes of calculating the ionization rate, reducing it by the plasma (ion) density when
calculating the excitation rate. The target species in both cases should have the same density, unless excited
ions or multiple ionizations are considered.

In addition, it is unclear whether the appropriate velocity for the ions leaving the volume through the
orifice outlet is that of the fluid (which would be required for continuity if the density calculated above is the
heavy particle density) or the ion thermal velocity. The difference between these values is relatively small,

however, given that the ratio of the neutral sound speed to the ion thermal velocity is
√

5π
24 ≈ 0.81 for a

monatomic propellant. Domonkos uses the ion thermal velocity to calculate the ion flux through the orifice
outlet, but the overall contribution from the exiting ion current is small regardless of the flow velocity used.

Current continuity Current continuity in the orifice region is used to find the electron current entering
the orifice from the insert region plasma. A simplified picture of the orifice currents is shown in Fig. 12.
Ions leave the orifice at the thermal velocity through the outlet (Iemit

i ), at the Bohm velocity through the
double sheath (Ids

i ) at the orifice inlet, or recombine at the orifice walls (Iwalls
i ), having been accelerated to

the Bohm velocity by the orifice wall sheath. No ion current flows from the insert region into the orifice due
to the double sheath.

The total discharge current can be calculated at the downstream end of the orifice as the difference
between the electron and ion currents leaving the orifice:

Id = Iorifice
e − Iemit

i , (51)

which, along with the ion flux terms in the orifice, can be used to calculate the electron current from the
insert. Domonkos gives the following expression for the insert electron current:

Id = I insert
e + Iwall

i + Ids
i − Iemit

i (52)
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Figure 12. 0-D cell representation of the orifice currents.

Domonkos’s proposed relationship at the downstream end of the orifice features an unnecessary term,
Iemit
i , and consequently violates conservation of charge; since no electrons are lost in the orifice, the electron

current at the outlet should be equal to the sum of the electron current at the inlet and the electron current
generated by ionization in the orifice volume:

Iorifice
e = I insert

e + Icreated
e (53)

Because electrons and ions are created in pairs, and all ions created in the orifice must also leave the
orifice (for steady-state conditions), we can express the electron current due to volume ionization in terms
of the ion outfluxes:

Icreated
e = Iwall

i + Ids
i + Iemit

i (54)

Equations 51, 53, and 54 can be combined to yield the correct relationship:

Id = I insert
e + Iwall

i + Ids
i (55)

Iwall
i , Ids

i , and Iemit
i are obtained as shown in Equation 49, expressed separately below:

Iwall
i = 0.61nee

√
eTeV
M

(2πroLo) (56)

Ids
i = 0.61nee

√
eTeV
M

(
πr2
o

)
(57)

Iemit
i = nee

1

4

√
8eTiV
πM

πr2
o (58)

In Domonkos’s approach, the two current continuity Equations 51 and 55 yield both the electron current
coming from the insert, I insert

e , and the electron current leaving the orifice, Iorifice
e . Because the discharge

current increases along the length of the orifice, their determination is necessary for the calculation of the
Ohmic losses in the orifice. We note that either I insert

e or Ids
i is not actually an unknown, as these quantities

are tied together through the double sheath relationship,34

I insert
e = Idsi

√
M

m
. (59)

The double sheath ion current, Idsi , has been assumed to be known and set equal to the Bohm current
in Domonkos’s approach, which likely over-predicts the required electron current, I insert

e , and therefore the
double sheath voltage if calculated in a self-consistent manner.

Energy conservation Power deposition in the orifice volume is assumed to take place via Ohmic heating,
balanced by losses due to ionization, excitation, and electron convection:

q̇Ω = q̇iz + q̇ex + q̇conv. (60)
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Domonkos assumes that the electron current increases linearly along the orifice length due to the previously
discussed ionization taking place in the orifice using the following expression,

Ie(x) = I insert
e + bx, (61)

where b =
Iorificee −Iinsert

e

Lo
. This assumption implies that the electron density increases along the length of

the orifice if the drift velocity is constant (no electron losses are considered in the orifice); while this is
inconsistent with the 0-D approach, it does make sense to attempt to account for the increase in electron
current across the orifice (volume ionization within the entire cathode has been estimated to account for
up to 30% of the total discharge current10). The Ohmic heating term is calculated using the mean-square
electron current over the length of the orifice:

q̇Ω = Ror
〈
Ie(x)2

〉
= ηp

Lo
πr2
o

((
I insert
e

)2
+ I insert

e bLo +
1

3
b2L2

o

)
(62)

Even if the electron current were to increase by 50% along the orifice length, however, the difference in Ohmic
power deposition obtained using the mean-square current versus simply using the outlet electron current is
only about 8%, assuming constant resistivity.

The orifice plasma resistivity is calculated using Equation 28, with the electron-ion collision frequency
from the NRL plasma formulary,38

νei = 3.9× 10−12 ne

T
3/2
eV

ln Λ. (63)

The electron-neutral collision frequency is evaluated using a calculated reaction rate based on experimental
cross-section data and a Maxwellian EEDF divided by the plasma density. The Coulomb logarithm differs
slightly from Mandell and Katz’s definition given earlier:

ln Λ = 23− 1

2
ln

(
10−6ne
TeV

)
. (64)

The ionization losses are calculated by multiplying the ionization rate in the volume by the ionization
energy:

q̇iz = eεi

(
dNi
dt

)
iz

. (65)

The excitation losses are found in a similar manner:

q̇ex = eεex

(
dNex
dt

)
. (66)

The excitation rate,
(
dNex
dt

)
, is obtained by integrating over the total excitation cross-section:(

dNex
dt

)
=
(
πr2
oLo

)( m

2πeTeV

)3/2

4πneng

∫ +∞

0

v3σex(v) exp

(
− mv2

2eTeV

)
dv. (67)

In order to calculate the power loss due to excitation, the excited states are lumped with the average excitation
energy, εex, as a free parameter in the model. Its value is set at 10 eV, though a more rigorous model would
consider the different excitation levels in the gas of interest, and compute the average excitation energy.
Doing so would require knowledge of the densities of each excited state in order to evaluate the contribution
of stepwise excitations, which could be found using a Collisional-Radiative model similar to that implemented
by Peters and Wilbur39 for mercury.

Finally, convection losses are given by the difference between the power carried out of the orifice by the
outgoing electron current and the power input from the insert electron current. Following Mandell and Katz,
Domonkos neglects the factor of 5/2 that should be present in each of the convection terms:

q̇conv = (IeTeV )orifice − (IeTeV )insert . (68)
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Algorithm By first calculating the neutral (or heavy) density, ng, using the sonic flow condition, the
remaining orifice model equations can be solved for the orifice electron temperature and plasma density.
Domonkos notes that while the insert electron temperature is an input to the orifice model, and can be
obtained through the coupled insert model, an average value may also be used due to the small variation in
insert electron temperature for most operating conditions (though this may be due to the very high pres-
sures used for Domonkos’s particular cathode geometry). If the density calculated from the sonic condition
at the orifice is assumed to be the neutral density, or the reduction of the heavy density by the plasma
density is neglected in the ionization rate calculation, then the ion continuity equation is a function of only
the neutral/heavy density and the electron temperature, the former being fixed by the flow model. This
computational expedience may be the reason that Domonkos does not use the same target species density
for excitation and ionization rate calculations. Either of these simplifications would be reasonable only for
low ionization fractions. The plasma density can then finally be obtained from the energy equation. If these
equations are not solved simultaneously, an iterative procedure may be necessary to ensure convergence.

2. Insert model

Similar balance equations are used to model the insert region: ion conservation, current continuity, and
energy conservation are considered along with a pressure calculation using a form of Poiseuille flow modified
to account for the pressure drop encountered at the sudden flow constriction of the orifice.

Poiseuille flow model In order to calculate the pressure in the insert region, the pressure drop along the
orifice length is estimated using Poiseuille flow and the aforementioned correction due to the flow constriction,

Pinsert =

√
ṁ

16µ

πr4
o

RToLo + P 2
sonic +

1

2
ρ̄ū2 (1 +KL) , (69)

where Psonic is the pressure calculated in the orifice model for the assumed choked-sonic flow through the
orifice, ρ̄ is the average density, ū is the average flow velocity, and KL is the loss coefficient due to the
constriction (≈ 0.5). The average density is evaluated at the arithmetic average of the pressures at each end
of the orifice, using the upstream pressure without the correction as Pinsert. The average velocity can be
found using the linearized pressure gradient along the length of the orifice:

ū =
r2
o

8µ

(
Pinsert − Psonic

Lo

)
. (70)

This flow model predicted reasonable, but low, values of the pressure in Domonkos’s experimental cathodes.
This may be due to the pressure contribution from the discharge, or heating of the neutral gas by charge
exchange.40 A brief derivation of this model is given in Appendix C of Ref. 13.

Ion conservation Domonkos considers ionization due to both primary (thermionically emitted) and
plasma (thermalized/Maxwellian) electrons, the former through the creation of excited states which are then
ionized by the latter. The primary electrons are emitted with a Maxwellian distribution at the emitter
temperature, “shifted” to account for the acceleration of electrons by the sheath potential. The sheath
potential is assumed to be equal to the plasma potential in this model. The distribution function used is
given by:

fb(ve) = 4π

(
m

2πeTeV

)3/2

v2
e exp

(
−m (ve − vb)2

2eTeV

)
. (71)

The proposed distribution is incorrect as the shift is applied directly to the speed distribution, as opposed to
the velocity in the direction of beam propagation. The distribution given in Equation 71 is also not properly
normalized. A more accurate representation of the beam distribution would be given by:

fb(v) = 2

(
m

2πeTeV

)3/2

exp

−m
[
v2
x + v2

y + (vz − vb)2
]

2eTeV

θ(vz − vb). (72)
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In Equation 72, the velocity distribution is shifted only in the direction of the electron beam acceleration
(taken to be the z-direction), and the Heaviside θ makes the distribution one-sided, as no particles should
have a z-direction velocity less than that of the beam no particle can have a negative z-velocity at the wall
or else it would not leave the emitter. This equation is slightly more difficult to integrate than the original

distribution, but it can be put into a form more appropriate for integration by introducing v⊥ =
√
v2
x + v2

y

and |v| =
√
v2
⊥ + v2

z :

∫∫∫
fb(v) d3v = 4π

(
m

2πeTeV

)3/2 ∫ +∞

vb

∫ +∞

0

v⊥ exp

−m
[
v2
⊥ + (vz − vb)2

]
2eTeV

 dv⊥ dvz. (73)

The corresponding reaction rate coefficient would therefore be given by:

〈σv〉 = 4π

(
m

2πeTeV

)3/2 ∫ +∞

vb

∫ +∞

0

|v|σ(|v|)v⊥ exp

−m
[
v2
⊥ + (vz − vb)2

]
2eTeV

 dv⊥ dvz. (74)

Given the large disparity between the beam velocity induced by the emitter sheath and the thermal
velocity characteristic of the emitter temperature, there seems to be little reason to introduce such a dis-
tribution unless the beam energy is close to the threshold energy for a process of interest. Typical sheath
and plasma potentials for hollow cathodes are in the 3–12 V range, while emitter temperatures are 0.1–0.2
eV. Domonkos’s choice of 8 V for the plasma potential (a free parameter in the model) is close to the first
excitation energy of xenon, so the tail of the beam distribution may contribute to excitation, but the arbi-
trary nature of this plasma potential value makes it difficult to assess whether the finite beam temperature
is important for a real cathode. The relatively low energy required (3.4 eV)41 for ionization from xenon
metastable states would make these events far more likely to contribute to stepwise ionization if a sufficient
density of metastables exists within the mean free path of the beam electrons. The energy the electrons
typically gain from the sheath potential being less than the threshold for direct ionization (at least in the
case of xenon), Domonkos’s approach of comparing the ionization and excitation mean free paths is likely
unnecessary.

Domonkos modifies Equation 48 to account for multi-step ionization, which is assumed to occur in the
region outlined in Figure 14. The mean free path for excitation λex is, by definition:

λex =
1

ngσex
. (75)

In order to account for the effect of the finite-temperature beam of primary electrons, Domonkos uses the
following expression:

λex =
〈v〉beam

ng〈σexv〉beam
. (76)

This expression removes the effect of the normalization problems mentioned earlier. Even without the
normalization issues, however, Domonkos’s use of the distribution given by Equation 71 introduces significant
error (approximately 40% at φp = 8 V) in the effective cross-section for excitation over most of the energy
range of interest, as shown in Figure 13. The results shown were found by performing the integral in
Equation 74 over all excitation cross-sections in the LXCAT Hayashi database.30

An arbitrary, fixed percentage of the primary excitation events, pex, is assumed to create ions through
multi-step ionization. This percentage is a free parameter and attempts to account for the ions generated
by stepwise ionization of beam-excited neutrals. The total ionization rate in the insert volume is given by:(

dNi
dt

)
iz

= πr2
cLemitneng〈σizve〉plasma + pexπLemit

(
r2
c − (rc − 2λex)

2
)
nprimary
e ng〈σexve〉primary. (77)

The density of primary electrons, nprimary
e , is the density of emitted electrons as they enter the bulk

plasma, with a velocity, vd, determined by the plasma potential. The subscripts “plasma” and “pri-
mary” in Equation 77 for the rate coefficients indicate that those quantities are to be determined using
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the distribution-averaging appropriate for either the Maxwellian plasma electrons or the beam electrons,
respectively. Domonkos uses the thermionic current density to calculate the density of primary electrons,

nprimary
e =

Jem
evd

, (78)

where the velocity of electrons is obtained through energy conservation of ballistic electrons,

vd =

(
2eφp
m

)1/2

, (79)

and Jem is calculated in the same manner as for Siegfried and Wilbur’s model, but the Richardson constant is
set equal to 60 A/(cm2K2). The effective work function is evaluated using the expression for the electric field
at the cathode surface from Prewett and Allen.15 The emission length, Lemit, was introduced in Domonkos’s
equation for the ionization rate, and is set equal to the insert radius, rc.

Current conservation The total discharge current is represented as the sum of the emitted electron
current, the ion and electron fluxes collected on the cathode and orifice surfaces — including ions thermally
diffusing upstream — and the ion flux towards the walls of the orifice. Domonkos gives the following
relationship for the current continuity:

Id = Iem + Icoll
i − Icoll

e − Iemit
i . (80)

This expression, as for the case of the expression in the orifice, does not conserve charge. A correct approach
considers either the insert control volume with an influx of ions from the double sheath, and outflux of
electrons to the double sheath (see Fig. 15), or the combination of both orifice and insert control volumes.
Using the former approach, the current balance yields:

Iem − Icoll
e + Icoll

i + Ithi = I insert
e + Idsi

⇔ Iem − Icoll
e + Icoll

i + Ithi = Id − Iwall
i

⇔ Id = Iem − Icoll
e + Icoll

i + Ithi + Iwall
i .

(81)

Double sheath

(
Icoll
i , Icoll

e

)orifice

(
Icoll
i , Icoll

e

)insert
Iem

Ithi Ids
i

I insert
e

Figure 15. 0-D cell representation of the insert currents.

The ion current to the orifice wall, Iwall
i is used to distinguish the ion current collected on the internal

orifice walls from that collected on the insert and orifice plate surfaces, Icoll
i .

The thermionic current density is given by Equation 8. As mentioned earlier, Domonkos considers the
plasma potential to be a free parameter, restricted to the range of 8 to 12 V, based on experimental data.
The current density from the ions collected by the cathode and orifice surfaces is obtained using Equation
6 modified for the existence of a pre-sheath (assuming that the potential drop is that required to accelerate
the ions to the Bohm velocity, unmodified by the electron emission in the insert):

Icoll
i = 0.61ene

√
eTeV
M

2πrcLemit︸ ︷︷ ︸
to inner cathode surface

+ 0.61ene

√
eTeV
M

π(r2
c − r2

o)︸ ︷︷ ︸
to orifice plate

. (82)
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The current due to the backstreaming electrons is expressed in terms of the random electron current density
as:

Icoll
e = Jr

(
2πrcLemit + π(r2

c − r2
o)
)
. (83)

The random electron current density is given by:

Jr =
1

4

(
8eTeV
πm

)1/2

nee exp

(
− eφp
kBTeV

)
(84)

The thermal ion current diffusing upstream, Ithi , is accounted for using the expression for Iemit
i , with the

orifice radius replaced by the cathode inner radius.

Conservation of energy The insert plasma gains energy through Ohmic heating, ion flux from the
orifice, and sheath-accelerated thermionic electrons. Losses are comprised by ionization, excitation of neutral
particles, ion and electron convection, and electron backstreaming:

q̇Ω + q̇ori + q̇em = q̇iz + q̇ex + q̇conv + q̇coll. (85)

The boundaries of the control volume should be drawn carefully. We could include or exclude the pre-sheath
in this approach. Domonkos chooses to ignore the pre-sheath potential, though includes its effect on the ion
current due to the density decay. Domonkos considers that the electron current is the only driver for Ohmic
heating. Ohmic heating is due to the net current, Id, where we consider only electron-heavy collisions for
resistivity. The resistivity is calculated in a similar fashion as in the previous section, though the author
here assumes the current to be conducted radially. To account for radial conduction, Domonkos introduces
an average cross-sectional area, but misses a factor of π shown in the corrected expression:

Aeff =

∫ rc
0

(2πrLemit) rdr∫ rc
0
rdr

=
4

3
πrcLemit. (86)

The corrected expression for the Ohmic heating is given by Equation 87:

q̇Ω = I2
dηp

rc
(4/3)πrcLemit

. (87)

Orifice ions carry both the average energy of (assumed) Maxwellian particles crossing a boundary surface
and the potential energy obtained through the double-sheath assumed to exist at the entrance of the orifice,

q̇ori = Idsi (φds + 2TiV ), (88)

where the expression is in term of the orifice quantities. The double-sheath potential is estimated with the
same expression as Capacci et al. (Equation 40). Domonkos uses the total discharge current in Equation 40.
This is incorrect, as the net current through the double-sheath is equal to Idsi +Iinserte 6= Id (see Equation 55).

The thermionic electrons entering the volume carry the cathode fall voltage and a finite thermal energy
due to the wall temperature. The characteristic energy of electrons leaving the wall is twice the wall
temperature.42 The cathode fall voltage is assumed to be equal to the plasma potential in Domonkos’s
approach. The thermal energy term should appear here with a factor of 2, as opposed to 3

2 ; realistically,
however, unless a very exotic emitter material were used, the emitter temperature is negligible compared to
the sheath potential and the term can simply be left out. The corrected expression for the emitted electron
power is:

q̇em = Iem

(
φp + 2

kBTc
e

)
. (89)

Generated ions contribute to ionization losses — this energy is lost from the plasma volume through the
diffusion of ions upstream of the insert, and the collection of ions at the insert and orifice walls:

q̇iz =
(
Ithi + Icolli

)
εi (90)

Both plasma and beam (also identified as “primary”) electrons participate in energy loss through excitation.
Domonkos provides a relationship which is dimensionally inconsistent; we have corrected the equation below:

q̇ex = eεex
(
neng〈σexve〉plasma + nprimary

e ng〈σexve〉primary

)
πLemitr

2
c (91)
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Particles are collected at the insert and orifice walls, and the power they carry is given by:

q̇coll =
(
Ithi + Icoll

i

)
2TiV + Icoll

e (φp + 2TeV ). (92)

Though it is important to note that while the pre-sheath potential has been neglected, the energy of the ions
leaving the plasma volume at the pre-sheath edge (TeV /2, without any modification for electron emission) is
likely of the same order of magnitude or greater than 2TiV . Finally, electrons leave the volume through the
double-sheath. Domonkos implicitly assumes that these electrons are the only charge carriers flowing through
the sheath, and proposes that the convected current is equal to I insert

e yielding the following expression for
the convection power:

q̇conv =
5

2
I insert
e TeV . (93)

3. Additional comments

The model requires the total discharge current, flow rate, cathode material, and cathode geometry as inputs.
The four free parameters considered are pex, excitation energy in both orifice and insert regions, and the
plasma potential in the insert region. Domonkos also mentions the work function as a free parameter in
his model, though the values for most cathode materials are known and the parameter was constrained to
a small range in his calculations. Domonkos compares his results for the AR6, AR3, and SSPC cathodes,
and performs a sensitivity analysis of his model. The author shows that εex and pex affect both the number
density and power consumption significantly, with more than 30% variation of plasma density over a 5%-
range for pex. Domonkos chooses the values of εex = 5 eV and pex = 5% in the insert region in order to
account for the reduction in effective excitation energy due to stepwise processes; other authors choose a
lumped value of 10 eV for the excitation energy of xenon as Domonkos uses in the orifice region.

Domonkos’s model made an admirable attempt to be more comprehensive than other models, but in
most cases the inclusion of complicating effects incurred the costs of increased sensitivity to free parameters
and errors in implementation. Without more complete characterization of the stepwise processes in xenon-
fed orificed hollow cathodes, it is difficult to evaluate the efficacy of Domonkos’s attempts to simplify their
contribution. We were not able to re-implement or confirm the results of the original model as described in
Refs. 13 and 24. Domonkos gives intermediate calculations only for two different sets of operating conditions
in the insert and orifice13 and we could not find any combination of using his original equations or our own
corrections that would reproduce these values, so it appears the original implementation details have been
have been lost.

F. Goebel and Katz11,43

Goebel and Katz describe a 0-D model in their 2008 textbook11 based on power balances for the insert
plasma and the thermionic emitter, a current balance, and an ambipolar diffusion model (effectively an ion
balance) for the electron temperature. A simplified power balance and the same ambipolar diffusion model
are solved in the orifice in order to find the plasma density and electron temperature, respectively.

A Poiseuille flow model is used for the neutral gas pressure in both the orifice and insert, though the
average pressure in each region is used for the model. The Poiseuille flow model used is identical to that of
Domonkos (Equation 69), excluding the correction due to the orifice constriction and the use of the sonic
condition for the orifice outlet pressure, which must be specified directly. The pressure found is assumed to
be that of the neutral species.

Emission is assumed to be described by the Richardson-Dushman equation, with no modification due
to the sheath electric field. By assuming no variation in the axial direction and charge-exchange-limited
ambipolar diffusion, the electron temperature can be found solely as a function of neutral gas pressure,
ignoring the effects of the plasma on the flow and assuming a constant temperature for the heavy species.
The neutral temperature is usually taken to be 2–4 times the absolute wall temperature due to charge-
exchange collisions between the ions and neutrals.11,40

1. Insert model

Goebel and Katz’s insert model does not rely on inputs from the orifice model; once the neutral pressure
has been calculated from the Poiseuille flow model, the electron temperature can be found as a function of
only pressure and cathode radius.
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Ambipolar Diffusion Unique to the approach of Goebel and Katz, modeling ion conservation using an
ambipolar diffusion approach yields an estimate of the spatial variation in plasma density within the insert
region as well as the electron temperature. Using the electron and ion momentum equations, neglecting
the electron current and neutral drift terms, and assuming that ion diffusion is limited by resonant charge
exchange (due to the relatively large cross section on the order of 1× 10−18m2 for the inert gases44,45) the
ambipolar diffusion coefficient can be found:

D = Da =
e

M

TiV + TeV
ngσCEXvscat

. (94)

The neutral scattering velocity, vscat, in Equation 94 is assumed to be the (1-D) ion thermal velocity. Goebel
and Katz assume the ionization rate coefficient, neutral density, and ambipolar diffusion coefficient are
constant within the region being examined. By equating the diffusion losses with the ionization rate within
the volume, the following equation for the plasma density can be obtained:

∇2ne +

(
ng〈σizve〉

Da

)
ne = 0. (95)

The solution to this equation can be found using separation of variables. Assuming that there is no variation
in the axial direction, the resulting plasma density is given by:

ne(r) = ne(0)J0

√ng〈σizve〉
Da

r

 . (96)

In order to solve for the electron temperature, Goebel and Katz assume that the electron density is zero at
the wall of the cathode, yielding the final relationship between the ambipolar diffusion coefficient and the
ionization rate coefficient in terms of the cathode geometry,(

rc
λ01

)2

ngσiz(TeV )

√
8eTeV
πm

= Da, (97)

where the ionization rate coefficient in Equation 97 has been replaced by the fit used by Mandell and Katz
(Equation 23), and λ01 is the first root of the zeroth-order Bessel function of the first kind. This yields the
radial variation in plasma density as well as the electron temperature. The average density, needed for later
calculations, is given by:

n̄e =

[
2J1 (λ01)

λ01

]
ne(0). (98)

In an earlier paper, Katz et al.43 state that the electron temperature calculated using this approach is the
maximum possible value, and that the correction in TeV for finite values of the separation constant is, “less
than one per cent.”

Current balance The current balance for the insert region equates the total discharge current with the
sum of the emitted thermionic current and the generated ion current reduced by the random thermal electron
current that returns to the emitter:

Id = Iem + Ii − Ir exp (−φs/TeV ) (99)

Ir =
1

4

(
8eTeV
πm

)1/2

nseAemit (100)

Ii = ngn̄ee〈σizve〉Vemit (101)

Goebel and Katz also mention that the Bohm current is used to evaluate the ion current for the purposes
of evaluating the ion power deposition, implying that Ii = ensvBohmAemit should also be valid by ion
conservation, where ns is the electron density at the sheath edge. The introduction of ns is a unique feature
of this model, as it is the only model that attempts to calculate the sheath voltage independent of the plasma
potential. The random electron current density should also be evaluated at the sheath edge density. The
ion generation, by contrast, should be evaluated using the average electron density, n̄e.
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Power Balances The power balance for the insert plasma equates the power deposition from sheath-
accelerated thermionic electrons and Ohmic heating to the losses due to ionization, electron convection, and
random electron flux to the emitter:

Iemφs +RpI
2
e = Iiεi +

5

2
TeV Ie + (2TeV + φs) Ir exp (−φs/TeV ) (102)

The energy characteristic of the random electrons, (2TeV +φs), is necessary because the particles must have
sufficient energy to overcome the sheath potential. Otherwise the electrons would not leave the volume into
the electron-repelling emitter sheath. A derivation of this term is also given in Appendix C of Ref. 11.

The power balance for the emitter sets the losses due to conduction, convection, and radiation (H(T )) and
thermionic cooling equal to the power input by ion and random electron bombardment. Ions must extract
an electron at the cost of the work function from the material in order to recombine at the emitter surface
and incident electrons are assumed to fall from the vacuum level to the Fermi level within the material,
depositing φw at the wall, as shown below:

H(T ) + Iemφw = Ii

(
εi + φs +

TeV
2
− φw

)
+ (2TeV + φw) Ir exp (−φs/TeV ) . (103)

These equations cannot be readily solved as a system for the sheath voltage, plasma density, and wall
temperature. They are instead combined to create simpler expressions that do not directly involve the wall
temperature. This is achieved by assuming that the ion energy due to the pre-sheath can be neglected
compared to the ionization and sheath potentials. This assumption does not typically introduce significant
error given the 1-2 eV electron temperature characteristic of the insert plasma. Algebraic manipulation of
the remaining equations and the introduction of an “edge-to-average” ratio fn that describes the ratio of
the average plasma density to that at the sheath edge, yields a system of equations that can be solved for
the average neutral density and sheath voltage:

φs =
H(T )

Ie
+

5

2
TeV + φw −RpIe, (104)

n̄e =
RpI

2
e −

(
5
2TeV − φs

)
Ie

fnTeV
(
eTeV
2πm

)1/2
eA exp (−φs/TeV ) + nge〈σizve〉V (εi + φs)

. (105)

The edge-to-average plasma density ratio is approximated by Goebel and Katz by assuming that the plasma
density in the region outside the sheath and pre-sheath can be described by a Boltzmann distribution:

fn =
ne
n̄e
≈ exp (−(φaxis − φs)/TeV ) . (106)

Because this value represents the ratio of the plasma density at the sheath edge to the average density over the
volume, an additional factor should be used to convert the average density to that at the centerline (following
Equation 98) when calculating fn. The plasma resistivity is calculated using Equation 28. The electron-ion
collision frequency is evaluated with Equation 30 The electron-neutral collision cross-section is evaluated
for xenon with a fit to Hayashi’s29 recommended total electron-neutral cross-section data (Equation 32).
As mentioned earlier for Mandell and Katz’s use of this model, the elastic momentum-transfer collision
cross-section should be used instead. Goebel and Katz use Equation 64 as their definition of the Coulomb
logarithm. In following the derivation of this model, we also found that the first term in the denominator of
Equation 105 should be multiplied by a factor of 2.

These two equations must be solved iteratively or simultaneously for the average plasma density and
the sheath potential, as the plasma resistance appears in the sheath potential equation and depends on the
average plasma density. These values are both desirable, but because of the simplification, the model cannot
predict the wall temperature directly. The dependence on the “edge-to-average” ratio requires the additional
assumption that the plasma density follows a Boltzmann distribution (i.e., the density decays exponentially
with potential) as well as knowledge of the plasma potential from either experimental data or 2-D codes in
order to close the system. In addition, the equations for the average density and sheath voltage depend on
the emitter heat loss, which must be found from either a separate thermal model or experiment, and the
plasma resistivity, which is itself a function of the average plasma density and the emission length, Lemit.

The authors present a model for the emission or attachment length based on the “e-folding distance” for
the plasma density decay. Relaxing the assumption of zero axial variation in density, the decay is assumed
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to obey the earlier ambipolar diffusion model. To ensure uniform pressure and the validity of the ambipolar
diffusion model, the cathode orifice must be relatively small compared to the insert diameter. An independent
calculation of the ion current generated in the insert plasma is required, which the authors obtain through
the use of a 2-D code, so this approach cannot be used in a self-contained fashion.

2. Orifice model

Goebel and Katz implement an additional power balance in a separate orifice model using the same flow
and ambipolar diffusion models, assuming that the discharge current does not change within the orifice. It
does not depend on experimental parameters as the attachment length is replaced with the orifice length,
and emission from the orifice is ignored. This removes the need for the sheath potential in order to calculate
the plasma density and electron temperature. The orifice power balance equates the Ohmic heating in the
orifice to the electron convection losses and to the ionization power loss in the orifice volume:

I2
dRpo =

5

2

(
TeV − T inseV

)
Id + eng〈σizve〉εi

(
πr2
oLo

)
. (107)

This equation can be solved easily for the orifice average plasma density after the insert model has been
run:

n̄e =
I2
dRpo − (5/2)Id

(
TeV − T inseV

)
eng〈σizve〉εiπr2

oLo
. (108)

3. Evaluation

Overall, the model described above produces results that agree well with experiment when certain values of
the input parameters are used. The model requires experimental/computational input in the form of the
plasma potential and the attachment length (or the ion current, which can then be used to calculate Lemit).
The results of the original model, our reimplementation, and the experimental data that Goebel and Katz
compare with are shown in Figure 16. Our reimplementation uses a gas temperature of 4000 K in order to
be consistent with the insert model inputs, a constant plasma potential of 8.5 V, and a constant heat loss of
13 W. Goebel and Katz’s original implementation uses a gas temperature of 2000 K.
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Figure 16. Comparison of original and re-implemented model using Goebel and Katz’s approach. Experimental
data is from Ref. 11. No error bars are reported.
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Goebel’s model has two independent equations for the ion current. This can be used to make a secondary
calculation of the edge-to-axis density ratio and the insert electron temperature. Equating the Bohm and
ion generation forms of the ion current within the insert, we can solve for the electron temperature and fn
as functions of only the pressure-diameter product in the insert, as shown in Figure 17. Using this approach
(not used by the original authors), we can remove the need for the plasma potential, as it is only used to
calculate fn. It is important to note that the ambipolar diffusion model as formulated breaks down at low
pressure-diameter products or at high electron temperatures (typical for orifice plasma conditions), either
because of the lack of electron-ion collisions or due to the boundary conditions of the diffusion model. For
orifice conditions, fn approaches values of unity (or greater) and therefore the assumption of zero plasma
density at the sheath edge cannot be justified.
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Figure 17. Electron temperature and edge-to-average plasma density ratio as functions of pressure-diameter
product, where the neutral gas temperature is assumed to be 4000 K and the pressure is assumed to be the
neutral gas pressure.

G. Mizrahi et al.46,47

Mizrahi et al.’s model is only concerned with the hollow cathode orifice during operation. It is loosely based
on Katz’s model, and introduces the following modifications:

- The plasma is allowed to flow along the length of the orifice.

- The neutral gas temperature is equal to the ion temperature. Both heavy species temperatures are
assumed to be much less than the electron temperature.

- Viscous effects on the neutral gas flow are introduced through a Poiseuille flow model.

- Ions may leave the cathode by being entrained by the neutral flow.

This approach relies on the continuity and momentum equations for charged particle flow, a plasma energy
balance in the volume, and a neutral gas flow model. The superscripts i ± 1/2 in this section refer to the
physical quantities evaluated at the right- and left-hand sides of the volume, respectively.

Neutral flow A Poiseuille flow approach is used to evaluate the neutral gas density in the orifice. The

Poiseuille equation is manipulated so as to introduce the arithmetic average density n̄g = 1/2
(
n
i+1/2
g + n

i−1/2
g

)
ūg =

∆Pr2
o

8µLo
⇔ ūg =

1− δ
1 + δ

kBTgn̄gr
2
o

4µLo
, (109)
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where

∆P = kBTg

(
ni−1/2
g − ni+1/2

g

)
, and (110)

δ = ni+1/2
g /ni−1/2

g . (111)

This form of the Poiseuille equation removes the necessary knowledge of the upstream and downstream
pressure, at the cost of the introduction of a free parameter, δ. The free parameter δ may be estimated if
the neutral gas pressure and temperature are known downstream and upstream of the orifice:

δ = ni+1/2
g /ni−1/2

g = T
i+1/2
gV P i+1/2/T

i−1/2
gV P i−1/2. (112)

If we further assume that the neutral temperature is constant along the orifice, then:

δ = P i+1/2/P i−1/2. (113)

The knowledge of the pressure downstream or upstream of the orifice, and the application of a Poiseuille
flow model, yields the missing pressure, and δ.

Charged particle flow The momentum equations are written for both ions and electrons. The electron
velocity is considered to be dominant over the ion and neutral velocities, and the ion-neutral collision term
dominates over the ion-electron term in the ion momentum equation. The authors consider a steady-state
system, and neglect the convective derivative. The neutral velocity is implicitly assumed to be the average
neutral gas flow velocity in the channel from Equation 109. The combination of both the electron and ion
momentum equations yields:

neui = neug −Da∇ne −
m

M

νei + νen
νin

neue. (114)

The authors argue that the third term is negligible since m
M

νei+νen
νin

� 1, in direct contradiction with Katz

et al.48 This assumption does not take into account the electron velocity as compared to the ion or neutral
velocities. We can evaluate the first and third term on the right-hand side of Equation 114. The neutral
flow velocity is given by Equation 109. The electron flow velocity may be calculated by considering all of
the discharge current to be carried by the electrons Id = eneπr

2
oue. We used Equation 30 for the electron-

ion collision frequency, and the Maxwellian-averaged momentum-transfer cross-section for electron-neutral
collisions from Hayashi (Ref. 31) to calculate the electron-neutral collision frequency νen = ng〈σv〉. The
charge-exchange collision cross-section is assumed to be equal to 10−18 m2. Using the reported results of the
model for xenon gas (ng = 1.1× 1023 m−3, ne = 2.7× 1022 m−3, TeV = 1.6 eV, TiV = 0.4 eV), both the third
and first term on the right-hand side of Equation 114 may be evaluated:

m

M

νei + νen
νin

ue ≈ 170 m/s

ug ≈ 181 m/s

Clearly, the electron current term cannot be neglected based on the results of the model.

Density evaluation The density in the 0-D cell is considered to be constant and equal to the average
value. The cell-center density is also expected to be much greater than the density at the cell boundaries,
due to significant ionization within the constricted orifice and expansion to vacuum at the outlet.

The density gradient in Equation 114 can be evaluated through a Taylor expansion from the center
density to the boundary,

∇ne =
∂ne
∂z

∣∣∣
i±1/2

≈ ∓n
i
e ± n

i±1/2
e

Lo/2
≈ ∓ nie

Lo/2
. (115)

The authors consider the center density nie to be equal to the average density within the cell, n̄e, which gives:

∂ne
∂z

∣∣∣
i±1/2

≈ ∓ n̄e
Lo/2

. (116)

A similar approach can be taken to evaluate the density gradient in the radial direction.
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In the axial direction, by virtue of Bolzano’s theorem, the gradient of the density must be zero at least
once on the interval

[
zi−1/2, zi+1/2

]
. If this density maximum is achieved at the center of the cell, the

density over the whole cell should be equal to n̄e to be consistent with the average density definition. This

approach yields a discontinuity in density at the boundaries of the cell. For example, n
i−1/2,L
e 6= n

i−1/2,R
e

since n
i−1/2,L
e � n

i−1/2,R
e , where L and R designate the limited values when approached from the left and

right-hand sides of the boundary, respectively. Other cases require sharp density gradients in the first half
or second half of the cell for consistency.

Continuity equation The mass flow rate for neutrals is obtained from the volumetric mass flow rate
Q = ūgπr

2
o using:

ṁg = Mngπr
2
oūg. (117)

The ion mass flow rate is obtained in a similar fashion:

ṁi = Mneπr
2
oui. (118)

For both boundaries, we have

ṁ = ṁg + ṁi = Mπr2
o

(
ūgn

i±1/2
g + (uini)

i±1/2
)
. (119)

Averaging the value at left and right boundaries, and combining it with Equation 114 yields:

ṁ = Mπr2
o

(
n̄g +

1

2

(
ni+1/2
e + ni−1/2

e

))
ūg. (120)

The authors are inconsistent with the density definition, and assume that n̄e = 1
2

(
n
i+1/2
e + n

i−1/2
e

)
, though

the boundary plasma densities have previously been assumed to be negligible compared to the average density

(n̄e � n
i±1/2
e ). The resulting mass conservation equation is:

ṁ = Mπr2
o (n̄g + n̄e) ūg. (121)

Radial diffusion The radial diffusion of ions is assumed to be governed by charge-exchange collisions.
The corresponding radial flux is evaluated in the same fashion as the axial boundary flux:

Ji = −eDa
∂n̄e
∂r

∣∣∣
r=ro

≈ eDa
ne
ro
. (122)

In contrast with that of Goebel and Katz, this approach does not consider sheath physics and uses a linearized
density gradient.

Ion balance Ions are considered to be created in the volume through direct-impact ionization with ther-
malized electrons, and are lost through diffusion to the boundaries. The ion balance is similar to that of all
of the previously described authors. Using the axial and radial diffusion approach, the ion balance is given
by:

πr2
o

(
J
i+1/2
i − J i−1/2

i

)
+ 2πroLoJ

r=ro
i = πr2

oLoen̄gn̄eσiz (TeV )

√
eTeV
m

⇔ n̄gσiz (TeV )

√
eTeV
m

=
2Da

r2
o

(
1 + 2 (ro/Lo)

2
)
. (123)

Although Mizrahi et al. use the electron thermal velocity, Mandell and Katz’s fit uses the Maxwellian velocity
for the electrons.

Power balance The power balance is similar to that of previously described authors. Mizrahi et al. do not
consider a double-sheath, but consider Ohmic heating balanced by ionization, excitation, and convection.
Plasma resistance is provided through electron-ion and electron-neutral collisions. The cross-sections for
electron-neutral collisions, ionization, and excitation are estimated with numerical fits (Equations 32, 23
and 27, respectively):

RpI
2
d = πr2

oLon̄gn̄ee

√
eTeV
m

(εiσiz + εexσex) +
5

2

(
TeV − T ins

eV

)
Id. (124)
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Algorithm The model consists of three equations — neutral gas flow (Equation 121), ion conservation
(Equation 123), and plasma power balance (Equation 124). The unknowns are the electron temperature,
average electron density, and average neutral gas density. It is necessary to know the operating conditions (ṁ
and Id), cathode geometry (Lo , ro), gas used (cross-sections, mass, and ionization and excitation energies),
insert electron temperature, ion temperature, and free parameter δ.

Evaluation Despite several fundamental inconsistencies, the model performs relatively well on the NSTAR
neutralizer cathode as compared to other 0-D and higher-dimensional models. Mizrahi et al.’s model un-
fortunately relies on a free parameter, and on experimental data for the insert electron temperature. The
study does not feature a sensitivity analysis.

We reproduced the results of Mizrahi et al. by first calculating the specified insert electron temperature
using Equation 124 and the reported data from Ref. 47. A value of T ins

eV = 0.46 eV was found. We used this
value for the rest of our calculations. The expression for the charge-exchange collision cross-section used by
the authors in Ref. 47 is not clear. We used a constant value of σCEX = 10−18 m2. We accurately reproduced
Mizrahi et al.’s results for the specified cathode (NSTAR — Lo = 0.75 mm, ro = 0.14 mm), gas (Xenon),
operating conditions (ṁ = 3.6 sccm, Id = 3.26 A), and additional free parameters (δ = 0.2, T ins

eV = 0.46 eV,
TgV = TiV = 0.4 eV). Numerical values are shown in Table 1, along with results from Mandell and Katz’s
model. Mizrahi et al. also performed calculations using Mandell and Katz’s model, but set the neutral gas
temperature equal to that of the electrons. Results from both approaches (with TgV = TeV or TgV = 0.1
eV) are presented.

Model ne (×10−22 m−3) ng (×10−23 m−3) TeV (eV) α = ne/(ne + ng)

Mizrahi et al. (Ref. 47) 2.7 1.1 1.6 0.2

Reproduction of Ref. 47 2.45 1.15 1.61 0.18

Mandell and Katz (Ref. 25)
0.91 0.43 2.18 0.17

TgV = TeV

Mandell and Katz (Ref. 25)
1.45 1.82 1.74 0.07

TgV = 0.1 eV

Table 1. Comparison of original results from Ref. 47 to the reproduced model and to Mandell and Katz’ model

The results from all of the models are consistent with each other, though Mandell and Katz’s model with
a reasonable temperature implementation (TgV = 0.1 eV) predicts an ionization fraction 3 times lower than
the other models. No comparison to experimental data is presented in Ref. 47, or available in the literature.

H. Albertoni et al.9,14,49,50

Albertoni proposes a model for the insert and orifice plasmas. The orifice is modeled as a separate 0-D
volume.

A free-standing double sheath at the orifice entrance is assumed to be present, which accelerates electrons
towards the orifice while keeping ions within the emitter region. Albertoni’s orifice model includes an ion
flux balance, plasma power balance, and a choked-flow calculation to compute plasma density, electron
temperature, and neutral density in the orifice region. Processes such as excitation — and therefore step-
wise ionization — and radiation are neglected.

The emitter region model includes an ion flux balance, plasma and emitter power balances, a current
density balance, and a pressure equation. Albertoni’s model considers thermal and emitted electrons as
well as ions for the current balance. Volume ionization is again considered to originate from thermalized
Maxwellian electrons, while step-wise ionization is neglected. The model must be coupled with a thermal
simulation to obtain the temperature of the emitter, and therefore the emitted current. An early version
of this model9 that ignored the orifice showed good agreement for the peak emitter wall temperature for a
single-channel hollow cathode. The current model predicts the variation of the plasma potential with mass
flow rate and discharge current, but the author notes that these can not be compared with readily available
experimental data. Albertoni’s analysis neglects the emitted electrons, which participate in the step-wise
ionization and neutral excitation processes, and suffers from the necessity of a coupled thermal model, which
further complicates the solution process. The thermal model also considers that the emitter temperature is
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uniform, while experimental measurements have shown that emitter temperatures may vary by more than
10% of the peak temperature.51,52

In an early version of his model, Albertoni carries out a separate evaluation of the plasma attachment
length by invoking the “principle of minimum power,” which seeks to minimize the power deposited in the
sheath Ps = Idφs, and therefore the sheath voltage φs for a given current. Albertoni solves the 0-D model by
iterating through multiple plasma attachment lengths, and finds the corresponding minimum in the sheath
voltage. For a given discharge current, minimizing the sheath voltage amounts to minimizing the net current
density, which may bias this method towards the prediction of longer attachment lengths. Numerical results
for the plasma attachment length scale inversely with mass flow rate, as observed experimentally, but predict
that Lemit increases with the discharge current, in contradiction with experimental results.11,53

1. Orifice model

Albertoni’s approach is very similar to that of Domonkos: ion conservation and a plasma power balance are
considered, achieving closure through a modified choked-flow pressure relation.

Ion conservation The ion conservation equation is identical to Equation 47. The author uses the Bohm
criterion for the ion current density,

Ji = 0.61ene

(
eTeV
M

)1/2

. (125)

Plasma volume power balance Albertoni uses the total discharge current in the Ohmic heating term,
and introduces a double-sheath power loss which is subsequently neglected. Power losses due to excitation
of neutrals and radiation are also neglected:

q̇Ω = q̇iz + q̇ex + q̇conv + q̇ds︸︷︷︸
neglected

(126)

The ionization power, q̇iz, is expressed as in Equation 12 and the ionization rate is found as in Domonkos’s
model (Equation 48).

Albertoni does not consider the current to vary along the length of the orifice, so the total discharge
current is used in the Ohmic heating term,

q̇Ω = RpI
2
d . (127)

The resistance of the plasma is obtained with both electron-ion and electron-neutral collisions. The electron-
neutral collision cross-section is estimated from Equation 32 (Ref. 28), while the collision frequency is es-
timated using the thermal velocity of the electrons, as opposed to the Maxwellian average velocity. The
convection power is estimated as in Equation 68, but using a factor of 2 (which, once again, should be 5/2).

Pressure calculation Closure of the system is obtained through a choked-flow model of the orifice
region, modified to account for the contribution of electrons to the flow:

P =
ṁ

πr2
o

√
R

γ
Tg

(
1 + α

Te
Tg

)
. (128)

All quantities are considered to be static rather than stagnation properties. The gas temperature is assumed
to be equal to that of the orifice plate. The total static pressure is equated to that given by the perfect gas
law (Equation 3).

The correction for the electron pressure contribution is equivalent to calculating an effective gas constant
for a mixture of heavy particles and electrons, assuming that Te is constant and that all species expand
isentropically through the orifice. For monatomic species, the total enthalpy of the fluid mixture may be
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expressed as:54

htotal =
nem

nem+ ngM

(
5

2

kBTe
m

+
ngM

nem

5

2

kBTg
M

)
⇔ htotal ≈ α

5

2

kBTe
M

+
5

2

kBTg
M

⇔ htotal ≈
5

2

kB
M

(
1 + α

Te
Tg

)
︸ ︷︷ ︸

Effective gas constant

Tg

(129)

2. Insert model

The insert model features ion conservation, current conservation, plasma power balance, and pressure balance
equations.

Ion conservation Albertoni considers that ions are brought into the control volume through direct ion-
ization and from the orifice through the double sheath. Ions are lost through the sheaths, and thermally
upstream. The resulting ion balance is given by:

e

(
dNi
dt

)
iz

+ Jdsi πr
2
o = Ji

(
2πrcLemit + π(r2

c − r2
o)
)

+
1

4
nee

√
8eTiV
πM

πr2
c . (130)

Orifice and insert quantities are used to calculate Jdsi and Ji, respectively. They are both given by Equa-
tion 125. The use of the Bohm current for the double sheath ion current leads to the previously discussed
issues regarding the double sheath voltage and power predictions.

Current conservation Albertoni includes neither ion nor electron losses to the orifice plate, nor does
he include thermal ions lost through the upstream boundary of the volume for current conservation, though
the contribution of these terms to the discharge current is likely small. The resulting current balance at the
emitter surface is given by:

Id
2πrcLemit

= Ji + Jem − Jr exp

(
− φp
TeV

)
. (131)

The thermionic current Jem is calculated with Equation 8. Jr is obtained with Equation 84. Using the total
discharge current in this expression neglects the contribution of the orifice ions to the total current.

Plasma power balance The plasma power balance is similar to Equation 85, though Albertoni does not
consider losses due to neutral excitation.

q̇Ω + q̇ori + q̇em = q̇iz + q̇conv + q̇coll. (132)

q̇Ω, q̇ori, q̇em, q̇iz are given by Equations 87, 88, 89, and 90, respectively. Albertoni’s expression for q̇coll is
similar to that of Equation 92, though the author does not include the plasma potential in the total energy
of the collected electrons (electrons leaving the plasma in this case):

q̇coll =
(
Ithi + Icoll

i

)
2TiV + Icoll

e 2TeV . (133)

This is a substantial omission for significant return electron currents. The power convected by the electron
current is:

q̇conv =
5

2
TeV Id. (134)

Neutral flow The system is closed with a pressure balance similar to that of Domonkos. Albertoni’s
formulation as reported in Ref. 14 is dimensionally inconsistent, as the radius should appear to the fourth
power. Albertoni calculates the dynamic viscosity from kinetic theory, considering hard-sphere particles of
diameter dm and a mean-free-path approach:

µ =
1

πd2
m

√
MkBTo

π
. (135)
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A comparison of the viscosity calculations for the hard-sphere approach, the Chapman-Enskog method
applied to the Lennard-Jones 12-6 potential with σ = 4.055 Å and ε/kB = 229 K, and a derivation of
viscosity from dimensional analysis from Stiel and Thodos55 is shown for xenon in Fig. 18. The Van der
Waals radius for xenon is considered to be equal to 216 pm for the hard-sphere model. The collision integrals
for the Chapman-Enskog calculations are tabulated in Ref. 56 and originally from Ref. 57. The hard sphere
model under predicts the viscosity at high-temperatures, which is especially important in the orifice. The
Lennard-Jones 12-6 potential yields very close agreement to the experimental fit. We suggest using either
the fit to experimental data or the Lennard-Jones potential approach for accurate calculation of the viscosity.
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Figure 18. Comparison of three different viscosity models.

Thermal model Albertoni includes a thermal model to predict the emitter temperature. Convection from
the insert, conduction through the cathode tube, radiation from both the heat shield and orifice surfaces, and
heat dissipation through evaporation of the insert are considered. The plasma processes at the insert surface
deposit power through ion bombardment and electron backstreaming, and contribute to cooling through
thermionic emission. Ohmic power deposition in the orifice plasma is assumed to be entirely transferred to
the orifice plate. For radiation, a background temperature of 0 K is assumed. The base of the cathode is
kept at an arbitrary value of 1000 K.

Albertoni represents the cathode as a radiative thermal network (see Figs. 4 and 5 in Ref. 14). The
radiosities Jk are unknown, as are the node temperatures. The thermal network requires the power inputs
and outputs to the insert node, which are obtained from the insert power balance.

Insert power balance Albertoni’s insert power balance is similar to that of Goebel and Katz. The
author does not consider the pre-sheath contribution to the ion power — though he uses the Bohm sheath
criterion for the ion current — and adds the emitter temperature to the total energy of the emitted electrons.
The emitter temperature contribution is negligible compared to the effective work function.

q̇th + Iem

(
φeff +

3kB
2e

Tc

)
= Ii (εi + φp − φw) + (2TeV + φw) Ir exp

(
− φp
TeV

)
. (136)

The plasma model is coupled to the thermal model through the heat loss term, q̇th.

Emission length In Ref. 14, the plasma attachment length is calculated with an empirical argument.
Albertoni proposes that the product of the pressure and the attachment length is equal to a constant
between 5 and 15 Pa·m, similar to the result for single-channel hollow cathodes:

K ≈ PLemit, K = 5− 15Pa ·m. (137)
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The constant K is used as a free parameter.
We compared the emission length obtained from Equation 137 to experimental data from Ref. 16. The

pressure is calculated using Equation 4. The cathode considered is Siegfried and Wilbur’s noble gas cathode
operating on xenon and argon at mass flow rates of 92 and 287 mA, respectively. The orifice diameter for
this cathode is 0.76 mm. Results are shown in Fig. 19.
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Figure 19. Comparison of emission length empirical relationship (Equation 137) for K = 5, 10, 15 Pa·m to
experimental data from Ref. 16.

A value of K outside the specified range would clearly be required to achieve agreement with experimental
results.

3. Evaluation

Algorithm The solution procedure is iterative; after initialization, the orifice, emitter, and thermal models
are computed sequentially until convergence is obtained on the insert electron temperature, gas temperature,
and cathode wall temperature. The effective length is then adjusted. Iterations continue until the effective
length converges. Figure 6 from Ref. 14 shows a flow-chart of the algorithm.

Application The model does require additional information — material properties, further geometric
data, and gas information. However, it is self-contained and does not require any experimental data other
than collisional cross-sections (unless Lemit is fit to the experimental data). It solves for the neutral and
electron densities, plasma potential, and orifice and insert temperatures. Due to the complexity and detailed
requirements for property input for Albertoni’s thermal model, we were not able to reimplement this model.

III. Comparisons

We benchmarked the performance of the models on cathodes with readily available experimental data and
a heat loss estimate, a necessity for the insert models. This data is available for Siegfried and Wilbur’s original
xenon cathode, and the NSTAR discharge cathode. Siegfried and Wilbur’s cathode uses a tantalum insert
coated with R-500 (a barium-strontium-carbonate mixture10) as an emitter, while the NSTAR discharge
cathode uses a porous tungsten insert impregnated with a mixture of barium, calcium, and aluminum
oxides.11 The dimensions for the different benchmark cathodes are shown in Table 2. We included the
NEXIS cathode as it will be used in the next section for flow model comparisons.
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Cathode

Dimension

Insert Orifice Tube

L (cm) I.D. (cm) O.D. (cm) L (mm) D (mm) D (cm)

Siegfried and Wilbur16,23 1.5 – 2.0 0.39 0.40 1.8 0.51 – 0.96 0.63

NSTAR Discharge11,33,43,58–61 2.54 0.38 0.55 0.74 1.02 0.635

NEXIS11,60,62–64 2.54 1.2∗ 1.42† 0.74‡ 1.5 – 2.8 1.5

∗The insert inner diameter is set to 1.20 cm, following Mikellides et al.’s work.60,62,63 Later work by Goebel and Katz11

suggests an insert diameter of 1.27 cm.
†The outer diameter for the NEXIS cathode is deduced from insert thickness data retrieved from Refs. 63 and 60.
‡Measured from plots in Ref. 60.

Table 2. Dimensions of the benchmark cathodes.

A. Siegfried and Wilbur’s xenon cathode

We considered the cathode with an orifice diameter of do = 0.76 mm, running on xenon at a mass flow rate
of 92 mA (1.28 sccm of xenon, or 0.13 mg/s). We varied the input discharge current from 1 to 5 A, and
compared outputs of the two recreated insert models to experimental data.

1. Required inputs

The heat loss term necessary for both recreated insert models is obtained from Ref. 16:

q̇th = 2
(
526Tc − 3.99× 105

)
Lemitrc (138)

Siegfried assumes a value of 0.8 eV for the electron temperature in the insert.16 We used this value in
all of the calculations that require an insert electron temperature. We have also used the total inelastic
cross-section data given by Wilbur16 for the calculation of the energy-exchange mean free path to avoid
calculating a new value of the proportionality constant between λpr and Lemit.

Goebel and Katz’s insert model requires insert wall temperature, emission length, and plasma potential.
We used experimental data available in Ref. 16. The neutral gas temperature is set equal to twice the
measured wall temperature.

Siegfried notes that the work function of the R500-coated tantalum insert is unknown, and assumes a
value of 2.25 eV — we used this value for our calculations. We set the orifice neutral temperature to 0.4 eV
for Mandell and Katz’s orifice model and for that of Mizrahi et al.. The free parameter δ in Mizrahi et al.’s
orifice model is set to 0.2 for this cathode.

2. Comparison

Results for the insert and orifice models are shown in Figs. 20 and 21, respectively.
Our re-implementation of Siegfried and Wilbur’s model is able to recreate their original results. The

curvature changes observed on both implementations originate from the total inelastic cross-section for
xenon that appears in the emission length calculation. Goebel and Katz’s insert model overestimates the
plasma density in the insert region by a factor of 5, though the model is very sensitive to the input plasma
potential, emission length, and estimated heat loss. No error bounds are provided for these values.

The orifice models yield consistent results for the plasma density. Both Goebel and Katz’s and Mizrahi
et al.’s results for the electron temperature are insensitive to the discharge current, with Goebel and Katz’s
estimate being the largest value consistent with the assumptions of their model. Mandell and Katz’s model
returns a substantially larger ionization fraction as compared to the other models. However, without exper-
imental data for the orifice, it is difficult to determine which model is the most accurate.

B. NSTAR discharge cathode

We computed averaged quantities for the NSTAR discharge cathode operating at the mass flow rates specified
by the “TH8” and “TH15” operational conditions. TH8 and TH15 differ both in terms of mass flow rate
and discharge current (see Table 3).
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Figure 20. Comparison of cathode insert models for Siegfried and Wilbur’s xenon cathode. Experimental data
and original model results are from Ref. 16

1. Required inputs

We computed the average electron temperature and plasma potential in the insert region from experimental
data obtained from Ref. 65. The heat loss term necessary for the insert models is taken to be a constant
value of 13 W. This figure is taken from the results of the application of the thermal model IROrCa2D on
the NSTAR cathode.59 Though the application point for Ref. 59 (Id = 12 A, ṁ = 4.25 sccm) differs from
the two considered operational points, we follow Ref. 11 and use this value for all operating conditions. The
operating conditions and required inputs are delineated in Table 3.

Parameter TH8 TH15

Operating condition
Id (A) 8.24 13.3

ṁ (sccm) 2.47 3.7

Experimental data
φ̄p (V) 9.2 5.5

T̄eV (eV) 1.4 1.4

Table 3. Operating conditions and average experimental data required for model input. The definition of
the TH8 and TH15 operating points is taken from Ref. 61. The average plasma potentials and electron
temperatures are computed from Ref. 65 — the reported measurement error is ±1 V for the potential, and
±0.5 eV for the electron temperature.

We used a work function equal to 2.06 eV for the insert material. The experimental data for the total
pressure reported in Ref. 65 is used in Siegfried and Wilbur’s insert model. The orifice models use an assumed
insert electron temperature, which is set equal to the average value of 1.4 eV. The neutral gas temperature is
assumed to be equal to 0.4 eV. Goebel indicates that the downstream pressure at the exit plane of the orifice
on the NSTAR discharge cathode is approximately 2 Torr.11 Using a Poiseuille flow model, we calculated
the upstream pressure for the two specified mass flow rates. The resulting values for δ are 0.31 and 0.26 for
ṁ = 2.47 sccm and ṁ = 3.7 sccm, respectively.

2. Comparison

Insert and orifice results are shown in Tables 4 and 5, respectively. For low current conditions, both Siegfried
and Wilbur’s and Goebel and Katz’s insert models agree with experimental data. The ionization fraction
for Siegfried and Wilbur’s model is three times lower than the experimental value, but it is not clear if this
result lies outside of the error bounds. For the high current condition, Siegfried and Wilbur’s insert model
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Figure 21. Comparison of cathode orifice models for Siegfried and Wilbur’s xenon cathode.
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over predicts the plasma potential, a consequence of their neglecting Ohmic heating, return electron current,
and assuming φs = φp. This model does predict a lower attachment length at higher current and mass flow
rate, consistent with experimental observations, and shows great accuracy for the emitter temperature. It
is not clear whether the predictive accuracy for the emitter temperature would persist for other operating
conditions given the sparsity of experimental data.

We do not have an experimental standard for comparison with the orifice results, though we may be able
to identify unreasonable predictions. For example, Mandell and Katz’s orifice model seems to over predict
both plasma density and ionization fraction, a possible consequence of the omission of the 5/2 factor in the
plasma power balance. We show in Table 5 the impact of this correction to the convective term.

Siegfried and Wilbur Goebel and Katz Experiment (average)

TH8

ne (×10−20 m−3) 3.3 4.0 3.6

TeV (eV) 1.4∗ 1.6 1.4

φp (V) 10.0 9.2∗ 9.2

φs (V) – 5.7 –

Tc (K) 1,420 – 1,470†

Lemit (mm) 1.9 6.0∗ 6.0

α (%) 1.2 3.3 3.7

TH15

ne (×10−20 m−3) 11.9 2.8 4.7

TeV (eV) 1.4∗ 1.5 1.4

φp (V) 14.7 5.5∗ 5.5

φs (V) – 2.8 –

Tc (K) 1,530 – 1,540†

Lemit (mm) 0.49 6.0* 6.0

α (%) 1.7 1.8 2.7

* Model input.
†Calculated from fits to measured temperature profiles — Tc = 1191.6I0.0988d

Table 4. Results from the insert models applied to the NSTAR discharge cathode. The experimental data is
spatially averaged from data reported in Ref. 65. Plasma potential accuracy is ±1 V, and electron temperature
±0.5 eV. No information about accuracy of density measurements is reported.

Mandell and Katz
Mandell and Katz

Mizrahi et al. Goebel and Katz
(with correction)

TH8

ne (×10−20 m−3) 5.0 2.3 1.6 2.6

TeV (eV) 2.8 2.7 2.8 3.1

α (%) 9.1 3.9 1.7 6.8

TH15

ne (×10−20 m−3) 13.5 7.6 4.4 6.8

TeV (eV) 2.7 2.5 2.7 2.9

α (%) 18.6 9.3 4.2 6.0

Table 5. Results from the orifice models applied to the NSTAR discharge cathode.

IV. Critical Issues

A. The neutral flow question

The 0-D models outlined in the preceding sections rely on some form of neutral flow model — either empirical,
Poiseuille, or isentropic quasi-1D flow. However, both the presence of plasma and high-temperature insert
walls introduces a non-negligible source of heat addition which violates the assumptions of both Poiseuille
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and isentropic flow models. More importantly, the Poiseuille flow is invalid in the region near the orifice
inlet — a constriction — and in the region near the orifice outlet — an expansion to vacuum. Table 6 and
Fig. 22 present the pressure as a function of discharge current and mass flow rate, calculated using various
flow models, for both the NSTAR discharge cathode, and the NEXIS discharge cathode, respectively. The
NSTAR and NEXIS dimensions are shown in Table 2. A constant neutral gas temperature of 4, 000 K is
assumed for the Poiseuille and isentropic flow calculations.

Operating condition
Pressure model

Experiment
Empirical correlation Poiseuille Modified Poiseuille

TH4
Id = 5.95 A

5.6 5.7 5.6 4.0
ṁ = 2.47 sccm

TH8
Id = 8.24 A

7.1 5.7 5.6 4.6
ṁ = 2.47 sccm

TH12
Id = 9.9 A

9.4 6.0 6.1 5.9
ṁ = 2.81 sccm

TH15
Id = 13.3 A

15.9 6.8 7.1 8.1
ṁ = 3.7 sccm

Table 6. Comparison of pressure predictions (in Torr) of multiple flow models applied to the NSTAR cathode.
Experimental data is taken from Ref.66 for TH4, TH8, and TH15, and from Ref. 67 for TH12.

8 14 20 26
0

4
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ṁ = 5.5 sccm

4 6 8 10

Id = 22 A

Empirical (Eqn. 4)

Poiseuille flow
Modified Poiseuille flow (Eqn 69)

Experiment68

Figure 22. Comparison of pressure prediction from multiple flow models applied to the NEXIS cathode. Left:
constant mass flow rate ṁ = 5.5 sccm. Right: constant discharge current Id = 22 A. Experimental data from
Ref. 68.

Only the empirical model predicts any variation in the cathode pressure with discharge current. However,
Siegfried and Wilbur’s correlation clearly does not generalize to other cathodes, and overestimates the
pressure in both the NSTAR and NEXIS. A more general correlation seems to be necessary for this approach
to produce accurate results, as the empirical models of Capacci et al. and Siegfried and Wilbur do not include
variation in orifice length. These formulations also assume scaling that conforms to isentropic flow conditions.

The modified Poiseuille flow model used by Domonkos and Albertoni et al. produces acceptable results
for the NEXIS, though the accuracy decreases as the mass flow rate increases. The results for the same model
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applied to the NSTAR cathode differ by an average value of over 20% from the experimental results. The
departure of the modified Poiseuille flow results from those of standard Poiseuille flow is not significant at low
mass flow rates. Use of the Poiseuille flow model with choked flow as a downstream boundary condition may
also be fundamentally inconsistent, as the average velocity calculated from the linearized pressure gradient
is not necessarily equivalent to the (constant) sonic velocity. Without heat addition or viscous contributions,
the velocity within the orifice should be assumed constant, as it is a function of only the channel size.

B. Flux calculations

The coefficients preceding flux terms in several of the model power balances are used inconsistently, the
correct term scalings are given below.

Convection The 5/2TeV Id term that appears in the 0D plasma volume power balances is a result of
the integral form of the energy equation. As shown in Table 5, inappropriately rescaling this factor has a
significant effect on model results. In steady-state, neglecting viscosity, kinetic-energy terms, and collisions,
the energy equation simplifies to

∇ ·
(

5

2
TeV neeuuue + qqqe

)
= −eneEEEuuue. (139)

The first term on the left-hand side corresponds to the convection of energy at the fluid velocity. A direct
integration of this term over a volume along with the application of Gauss’ law yields the correct expression
for the convected energy.

Random flux A derivation of the average energy of an electron leaving the volume to a surface may be
found in Ref. 42, Appendix C in Ref. 11, or Ref. 63. The 2TeV term stems from the assumed Maxwellian
distribution crossing a surface. The average energy is higher than the average energy per particle in the
volume due to higher-energy particles escaping the volume at a greater rate. The average energy is obtained
by computing the ratio of the energy flux to the wall to the total particle flux. For a Maxwellian distribution,
the total particle flux is given by,

Γ =
nc̄

4
, (140)

where c̄ is the distribution-averaged velocity. The energy flux is given by:

Γe =
nc̄

4
2TeV . (141)

C. Sheath considerations

It appears that one of the primary reasons that the described models begin to lose accuracy outside of the
domain of operating conditions for which they were developed is their handling of the sheath and plasma
potential structure. The models generally choose from one of the following idealizations: a purely 0-D sheath
(no variation in ne anywhere), a mostly 0-D model with a flat potential structure in the plasma bulk but
where an attempt has been made to include some or all of the effects of the pre-sheath, or an ambipolar
diffusion model.

1. Flat potential profile

In all variants of Siegfried and Wilburs’s model and in that of Capacci et al., no attempt was made to account
for the variation of plasma density induced by the sheath/pre-sheath, and, in accordance with a strict 0-D
assumption, the plasma density and potential are assumed constant within the entire control volume. The
only advantage of this approach is its simplicity; due to the collisionality and current densities present within
the cathode, it is unlikely that all of the potential drop from the cathode centerline to the emitter surface
would be translated into ion bombardment energy or emitted electron energy. This approach artificially
decreases the backstreaming electron flux reaching the emitter surfaces, as shown in Figure 3, and this term
is wrongfully neglected by the authors that use this type of sheath model. Finally, this model also causes
the over prediction of the plasma potential, as the ion bombardment power must increase in order to provide
sufficient heating to the insert for self-sustaining operation.
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2. Flat potential profile with pre-sheath

In the models of Domonkos and Albertoni et al., the plasma potential is assumed to differ from the sheath
potential by Te/2, the potential drop due the Bohm condition at the sheath edge. The associated energy
term is often neglected (therefore φs is essentially φp), with the primary contribution to the model being the
modification of the plasma density used to calculate fluxes to the insert surface. This idealization does little
to alleviate the issues of the purely 0-D sheath model described above.

3. Ambipolar diffusion model

The model used by Gobel and Katz11 includes density variation in the radial direction. It is the only
implementation of a sheath voltage that is independent of the plasma potential. The diffusion equation solved,
however, assumes no variation in the axial direction (consistent with the 0-D approach) and zero plasma
density at the “wall” of the insert or orifice plasma region. This wall boundary condition is problematic;
in the aforementioned model, the sheath is assumed to have zero thickness, and therefore the sheath edge
coincides with the “wall” for the purposes of the ambipolar diffusion model. Depending on the channel
geometry and pressure, it may be reasonable to assume that the plasma density is negligible at the sheath
edge compared to the bulk plasma density, but for other conditions (especially small diameters and low
pressures) this would introduce significant error. This is discussed in greater detail in Section II.F. This
model also leads to the over prediction of the electron temperature, which in turn affects the power balance
used to calculate the sheath voltage. As mentioned in Ref. 43, this ambipolar diffusion model is also not
appropriate for application to the orifice region plasma. The global power balance method used to calculate
the sheath voltage also predicts negative values of φs, or values of φs greater than the input φp, for some
operating conditions.

V. Conclusion

We have reviewed zero-dimensional orificed hollow cathode models developed in the past 40 years that are
relevant for electric propulsion applications. Our intent is to provide critical information with regards to the
validity and to the consequences of the assumptions made, and the range of applicability of each model. We
performed term-by-term comparisons of the physical equations proposed when necessary, re-implemented the
models when possible, and compared our implementations to the original authors’ calculations. We applied
the models to two different cathodes with available experimental data, and found them to be generally unable
to produce good agreement with experiment. For orifice models, the lack of experimental measurements
within the orifice region make it difficult to assess model accuracy.

Common issues include the modeling of the neutral gas flow through the cathode and orifice, the calcula-
tion of convection losses, and the representation of the potential or density structure within the 0D volume.
We argue that the neutral gas flow is treated inappropriately and that new or revised models appear nec-
essary to predict the cathode pressure accurately.The assumptions of existing flow models are generally
incompatible with cathode environments. We present calculations for the energy flux terms, and discuss
the different approaches that were used to treat the radial variation of the plasma and sheath potentials
inside the cathode. It is apparent that the inconsistencies or simplifications inherent in the proposed sheath
models affect their accuracy and ability to generalize to other operating conditions. In order to develop a
plasma and sheath model with general predictive capability, proper boundary conditions and self-consistent
approaches are likely needed.
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Appendices

A. Summary of 0D Models

Model Inputs Outputs Reference(s)

Siegfried and Wilbur

Geometry ro

α, ne 20
Gas εi, Σi/Σ0

Plasma / Experimental TeV

Operating conditions Tc = Tg, ṁ or P

Siegfried and Wilbur

Geometry ro, rc

ne, ng, φp,

Tc = Tg

10,12,23

Gas εi, M

Emitter φw, DRD

Plasma / Experimental TeV

Operating conditions Id, and ṁ or P

Other q̇th , c1 , c2 , c3

Mandell and Katz

Geometry ro, Lo

ne, ng, TeV 26–28,48
Gas

εi, εex, M , σiz

σex, νen, νei

Plasma / Experimental T ins
eV , TgV

Operating conditions Id, ṁ

Goebel and Katz

Geometry ro, rc, Lo

(ne , ng , TeV , φs)insert

(ne , TeV , ng)orifice

11,43

Gas
εi, µ, M , σiz

σCEX,νen, νei

Emitter φw, DRD

Plasma / Experimental φp, TgV or Tc, Lemit

Operating conditions Id, ṁ

Mizrahi et al.

Geometry ro, Lo

ne, ng, TeV 46,47

Gas
εi, εex, µ, M , σiz

σex, σCEX,νen, νei

Plasma / Experimental T ins
eV , TiV = TgV

Operating conditions Id, ṁ

Free parameter δ

Table 7: List of reviewed and re-implemented models with required
inputs and outputs.

49 of 52

American Institute of Aeronautics and Astronautics



A. Equation list — Siegfried and Wilbur

Physical Basis Equation

Choked orifice flow P =
ṁ
√
Tg

πr2o

(
γ
R

(
2

γ+1

) γ+1
γ−1

)−1/2

Two-temperature Saha equation α1+τge

(1−α)τge (1+α/τge)
= 1

P
(2πm)3/2

h3 e5/2TgV T
3/2
eV

(
Σi
Σ0

)τge
exp

(
− εi
TeV

)
Perfect gas law P = e (neTeV + ngTgV + niTiV )

Table 8. List of Equations for model from Ref. 20

Physical Basis Equation

Main Equations

Perfect gas law P = e (neTeV + ngTgV + niTiV )

Current Balance Id = Ie + Ii = JemAemit + JiAs

Insert surface Power Balance JiAemit (φp + εi − φw) = q̇th + Ieφeff

Plasma Power Balance φpIe = εiIi + 5
2TeV Id

Supporting Equations

Empirical P =
(

4ṁ
r2o

)
(c1 + c2Id)× 10−3

Bohm Criterion Ji = ene
(
eTeV
M

)1/2
Richardson-Dushman equation Jem = DRDT

2
c exp

(
− eφeff

kBTc

)
Schottky effect φeff = φp −

(
e|Ec|
4πε0

)1/2

Double-sheath Model Ec ≈
(
neeTeV
ε0

)1/2
(

2
(

1 + 2
φp
TeV

)1/2

− 4

)1/2

Emission length Lemit = c3λpr

Semi-empirical λpr =
(

6.5×10−17ne
φ2
p

+ ngσin (φp)
)−1

Table 9. List of Equations for model from Refs.10,12,16,23.

The units are MKS, except for the empirical pressure correlation, where the mass flow rate is in
equivalent-milliAmpères, pressure in Torr, and orifice radius in mm. For mercury, ngσin may be estimated

with

ngσin =
103ngφp

2.83× 1023 − 1.5ng

Gas c1 c2 c3

Mercury 13.7 7.82 2

Argon 5.6 1.2 0.5

Xenon 9.0 4.0 0.5

Table 10. Constants necessary for model, for various gases.16

50 of 52

American Institute of Aeronautics and Astronautics



B. Equation list — Mandell and Katz

Physical Basis Equation

Main Equations

Mass conservation ṁ = πr2
onge

√
eTgV
2πM + πr2

oJi

Ion balance ngσiz(TeV )4Je = 2πro (ro + Lo) Ji

Plasma power balance
RpI

2
d =

(
πr2
oLo

)
ng(σizεi + σexεex)Je

+Id
(
TeV − T ins

eV

)
Supporting Equations

Electron current density Je = nee
√

eTeV
2πm

Ion current density Ji = nee
√

eTeV
2πM

Ionization cross-section
σiz = 10−20 ·

(
3.97 + 0.643TeV − 0.0368T 2

eV

)
exp (−εi/TeV )

Excitation cross-section σex = 1.93× 10−19T
−1/2
eV exp (−11.6/TeV )

Plasma resistance Rp = ηp
Lo
πro

Plasma resistivity ηp = m
nee2

(νei + νen)

Electron-ion collision frequency (fully ionized plasma) νei = 2.9× 10−12neT
−3/2
eV ln Λ

Coulomb logarithm ln Λ = 30− 1
2 ln

(
neT

−3
eV

)
Electron-neutral collision frequency νen = 6.6× 10−19 0.25TeV −0.1

1+(0.25TeV )1.6

√
eTeV
m ng

Table 11. List of Equations for model from Ref.25–28, for xenon gas.

ṁ has units of equivalent-Ampères in the mass conservation equation.
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C. Equation list — Mizrahi et al.

Physical Basis Equation

Main Equations

Mass conservation ṁ = Mπr2
o (n̄g + n̄e) ūg

Ion balance n̄gσiz (TeV )
√

8eTeV
πm = 2Da

r2o

(
1 + 2 (ro/Lo)

2
)

Plasma power balance
RI2

d = πr2
oLon̄gn̄eeūe (εiσiz + εexσex)

+ 5
2

(
TeV − T ins

eV

)
Id

Supporting Equations

Poiseuille flow (incompressible) ūg = 1−δ
1+δ

n̄gr
2
o

4µLo

Empirical viscosity ξ = 2.3× 10−5
(

Tg
289.7

)0.71+0.29·289.7/Tg

Plasma parameter Λ = λD
b0

Impact parameter b0 = e2

4πε0mū2
e

Electron-ion collision frequency (fully ionized plasma) νei = 2.9× 10−12neT
−3/2
eV ln Λ

Electron-neutral collision frequency νen = 6.6× 10−19 0.25TeV −0.1
1+(0.25TeV )1.6

√
eTeV
m ng

Ion-neutral collision frequency νin = n̄gσCEX

√
eTiV
M

Ambipolar diffusion coefficient Da =
(

1 + TeV
TiV

)
eTiV
Mνin

Ionization cross-section
σiz = 10−20 ·

(
3.97 + 0.643TeV − 0.0368T 2

eV

)
exp (−εi/TeV )

Excitation cross-section σex = 1.93× 10−19T
−1/2
eV exp (−11.6/TeV )

Plasma resistance R = Lom
πr2oe

2n̄e
(νei + νen)

Table 12. List of Equations for model from Ref. 46,47, for xenon gas.
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