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Anomalous resistivity and heating in current-driven plasma thrusters
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A theory is presented of anomalous resistivity and particle heating in current-driven plasma
accelerators such as the magnetoplasmadynamic thiddEIDT). An electromagnetic dielectric
tensor is used for a current-carrying, collisional and finite-beta plasma and it is found that an
instability akin to the generalized lower hybrid drift instabili@@LHDI) exists for electromagnetic
modes(i.e., with finite polarization Weak turbulence theory is then used to develop a second-order
description of the heating rates of particles by the waves and the electron-wave momentum
exchange rate that controls the anomalous resistivity effect. It is found that the electron Hall
parameter strongly scales the level of anomalous dissipation for the case of the MPDT plasma. This
scaling has recently been confirmed experimentdfirys. Plasma$s, 3581(1997]. Polynomial
expressions of the relevant transport coefficients cast solely in terms of macroscopic parameters are
also obtained for including microturbulence effects in numerical plasma fluid models used for
thruster flow simulation. ©1999 American Institute of Physids$1070-664X99)95705-]

I. INTRODUCTION microinstabilities in such accelerator plasmas have been es-
tablished experimentally in the plasma of the MPDT at both
Current-driven  microinstabilities of a magnetized, low and high power levels®
current-carrying, and collisional plasma and their impact on  We have previously presented in conference p&pas
transport have not been well studied in the regime where thgheoretical treatment of microinstabilities and their effects on
plasma beta is finite. Aside from its fundamental value, thisransport. Although the transport coefficients, especially the
problem is relevant to the understanding of dissipation inanomalous resistivity, derived in that work proved helpful in
some current-driven plasma devices. rendering numerical fluid simulations of MPDT flows more
The magnetoplasmadynamic thrustéiPDT) is an elec-  realistic1%! a direct experimental proof of the existence of
tromagnetic plasma accelerator intended for spacecraft pragmomalous resistivity in such thrusters was not obtained until
pulsion. It is essentially a coaxial device in which a high-the recent measurements of Blaekal!? (1997. In that
current discharge ionizes a gas and accelerates it to highork, the measured anomalous resistivity was found to scale
exhaust velocities through the action of the Lorentz forcein accordance with the previous theoretical predictions in
produced by the interaction between the current flowingref. 9. This experimental confirmation prompted the publi-
through the plasma and a self-induced or applied magnetigation of the theoretical work in the present paper.
field. The MPDT can attain exhaust velocities in the range of  Previous attempts to model linear instabilities in the
10-80 km/s with thrust efficiencies exceeding 4bRefer-  MPDT (Refs. 13, 14 and their effects on transpdtthave
ences 1-4 give a review of research on MPDT starting fronbeen limited to electrostatic modes, i.e., zero plasma beta, a

its inception> The MPDT plasma has an electron tempera-condition difficult to justify for the plasma of such devices.
ture between 1 and 3 eV, an ion temperature between 1 and Finite-beta effects have been thought to be globally
10 eV and an electron density between®lnd 18°cm™®  stabilizing’®~171* especially for drift velocities exceeding
depending on the power level. Current densities and induceghe Alfven velocity. We show that, for such plasmas, a finite
magnetic fields can reach as high as’ A@m? and 1 kG peta can actually result in the excitation of finite-growth
in the megawatt-class devices. The electron Hall parametghodes with mixed polarization. These effects not only alter
and the plasma beta both range between 1 and 10. A mokge character of the linear modes, but affect the magnitude of
detailed description of the MPDT plasma can be found inthe resulting anomalous transport.
Ref. 6. We start in Sec. Il with the linear stability description of
The acceleration process in Lorentz force electromaga magnetoactive, current-carrying, collisional and finite-beta
netic plasma accelerators such as the MPDT is current-driveplasma and show that finite-beta effects which result in un-
with the thrust increasing with the square of the totalstable modes with finite polarization are important for the
current? It is also known that the current can drive microin- MPDT plasma. For the MPDT plasma the dominant modes
stabilities in the thruster plasma which may, through inducethave charactersitic frequencies near the lower hybrid fre-
microturbulence, substantially increase dissipation and adyuencyw,, and the instability is the collisional analog of the
versely impact the efficiency. The presence of current-driverollisionless case termed “generalized lower hybrid drift in-
stability” (GLHDI) by Hsiaet al*®
*)Paper F312.3 Bull. Am. Phys. S043, 1704(1998. In Sec. Il we outline the basic formalism we adopt for
"Invited speaker. our formulation of anomalous transport. In Sec. IV we use
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the statistical description of the previous section to derive i

generalfinite-beta expressions for the anomalous ion and ~ KEW=E®+ 51(1)- (4)
electron heating rates as well as for the electron-wave mo- 0

mentum exchange rate that controls the anomalous resistivi§y eliminating the perturbed current density vecé¥, from
effect. These expressions are cast as integrals in wave vectée above definitions we get

space of quantities that depend on the various elements of i

the linear dispersion tensor derived in Sec. Il, on the roots of  K;j;= éj;+ —, (5)

the linear dispersion relation and on the saturation energy 0w

density of the fluctuatingturbulen) fields denoted by, . where g;; is Kronecker’s delta representing the identity ten-
We then turn our attention in Sec. V to the difficult sor. If we now recall two of Maxwell’s linearized equations

question of the saturation mechanism that dictates the mag- kx ED = ,BM )

nitude and dependencies 6f. We consider four models for ’

#, based on four possible saturation mechanisms. ikXBY = o)V —ipgeqwE™Y, @

In Sec. VI we show various calculations of the anoma-, 4 eliminate the perturbed magnetic field ved®&P from

. - . fhe second equation using the first, we obtain after dividing
rameters of interest and compare their magnitudes to classj- *, > .
y k< and using Eq(4),

cal values.

We finally conclude in Sec. VIl by using these calcula- kx (kx ED)
_ : : . N2 —————+KE®|=0 ®
tions to arrive at polynomial expressions of the relevant K2 :

transport coefficients cast solely in terms of macroscopic pa- . ) )
rameters for inclusion in numerical plasma fluid models used "€ @Pove equation can be written in the form of E,
for thruster flow simulation. REW =0, 9)

where we identifyR as the dispersion tensor whose elements

Il. THE DISPERSION TENSOR OF A CURRENT- can now be written in terms of those of the dielectric tensor

CARRYING AND COLLISIONAL PLASMA or, more conveniently, through E¢b), in terms of those of
the conductivity tensor
We seek a general kinetic description of the response of k. o
a collisional and magnetoactive plasma carrying a cross-field Rij= N2('_21_ 8 ) + 8+ — (10)
current to small perturbations without making the electro- k €ow
static assumption. where
ck
N=—, 1y
A. Stating the problem ®

Our entire problem can be formulated, as shown below!S the index of refraction. _
In order to arrive at the sought expressions Ry we

to be contained in the following matrix equation: . Rl ’ X
shall invoke plasma kinetic theory to find a relation between

Ruix Ry Ryz\ [EY the current density and the electric field which we shall put
Ry« Ry Ry, E<y1> =0, (1) in the form of Eq.(3) thus allowing us, through Eq10), to
R. R. R £ write the dispersion tensor explicitly.

zZX zy zz z

where the superscript 1 denotes the first-order harmonic part o o .
of the linearly perturbed quantitigi this case, the compo- C. Derivation of the perturbed distribution function

nents of the electric field vectdg). In the above equation, Our starting point for formulating a kinetic prescription
Rij represent the elements of tiéspersion tensoR(w,k)  relating the perturbed current density vector to the electric

and are generally complex functions of the frequeacgnd  field is the Viasov equation with the collisions represented
wave vectok of the oscillations as well as of all the plasma py the Bhatnagar, Gross, and Kro@&GK) model?®

parameters of the problem. As usual the dispersion relation is

i of
obtained from STt %[E(x,t) +VXB]-V f(x,V,)
deﬂR,J(w,k)|=O (2) S
In this section we outline the derivation of explicit ex- =_ (f - &f(o)) (12)
. Vsl Ts O's |
pressions for the elemeni; needed for our study. Ng
B. Defining the problem in terms of the conductivity, whereqs, mg, fg, vg are the charge, mass, velocity distri-
dielectric, and dispersion tensors bution function, and collision frequency of spec&gsespec-

The conductivity tensoo- and the dielectric tensdt are tlvely. IWe now I|nea|r|ze by assuming fthaF all qusntltrl]es with
defined by spatlg and tempora dependendEgB, s, j and the charge
density p are perturbed about their steady-state val(ses
jM=0ED, (3)  perscripted with D by harmonic quantitiegsuperscripted
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tron distribution functions. For a cross-field drift in a homo-
geneous plasma the steady-state distribution function is a
drifting Maxwellian

mq 3/2
27Ty

mS
xexp{—z—_l_s(v§+(vy—uds)2+v§) , (16)

)=

whereuys and T are the cross-field drift velocity and tem-

perature of speciesin the laboratory frame. The drift veloc-

ity is taken to be aligned along tlyeaxis as shown in Fig. 1.
Upon substituting the above expression and @§) in

Eq. (14), integrating over the azimuthal angle and using the

following recursive relations:

FIG. 1. The vector$, B, k andug, in the local Cartesian coordinate frame. n
Also shown is the accelerator’s fixed cylindrical coordinate frame, — 6. Jo_1(a)+ Jn+1(a) =2-J,(a), 7
a

Jn—l(a)_‘]n+1(a):2~]{1(a)y (18
with 1) so that for a generic quantitx we havea=a'®  ynere the prime denotes the derivative with respect to the
+a) and|alP/al®|<1. After replacing the temporal and argument, we obtain
spatial differential operators by iw andik, respectively, )
the linearization of Eq(12) results in the following expres- o 19s
S

. A . — (0—k, ugg) f¥
sion for the perturbed distribution function: wTs(w 1Uadfs

e s iMIn(k v, log)e™?®

—i(w+ive—k-v)fH+ E(vx B).v Y

X "
ms w+ivgtNwes—Ku,— K Ugs
(1) (1)
__ 9 o Wy, g 04, 1S <0 ns'Ts
__FS(E +vXB'YW)-V,fg +vsn(so) fg. (13 < Cn'E(l)'i”Vstni (19)

If we choose to work with the cylindrical phase space coorhere the vector of coefficients, is defined as
dinatesy, , ¢, v,, with the magnetic field aligned with the

z_-axis,_ the above equat_ion can be rec_ast into a first order Co=iv, I8+ | vge— ”Lcs)‘]né +0,3.8,. (20)
linear inhomogeneous differential equatlonfgﬁ) which can " Kk, Y
be integrated once to yield
D. Switching to the potential formalism
f(sl)ZWf Y(¢) We now switch from the electric field formalism exem-
e plified in Eq. (1) to a formalism cast in terms of the electro-
X[ Qs [E(1)+ (v-E(l))k—(k~v)E(l)} static and electromagnetic potentiafe,and A defined be-
ﬁs © low. This has three advantages. The first advantage is a clear
separation of electromagnetic and electrostatic effects in the
v 04 ﬁfm) At C 14 dispersion tensor making it more natural to a discussion of
“Vvls Vsn(SO) s (do+C, (14 electromagnetic correction to an electrostatic mdd€his
) ) _ will be especially advantageous in the context of the anoma-
where the integrating factor(¢) can be written as lous transport theory in Sec. IIl, where it will be insightful to

separate the electrostatic and electromagnetic contributions
to the anomalous heating and momentum exchange rates.
The second advantage is the fact that, in the case where the
kLUL) no ions are taken to be unmagnetized, their contribution to the

w+ivs—Kk,u,

Y(¢)=ex+

Cs

x 2 M| —— (15  dispersion tensor is much tidier mathematically than in the
o s electric field formalism. Finally, the third advantage is that

whereJ,(a) is the Bessel function of integer ordeand we  the effects of collisions on the purely electromagnetic modes
have chosen, without any loss of generality, the wave vectotan be simply prescribed in the potential formalism.
to be in they—z plane as shown in Fig. 1, namely The electromagnetic potentiél is defined by
= (OlkL !kz) .

We now introduce the steady-state distribution function B=VXA. @D
fgo). We choose to carry our derivation in the laboratory Any arbitrary choice ofA of the form A+V (where ¢ is
frame by allowing cross-field drifts in both the ion and elec-single-valuedlis, in general, possible. This “arbitrariness of
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gauge,” as it is customarily called in electrodynamics, is
most appropriately removed by imposing the Coulomb gauge
V-A=0. Rewriting the ‘VXE” Maxwell equation using the

above definition we get

A
E+—

VX ot

=0,

(22

which implies that the quantity§+ dA/dt) can be repre-
sented by a potential gradientV®, and for linear harmonic

perturbations we thus have

EV=iwAM —ikdD). (23

oo o 2m
Taking the divergence of the electric field, using the corre- f d3v= fo ULdef dvzfo de.
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K. J(l)
‘qu

which can be directly obtained by taking the divergence of
Maxwell's “VXB” equation.

ngt= (30)

E. The resulting dispersion tensor

The next step is to carry the velocity space integration
required by the moments in Eq&6) and (27) using the
above expression foil!). The integration is carried in cy-
lindrical velocity coordinates and thus takes the form

(31)

sponding Maxwell equation and the Coulomb gauge we also

get
p(l)

pU="
€0k2

(24

Finally, upon substituting Eqg84) and (21) in Maxwell's
“VXB” equation, the following relation results:

2 w’
- = (25)

a) .
A = kb= i,

The above two equations become specified once expressions

for the perturbed charge and current densitig$), andj(®),

are found in terms oA and® ). This will be done using

the following moments:

p(1)=z QSJ' f(sl)dsv'
S

(26)

=3 g [ v, (21

so that Eqs(24) and (25 can be written as a set of three

homogeneous equations ib®, AV and A% (and we
have eliminatedA(") with the Coulomb gauge

D11 D1z Dis\ [y

Da Da Da|| A | =0. (29
(1)

Ds; Ds; Das/ \ A

The above matrix equation and the dispersion tefpare
the analogs of Eq.1) and the tensoR;;
potential formalism.

ijo

The perturbed distribution functiof{) needed to take
the moments in Eq$26) and(27) and close the system can

now be rewritten in the potential formalism
igs
1)_ 0
f(s) _S(U_k uds)f(s)

eiin(l)E;:_mi me(klUL /wcs)elm¢
kJ_uds

w+ivgtNwes— K ,—

k-
X1 Cp (i 0AD —ikd D) + g T

-] , (29
qu © vYn (29

where we have also eliminated" in favor of j{* using

respectively, in the

After the integration overp the parallel velocity inte-
grals are of the form

J:G(Uz) . ve

w+lvgtNwes—

dv,, (32

kK, —K Ugs

wherep=0,1,2. These integrals can be expressed as linear
functions of the well known plasma dispersion function

© e7t

1
\/— —l— gs
and its derivative with respect to its argument. The integra-
tion over the perpendicular velocity transforms the Bessel
functions into modified Bessel functionis,(xs) of the first
kind and of integer orden with the argument being the
square of the normalized perpendicular wavelength
=k?r242.

After much tedious but straightforward algebra, where
we use the following relations:

Z(¢s)= (33

Z

d{ =—-2(1+{¢Z), (39
2 nl(pd=0, 2 ly(us)=e"s, (35
2 n2l(pg) = peets, (36)

n=—-w=

assume the ions to be unmagnetized but keep in full their
electromagnetic contributiofwhich has been demonstrated
in Ref. 22 to be importantand neglect the ion collisions
[since for the MPDT plasma; < w|p< v, (Refs. 6, 23], the
elements of the dispersion tenddy; can finally be written
explicitly in terms of the wave and plasma parameters,

D=1+ ai(1+{iZ)

. .1+§eoe_#e§i:1;:—ilnzen , (37)
1+i(velkvie)e #eZ)_ L 1nZen
Do=— ~pze szeov € Mo
X 2 (= 10)(1+ ZeoZen), (38)

n=-—w
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FIG. 2. Normalized temporal growth rates for collisional and collisionless
w2 o unstable modes in argon as a function of the anisotropy parameter and the
_ . _Ppe [o, a—Ue 7 electron beta. The solutions are growth-maximized over wavelength. The
Das : w? feoV2puee n;w (Ia=1n) stars on the curves denote the domin@tubly-maximized modes.

k
X| 14| = 90+ Len zen}, (41)
ky
Nk Ty 50
2 wpz)i wpz)e ki K, Uge)|? Bs= Bg/Z,LLO' (50
Dag=1=-N"+ —54iZit2 =7 17| | Lo ™ {5
L te Finally, by writing
” kz 2 2 2 k2
+§eoe7#e 2 InZen(_ﬁn"'gen :|7 (42) wpi = ai wpe: ae
nw kL Ez- 2—42 andF Ez—g, (51)
ki where
D21= =Dz, Da1=12Dus, (43 ) ,
K2 = kJ.(;ps _2wpzs_ 1 (52
ST 2 2 2 ’
DBZZ_ELZDZE” (44) K wgems  Kvgg KNG
(A gs Is the Debye length for species and by defining a
where we have used the following definitions: nondimensional paramete¥ related to the propagation
. angle 0 (see Fig. 1 scaled by the mass ratio
_ o+t Nwee—K Ugetive o=k, Uy 45
en— kZUte ’ i kUti ’ _ 1/2k _ (me/mi)1/2
) P=(my/m;) K~ coss (53
~ . ~ w K Uge
O=0t1ve, (o= Ko feot K, ve’ (46) it can be verified that the following set of seven dimension-
less parameters
k ~
In=p Gen—leo)s Zen=Z(Len)s  1n=ln(e), (47 TooUse oo @ M ve 54
. Te’ Uti , , ¢ wce, me, wlh’
and the thermal velocity, plasma frequency and cyclotron ) ]
frequency of species are, respectively, given by completely specify the problem such that, for a given real
wave numberkr.. (wherer . is the electron cyclotron ra-
qgno 12 qsB dius) we seek the rootsy/w, and v/, of the dispersion
0= (2TMY Y2 o=l ——| ; wpem latior?*
ts s/s)™ ps €oMs cs mg relatio
(48) de{D;;| =0. (55)

It is also useful to note that the refraction indsixap- . _— L .
. . . It is also worth mentioning that the electrostatic dispersion
pearing in the above dispersion tensor can be related to the

X S rélation (obtained in the limit8—0) is simply D,=0.
plasma parameters through the following relation: Dominant modesWe now show the results of calcula-

c2k? wfn e M; k2 tions using the above dispersion relation to illustrate some of
N?=—5 = 02 ﬂ_ mie (49 the characteristics of the unstable modes and their parametric
°e dependencies. The solutions shown in Fig. 2 have been
where we have introducegl, the beta of species (sinthe  growth-maximized over wavelength and thus represent the
above equation is set ®for electrong defined as the ratio of dominant modes. The parameter,, represents the ratio
thermal pressure to magnetic pressure Uge/ V4.
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ized lower hybrid drift instability(GLHDI) previously dis-

Lo [ velop=1 [Argon T/T. =1 cussed in Refs. ;5—17, 26. _

[ Vel Op=0  |Ug=20, wlp e/Z)cc=100 Consistent with the above results, we find that the angu-

1.2 i lar dependence of the frequencies of the collisional mixed
1o i polarization modes resembles more that of the electrostatic
> 1/ collisionless modes than that of the collisionless mixed po-
Z 08 / larization modes. This indicates that unstable electrostatic

<) 0.6 oscillations couple differently with electromagnetic oscilla-

tions when collisions are important.

04 We conclude from the above linear stability analysis that
o2’ plasma parameters typical of the collisional and transverse
T —r T —— T current-carrying plasma of a Lorentz force plasma accelera-

oor Ty P PRI B 3T 0 tor, 10<Uge=<100, T;/Te=O(1), vs<we and ~O(1), a

b g mixed polarization mode can be easily driven unstable by the

) ) . o cross-field current. The stability boundaries are broad
FIG. 3. Normalized frequencies for collisional and collisionless unstable h and th It . | R h th h
modes in argon as a function of the anisotropy parameter and the electrda?ouUgn an t _e evo u.t'on time scales are _aSt. enoug t atthe
beta. The solutions are growth-maximized over wavelength. The stars on thenergy associated with the unstable oscillating electric and
curves denote the dominafttoubly-maximized modes. magnetic field spectra may be expected to significantly alter
basic transport processes as will be seen next.

The enhancement of electromagnetic coupling with in-;| WEAK TURBULENCE KINETIC FORMALISM FOR
creasingf, results in a damping of the dominant mode asANOMALOUS TRANSPORT

can be seen from that figure. o )

The damping is not drastic since more than a three order 1€ kinetic theory of weak turbulence was first devel-
of magnitude increase i, corresponds to only a factor of 2 °P€d by Vedenov, Velikhov, and Sagdéei1961), as well
decrease in the growth rate of the dominant modes. The irfS Prummond, Pines and Rosenb?ﬁt&l%z. A good treat-
stability not only persists under finite-beta effects but, as cafent is given by Galeev and Sagdeev in Ref(2982.
be seen from th@.=1 (andv./w;,= 1) curve in that figure, The use of weak turbulence theory is generally justified
encompasses a somewhat wider range of propagation anglw en
than it did for the purely electrostatic case. &

The finite-beta effects therefore amet globally stabiliz- ST
. . . s''s's
ing as was previously speculatedl’*even for drift ve-
locities exceeding the Alfwevelocity, but rather result in the We can relate, /noT; to the experimentally measurable den-
excitation of finite-growth modes with mixed polarization. Sity fluctuationn/no, where the tilde denotes a fluctuating
This corroborates the findings of Refs. 25, 18, 26 and exquantity by noting thab/ny~e¢/T, andep~eFE/k,

<1. (56)

tends the validity of their argument to the collisional case. b T, (kre)? [ A 2
.. . . t e ce
The collisionless solutions are also shown in the same i ) (n— ) . (57)
figure for both theB.,=0 (electrostatit and 8.=1 cases. It 0t ' Olrms

is obvious that the effects of finite beta are qualitatively dif-Experimental evidence of turbulent fluctuations caused by
ferent for the collisionless and collisional dominated cases.cross-field current-driven instabilities was recently found in
In the absence of collisions the electromagnetic effectshe Jow-power steady-state MPDT plasma at various condi-
result in a shifting of the instability to more oblique propa- tions and locations in the plunfeThese measured turbulent
gation. For argon wittB.=1 andU 4e=20, for instance, the flyctuations had most of their power in the lower hybrid
dominant mode shifts by more than 6° towards the magnetignode with some power appearing sometimes in the electron
field vector from the orientation of the purely electrostaticcydotron harmonics. Measured values @f/1fo),ms When
dominant mode. The shift is more pronounced for lightersych turbulence was observed were on the order of 0.1 with
atoms(approaching 50° for hydroggnThis effect was first  magnitudes ranging between 0.05 and 0.7. For these values,
discovered by Wuet al*® who noted that electromagnetic yith 1<T,/T,<6, &= eo|E(|%/2 and assuming the doubly
effects actually stabilize nearly perpendicular waves and degrowth-maximized Kree)** ~0.1, we obtain from Eq(57)

stabilize more oblique ones. Since many of the precedingp, estimate fo€, /n,T; ranging between 16 and 10°© im-
studies that addressed the finite-beta effects on the eleCtrBTying that the weak turbulence assumption is generally

static modified two-stream instability focused on either per-5jig.
pendicular or nearly perpendicular propagation, electromag-
>

ggtrll(e:r::s(f[;s(()vdg;::tht(?i?;?:bli?z?r?g_am Whetiye>v ) were A. Goyerning equations: The moment-generating

The frequencies of the unstable modes, growth-equatlon
maximized over wavelength, are of the order of the lower In this subsection we present an outline of the derivation
hybrid frequency as shown in Fig. 3. The dotted curves repef the general form of fluid-like equations governing the evo-
resent the collisionless case that corresponds to the generéition of macroscopic quantities under the conditions of
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weak turbulence. Detailed discussions of such a derivatioall that for our particular problem of deriving expressions for
have already been presented in numerous artisles Refs. the momentum and energy exchange rates. Such expressions
30, 31, for instance, for a tutorial revigwWe do this in  can be arrived at by taking moments of the governing equa-
preparation to our derivation of anomalous transport pretion [Eqg. (60)] as outlined below.
sented in the following sections.
We should mention at the outset that our interest lies noES . . .
: . o o . Evolution of average macroscopic properties
in the evolution equation itself but rather in its use as a .
. . . _under microturbulence
moment-generating equation. Therefore, for the sake of sim-
plicity and in order to keep a connection with the literature, ~ To obtain the macroscopic evolution equations we take
we shall neglect collisions in the kinetic evolution equation.moments of Eq(60), i.e., we multiply the equation by the
The effects of collisions will be reintroduced later when we generic quantity of transpo@ (which could represent mass,
use the explicit form of the dispersion tensor elements. momentum or energyand integrate over velocity space to
The underlying ide¥ is to consider the distribution get
function of thes speciesf, as the sum of a slowly varying

ensemble-average part and a rapidly varying fluctuating pa%f Fde—qsmsf (VXBg-V,0)Fdv
fo(X,V,1) = Fo(V,t) + Fs(X,W,1), (58)

O/ [ = = ~
where Fg(v,t)=(f{(x,v,t)) and ( ) denotes an ensemble- :ﬁs<f[(E+Vx B)-Vv®]fsdv>, (63
average while the tilde denotes a quantity fluctuating due to ) i _
the effects of unstable waves. When similar partitions ardVhere we have used integration by parts in order to move the
effected on the electric and magnetic field vectors, the kinetidistribution functions outside the operators. Taking succes-

(Vlasov) equation for a spatially uniform equilibrium yields Sive moments of Eq60) is equivalent to substitutin@ =1,

v, w (for mass, momentum and energy, respectivaiyEq.
dFs dFs LG (63) and integrating ovev-space. This yields

T_wcsﬁ mS[E+V>< B]VUFS

a(n
’ _ g _ .
é’fs ~ fs Qs ~ ~ ~ Jt
=—|—+Vv-Vis—w—+ —[E+VXB]-V,fg],
ot dp  mg (T s~ =~
(59 = +(wcsez)><(l“s)—E(Ensﬂ“st), (65)

where, like in Sec. Il we have chosen to work with the cy- 5y )
lindrical phase space coordinates, ¢, v,. Taking the

+2(weey) X (W) =2 O (ET+WxB), (66)

ensemble-average of the above equation, while noting that o Ms
(f$)=0, results in wheree, is the unit vector along theaxis, and we have used
the following definitions:
dFg dFs (aFS) (60
= —2|
g\ at ], Ng= f f<dv, (67)
where the right-hand side represents the anomalous contribu-
tion that is the response of the average distribution function = nsVds:f vfdv, (68)
to the microturbulent fluctuations and can be written explic-
itly as
W= mSJ wvfdv, (69
Fs) _ _ I EruxBV T (61)
at |y mg vis|e for the average number density, the particle flux density, and

_ _ . the kinetic energy density tensor, respectivelith vy as
By subtracting Eq(61) from Eq. (59) and, in the spirit of o grift velocity vector of species).
weak turbulence theory, neglecting all terms that are qua-

dratic in the fluctuation amplitudéwvhich is tantamount to
the neglect omonlinear wave—particle and wave—wave in- V. MOMENTUM EXCHANGE AND HEATING RATES
teraction$ the following governing equation is obtained for a

We now proceed to define and derive explicit relations
weakly turbulent plasma:

for the anomalous rates of interest.
(ﬁs _ (ﬁs Js ~ _ The right-hand side of Eq65) represents the rate of
—+Vv-Vig—w.,s—=—-—[E+VvXB]-V,Fs. (62 momentum exchangedP/dt),y (Where the momentum
ot d m . ) .
density vector isPs=mgl’s) between the particles and the
The standard procedure in weak turbulence thdery  fluctuating fields. Since we shall be interested in the momen-
pounded in Ref. 32 for instantcés to solve Eq.(62) along  tum exchange along the drift velocity vector, we write

with Maxwell's equations foE, B, andf then substitute the

: . ; . dPs o
result |nto_Eq.(60) to obtain the evolution oF ¢ in the pres- —r|  Vas= — (vP) ANPs Vgs. (70)
ence of microturbulence. We shall not, however, need to do AN
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where we have definedvf) oy as the effective anomalous field. For this purpose we invoke, in the spirit of a quasilin-
momentum exchange rafer frequency between species  ear description, relations between the fluctuating quantities
and the fluctuating fields. Using the explicit expression forand the fluctuating electric field that follow those of their
(6Ps/t) oy from Eqg. (65) in the above equation we obtain linearly oscillating counterparts. From a generalized Ohm's

-~ ~ o~ law we can write for species
ds E- Vashs + Vs (FSX B) (71) ~ . ~
NsMsV gs ' Is, =1 GO(UR(S)EK, (78

Py
(vs)an Vgs Vds
where, unlike most derivations in the literature, we are re{wherej is the current densityR(® is the dispersion tensor
taining the full electromagnetic character of the microturbu-of speciess and w is the wave frequengywhich, combined
lence. with the continuity relation,

We now specialize the above expression for our particu- (1)
lar problem according to the MPDT configuration shown in (1)_k’l(s

. ng’'= , (79

Fig. 1. S wQs

We thus obtain the effective anomalous momentum ex-

change rate for electrons along the current after sesing gives a useful expression for the fluctuating density of spe-

=e, staying in the ion reference frame and aligning the rela"'®3
tive drift uye along they-axis, k.7 € -
o fig = w_(;sz —i q—ozl k|% RimEm, (80)
~ o~ ~ ~ ~ ~ S S
(VE)ANZW<Eyne+ noudejBx_nOUdeXBz% (72 o ] )
0'etde where the subscriftis a reminder that these relations are for
where we have used the relatiba=.Vys+ NoVys. the spectrally resolvedi.e., Fourier transformedfluctua-

The frequency ¢£) oy can be thought of as an effective tions. In this expressioerfg are the elements of the tensor
“collision” frequency between the electrons and the fluctu- representing the dielectric response of spesiesd can be
ating fields and can thus be associated with a resistivityeadily obtained from Eqs(37)—(44) through transforma-
called “anomalous resistivity” the same way that the cou-tions that will be described further below.
lomb collision frequency,; is associated with the classical In a similar fashion we can derive an expressiontgy
Spitzer resistivity. By analogy the anomalous resistivityfrom the following relation:

(7)an is proportional to ¢8) oy and is given by ~

Js= qs(noads+ﬁsuds)r (81)
me(v0) N
(7 AN:enO—;zAN. (73  and Eq.(80), yielding
. - . . - ieOwR(S)Ek . € ~
The effective collision frequencyvf) ay is therefore a direct Us,= — +|i k- (RE) |ugs. (82
measure of anomalous resistivity. AsNo GsMo
Similarly, for the temperature We shall not need to worry about the second term on the
m right-hand side of the above equation in the context of the
TS=3—SI (V—Vge)?fsdv (749  MPDT configuration shown in Fig. 1, because this term van-
Ns ishes for the ionguy;=0, having chosen to stay in the ion
we define a heating rate for specieby rest frame and for the electrons it is also zero for the com-
ponents that figure in Eq$72) and (77) (i.e., thex and z
= i ‘9_Ts (75) componentsso that we are left with
S ’
T, ot
~ . € ~
and obtain, after combining Eq&5) and (66) and special- udslk= =1 q z wE Rfﬁq)Emk, (83
izing for the MPDT configuration, sio.m
2 _ wherel =x,z for s=e; andl=x,y,z for s=i.
(ViT)ANmeoE'udi), (76) Ha\{ing relatgd the fluctuating density and velocity to the
oli fluctuating electric field we need to do the same BorTo
for the ions and this end, the following equation
2~ - = E=iwA—ikd, (84)
(Ve)AN:ﬁ<n0E' Uge™ noude(udesz_udesz)>! . . . .
ole 77 gives, for our particular configuration,
for the electrons. Ex = ToA, (85)
Equations(72), (76), and (77) will be the focus of our K
remaining analysis and calculations. E, = —ik, ®—iw—A,, (86)
In order to proceed with more useful forms for these Vi ko %
expressions we need to eliminate the fluctuating density, ve- ~ KTt wh
locity and magnetic field in favor of the fluctuating electric Bz =~k Dt i oA, (87)
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Furthermore, combining the above equations with the definidirection,gﬁ_ This can be done by using the following re-

tion of the electromagnetic potential, ER1), and Cou- |5tions obtained from Eq95) and Eq.(9) to yield
lomb’s gauge, yields the desired relations

. I:znyxz_ nyRyz

i
my

BXk: © (kg Ezk_ szyk)’ (88) y RuyRi RaRyz
~ k,~ _ E. nysz_ I:2><><Ryz

=2 B=m=— 22 X2 98
Byk W Exk’ (89) Ey RuxRzz1 RyzRx2 8
_ K, ~ (where each elemerR,,, is the sum of the corresponding
B, =— ;Exk. (90 contributions from the electrons, ions and vacienelimi-

nateE, andE, and give
We are now in a position to evaluate the terms of Egs.
(72), (77), and(76) by carrying the ensemble-averages using (PP)an= —
the random phase approximatiGrhich is a standard tech- /AN UgeMeNe
nigue of statistical physics commonly used in the spectral (e)
resolution of fluctuations, see Ref. 33, pp. 371-373, for in- +2Ry, Bldk. (99
stancg. For the first term in Ec(72) using Eq.(80) we have, \we have carried out the derivation above under the electric
5 ie field formalism where the relevant dispersion tens® [see
(Eyﬁe):< f J N RS Eq. (9)]. The dispersion tensdd that we derived explicitly
€ in Sec. Il, however, was obtained under the potential formal-

f & K HRGA+HR + RSB

- ' ism. As stated in that section, switching to the potential for-
xEmkEyée'(k'”" 'X>dkk’>, (91 malism has some advantages. In the context of anomalous
transport, the potential formalism allows a more physical in-
which yields, under the assumption of random phase, sight by expressing the momentum exchange and heating
rates in terms of an electrostatic contribution plus a finite-
Eaay__ S0~ (OF F beta correction. The results obtained so far can readily be
(EyNe) e ‘J{Z k'% R'”‘EmEy}dk’ (%2 recast in terms of the elemen®,, of Eqgs. (37)—(44),

] ] _ through the following linear transformations obtained from
whereJ{ } denotes the imaginary part of a complex quam'tycombining Eqs(9), (85), (86), and(87),
and, for the sake of simplicity, we have dropped the sub-
scriptk from the fluctuating quantities. Similarly, we find for Ryx=D o, (100
the other two terms in Eq72),

R R ol (kZD D ) (101
-~ € ~ xy— — Ryx=77| 7, Y237 Vi2/,
<udesz>: - Ef 3| ( Em: R(Z%Em) Kk
R R 4 D kZD (102
><<kLEz—kz~Ey>]dk, (93 T KeTE T
€ R K D +2kZD )+k§D (103
-~ of - ~ ~ =z |\ Yure Uiz 75 Vss,
<ud%Bz>=Ef a[(% Rfﬁ%Em> kLEX]dk. (94) Wk k k
_ . k [k K2
If we now substitute the above three equations in &§), Ry,= RZV:? 2 e D;3 nonumber (104
expand and collect the terms in the summations while taking
advantage of the following symmetry properties of the dis- K k
persion tensor: + %(Du— D3g), (105
Ry=-Ry, RI=-RY, RI=RY. @9 ¢ e e
L 4 1 Nz
we arrive at Rzz=1zDast j2Dn=217 1-Dus. (106)
(VP)an=— €o fﬁ K, (2 R|<|e>|E||2> We also need to separate the contributions of electrons, ions
¢ UgeMeNe [ and vacuum in the dispersion tensor, which can be done
following
+2R®[E,E,|| { dk 96 -
ve|EEd ] 9 DE=D/,-DE-Df, (107

We shall find it convenient, for our particular instability, to where subscripts and m cover the indices 1, 2, and 3 and
cast the the above expression in terms of the spectrally revhere the superscrip(O) denotes the contribution of
solved fluctuating field energy density in the perpendiculavacuum. The elemenB(?) andD{!) are given by
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Dif'=1, D{'=D§=1-N? DY'=Di3=D=0, Ban va [T l’Zm. &
(108 op  Uge\Te NoT;
and X 3{k, rce[Re)A2+R(e)+R(e)Bz
L 20 +2R{7B]}dk. (115
D)= (1+4Z), (109
kvy); We have focused, above, on the anomalous electron mo-
mentum exchange rate. Similar derivations, with no concep-
() (i) sz)i tual difference, start from Eq$76) and(82) and lead to the
D22=D33=F§izi , (110 following expressions for the ion and electron heating rates
(ViT)AN and (Vg)AN:
D{3=D{{=D%}=0. 11 T &
12=D13= D33 A1) (y])an ;‘J - Ifr 3[ [R(I)A2+R )+ R()B?2
When the above transformatiofsgs.(100—(11D)] are used ~ “™h 0
in Eq. (99) to eliminateR(® in favor of D{¥, we finally "
obtain after some straightforward algebra +2R,B]d (116
2 (v]) 4T [ & w T\ Y2u
p _ p = g k e/AN _ _I L A _de
(ve)an=[(ve)anlL udemenef k, Ki on 3T, noTiJ o =K Teel = T.) g
k2 KZ kK, K, T\ Y2
XJ{ DY| B2~ —5 + 2B | + D{YA? X[REAZ+REB+RY BZ]+— ®K Mo =
k2 k k Ui Te
2 2
k
+D| 5+ 1 2B°~ 2B 5 | +2D' X [REA+ RS+ RSB+ — [R<9>+ R9B]
K2\ K2 k2 K2k, Ti| " Uge
— ) %o
{ ( ) i k)9 AKiTce Te) vy oy (47
(112 The above three equations are the sought expressions for

our analysis of anomalous transpoit.
where[(vB)an]L is the well-known electrostatilongitudi-

nal) contribution to the anomalous electron momentum ex-
change rate V. SATURATION MECHANISMS

) For the numerical analysis of anomalous transport in the
p __ ~ MPDT plasma, the last three equations, along with the tensor
Lve)and = emenef b ki dixerdk, (113 elements in Eqs(37)—(44), the linear dispersion relation in
Eg. (2) and the transformations in EqL00)—(111) form an
and y,=D{7 is the electrostatic susceptibility of the elec- aimostcomplete set of equations in terms ki, w/wy,,
trons. In the electrostatic limi{s—0) it can be verified that  y/w,, and the seven parameters in Es4). The only lacking
the integrand in Eq(112) vanishes so that we are left with equation is one that relates the level of saturated microturbu-

(v&)an—[(vE) an]L and lence&,/noT; to those parameters.
_ The rigorous formulation of this relation is difficult as it
Hxet=HD = -Di =3~ xi}- (1149  concerns the nonlinear saturation mechanism through which

the fluctuations, initiated by the instability, reach a steady-

We shall demonstrate through the calculations of Sec. Vktate. The saturation mechanism dictates the magnitude and
that the transversgelectromagneticor finite-beta correction dependencies of the corresponding fluctuating energy den-
to (v5)an in EQ. (112 can be substantial, especially for a sity. Since the question of which saturation mechanism is
finite-beta plasma like that of the MPDT. relevant is usually best answered by computer particle simu-

Equations(99) and (112) are equivalent but, for the |ations and since these simulations have yet to be made for
present analytical discussion, we prefer from here on to usghe particular instability studied here, we consider and com-
the former(i.e., the electric field formalisirbecause the re- pare four different saturation mechanisms; ion trapping, elec-
sulting expressions are more compact. For our numerical catron trapping, ion resonance broadening, and thermodynamic
culations we shall apply the transformations in EG0—  bound. For our purposes here we only quote the resulting
(117) in order to obtain theR tensor from theD tensor de-  expression for each of these saturation models.
rived in Sec. Il E.

It is convenient to expressvf) oy in units of a natural
frequency. We choose, as we did in Sec. Il, the lower hybrid ~ An upper limit for & was first derived by Fowlé?
frequency,w =V wee and normalize Eq(99) to get (1968 from thermodynamic arguments,

A. Thermodynamic limit: The Fowler bound
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(51)F3$%nemeuée, (118 Following Gary and Sand'ers%YnNho applied the Dum-—
Dupree resonance broadening fornitilao the ions and

and simply states that the energy in the turbulent fields canfyund, after taking the velocity average\ wf; dv/ff; dv,
not exceed the kinetic energy of the electron drift that is 0 0

fueling the instability. For a convenient incorporation in our (&) :E B2 oy 2 (124)
particular formulation, we recast the inequality above in KRBT €0B0| )
terms of the problem’s dimensionless parameters and get - . .
we specialize the ion resonance broadening model for our
(E)rg Me | Uge|? dimensionless parameters and obtain
— = (119 5 )
NoTi M\ vy (&Jre  Me/my Te(“’ce (wr
= =—|— |— (129
NeTi  (kree)® Ti | wpe) \ @

B. Saturation by ion trapping
When the excited wave spectrum is narrow due to the/!- CALCULATIONS OF ANOMALOUS TRANSPORT

dominance of a single wave mode, a monochromatic wave Armed with the expressions for anomalous transport in

saturation model, such as that behind particle trapping, CaEqs.(llS), (116), and(117) along with the tensor elements

prove to be a viable mechanism for saturation. In such a ca Egs. (37)—(44), the linear dispersion relation in E€)
the saturation dynamics can be governed by the trapping cfEe transformatic;ns in Eq$100—(111) and the saturatiénn

T.he.tpartl.fles n E[?]e Apf)ter:tlal tyvells of the grprg m.ct)de thusmodels in Egqs(119), (121, (123, (125, we can now con-
IMiting 1S growth. At saturation one can simply write duct a comparative numerical study of anomalous dissipa-
~ 1 [w\? tion.
ep= Emi(?) , (120

wherew, /k is the phase velocit_y of the dominant mode an_dA_ Classical benchmarks

we have assumed that the ions are the particles being

trapped. Again, we normalize the saturation model for com- For benchmarks we shall use the following classical ex-

patibility with transport theory so that, usirgp~eE/k and  pressions for the momentum and energy exchange rates.

E= €0|’ék|2/2 the above equation can be rewritten as For the momentum exchange rate we take the classical
, Coulomb (electron—ion collision frequency® for momen-

Gomr_ 1 Wce|“Te( o tum relaxation ¢2)c,

NoTi  4(kree)® T

4

(121)

@pe @ih nee*ln A

p =
(ve)eL 3(2m) PeqmlZT 2"

(126
C. Saturation by electron trapping
WhereA=9(4/3)7-rn0)\§e is the plasma parameter. This col-

Electron trapping is probably not a viable Saturat'onlision frequency determines the classical Spitzer resistivity

mechanism for an instability in which electrons are colli-
sional and are in broad-resonance with the unstable waves. Me(v2) L
We shall, however, include a model for electron trapping (ML= neez (127)

saturation in our calculations for the sake of reference. In

analogy with ion trapping, we can write for the electrons ag0r compatibility, we normalize with the lower hybrid fre-
viewed from the ion rest frame quency and cast the result in terms of our dimensionless

parameters, to get
1 ( ,

e:j)I Eme

2
' (122 (Vg)cL_ 2 m; l/za)pell’l_A
- .

Wih \/ﬁ

For a heating rate benchmark we define a classical heat-

—u
kZ de

(128

. ; . wee A
and after some algebraic manipulations,

(GJer 1 (wce)zTe wy Ugel* ing rate, (vg)cL, for Joule heating
- 2\ v krce_
NoTi  4(kree)“\wpe) Ti| @ Ute (128 2 2
N —=_- — .
(Ve)CL_ nOTe (?'[ neTe 3 (n)CLnOTe’ (129)
D. Saturation by resonance broadening which yields

Thls mechanism relies on the br(_)adenlng .of wave— Ty 8 [Uge\2Ti [ m, 1/2(0pe InA
particle resonances by the random motion of particles in the o on T —_
turbulent electric field setup by the microinstability. h 3y2m e

If resonance broadening is to be important in our case, it 4(

Ut m; wee A

Ude

Ut

2Ti Me (¥8)cL
Te M op

would most probably rely on ion dynamics, since the elec- =3 (130
trons are already broadly resonant with the waves due to
collisions and finite-beta effects while the ions are verywhere the second equation shows the explicit dependence on

narrowly-resonant. the collision frequency.
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netic field do not have the time to dissipatew Alfven
. velocity) and significant electromagnetic coupling arises.
10 Fowler's Thermodynamic Limit The unstable waves acquire some of the characteristics of the
- : more electromagnetic modes and consequently the most un-
Ion Trapping . . . .
102_K stable modes shift to lower frequencies. Since the saturation
i level due to trapping scales with frequency to the fourth
0 Electron Trapping power[see Eq(121)], the end effect is a substantial reduc-
tion in the anomalous resistivity.
10 Ton Resonance Broadening We note from the plot that the Fowler bound on the
calculated rates allows, in principle, for a wide latitude for
10 anomalous resistivity to be important.
——_ ~ We should not expect the electron trapping model to
0.001 001 %1 1 10 d_|ctate the_ transport as per arguments alread)_/ made in pre-
e vious sections. Furthermore, we should mention that more
FIG. 4. The anomalous momentum exchange frequend)u, normal- careful studies of resonance proadening than those made at
ized by its classical counterpart and plotted vs the electron beta according #1€ time the mechanism was first proposed, have shown that
four saturation models. Argon withy./v,;=20,T;/T.=1, v./o,=1,and its effects are limited to a redistribution of energykirspace
wpel wee= 100. at low plasma beta, and that it does not result in enough
dissipation to saturate instabilities such as those being con-

, . . sidered here. Therefore, for logg, ion trapping seems to be
Finally, we note that in calculating the anomalous rate§pe most viable mechanism

we approximate the integrals, as commonly done in the lit-
erature, by the contribution of the dominant mode diky.,

for k**), meaning that all the Fourier-decomposed proper
ties are estimated at the doubly maximized grouite.,
maximized over wavelength and propagation angle

(Ve dan/ (Ve der,
=
1

At these conditions, the anomalous resistivity can be
quite dominant(as is observed in Fig.)4 more than two
‘orders of magnitude larger than the classical value, in agree-
ment with the findings of Ref. 14. A8, increases, saturation
by resonance broadening can become more viable especially
since the turbulent saturation levels are considerably lower
B. Numerical results than those for ion trappinégs is clear from the same pJot
Since 8, and ug./v; are the two parameters that vary Whether one or the other mechanism controls saturation de-

most within the plasma of the MPDT, they were chosen agends, at least partly, on whether the spectrum is narrow or

the varying parameters of the calculations. Wiganis var- b_road_. Even though experim_ental o_lata on turbulent _fluctua-
ied, Ug./v,; is kept at 20, and wheny./v,; is varied, B is tions in the MPDT(Ref. 7) give evidence of a dominant

set at unity. The other parameters ane/m, = 73,300 (for narrow (peaked _spectrum of turbulence in the _Iower hybriq
argon, T;/Te=1, ve/wp=1, andwpe/ wee=100 for conti- range, the can|derany lower Ievel§ of saturatpn energy im-
nuity with the calculations in Sec. II. pI|ed_by th(_a ion resonance brqadenlng mechanism warrant its

consideration as a contender in the control of turbulent trans-
port. Of course, this question is perhaps best answered by
computer particle simulations.

The effects of plasma beta on the resistivity are shown in  If ion resonance broadening does take over the control of
Fig. 4, where the ratio of anomalous to classical momentunsaturation, anomalous transport can, for the parameters in the
exchange frequendyvhich is essentially the ratio of the cor- above calculations, be brought down below classical levels.
responding resistivitiefEqgs. (73) and (127)]} is plotted vs  One should therefore expect, by virtue of the substantial
beta for the parameters listed above. We note from that plotariability of the plasma beta within the MPD thruster
that with increasingB., the curves corresponding to the plasma, that there are regions where anomalous resistivity
trapping models significantly deviate from thg8g—0 as- dominates over its classical analog as there are regions where
ymptotes (which are practically reached g8,=0.00). the converse is true.

These deviations are due to the electromagnetic corrections The same comments we made above also apply for the
to the electrostatic limits, as separated in Ed.2). anomalous electron heating rates that were normalized by the

The ion trapping model is of special interest as discussedoule heating rate and plotted in Fig. 5.
in Sec. VB especially since it was the only one assumed in It is clear from this plot that when ion trapping domi-
the purely electrostatic study of Ref. 14. We see that, whemates, the anomalous heating rate is substantially larger than
Be is on the order of unity or greater, as is commonly thethe electron Joule heating rate. lon heating rates are not
case of the MPDT plasma, the anomalous resistivity is ashown here but were found to be similar in both magnitude
order of magnitude less than that predicted by the purelyand dependence to their electron counterparts.
electrostatic limit. To compare the two rates we have calculated their ratio

The reason the anomalous resistivity decreases with inand plotted the result in Fig. 6.
creasing beta according to trapping models can be traced to There is only one curve in this figure because the various
the coupling with the finite polarization modes we discussedsaturation models cancel out in the division. Since this ratio
in Sec. Il E 1. As beta increases, the disturbances to the mag independent of the saturation details, it is more accurate

1. Effects of plasma beta
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1 Fowler's Thermodynamic Limit
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FIG. 5. The anomalous electron heating rateg)(\N, normalized by the
Joule heating rate and plotted versus the electron beta according to four
saturation models. Argon withige/v=20, T;/Te=1, ve/w,=1, and  FIG. 7. The anomalous momentum exchange frequeneg)., normal-
wpel wce=100. ized by its classical counterpart and plotted vs the normalized drift velocity
according to four saturation models. Argon wigh=1, T, /T.=1, v/ w),
=1, andwye/ wee=100.
than the other quantities we have calculated. We note from
this figure that, in the electrostatic limit, the two anomalous
heating rates are basically equal. This feature is in contrast
the way electrons and ions are heated classid¢alpecially
for a heavy atom like argorand is a well-known character-
istic of the (electrostatit modified two-stream instability as

ortant with increasing beta, the same figure shows a degra-

ation of the heating parity towards a progressively prefer-
ential heating of electrons. This finding is in agreement with
that of Ref. 34, where only the collisionless limit was stud-

noted in Refs. 15, 16. Since the ions, are heated by thled. This degradation in heating parity is not strong enough,

: e owever, to weaken the grounds for the above argument con-
instability-induced turbulence at rates comparable to those erning the relative temperatures. especially for a heav
the electrons, and since in the MPDT, the electron energy is 9 P  ©SP y y

X o N : . _atom like argon. Indeed, we see from the same figure that a
strongly tied to excitation and ionization through inelastic X .
four-octave increase in beta does not change the order of

collisions, anomalous heating may offer an answer to th?nagnitude of the relative heating ratio.

long standing question of why the ion temperature in those The increase of preferential electron heating with in-

thrusters is often higher than the electron temperature. Of .
. creasing beta may be partly due to the fact that, at low beta,
course, for this argument to be true not oniaZXAN must be

comparable to £7) but the saturation level must be high the instability has it; c_iominant modesllg)riented at small
enough to Warra{nﬂ\lh’e dominance of anomalous heating ovéarngIeS o the magnet|_c fiefdt, /k=(m/m) or W=1] and_
classical heating. Such is the case when the instability sath:—Onsequently ‘perceives” the elgctron with an effective

L2 mass comparable to that of the idfisAs beta increases,
rates by trapping ions.

The above argument about the relative temperatures ielectromagnetic coupling with oblique more electromagnetic
9 P Modes causes the dominant modes to propagate more ob-

B e o o o sasome InUel, 5 ! rted by Res 26 a 39 o h olones

o case. This is also the case when collisions are important as
seen from Fig. 2. Consequently, the effective electron mass
decreases and the electrons become much easier to heat than
the ions.

2. Effects of the drift velocity

z
£ The effects of the drift velocity are illustrated in the plots
~ of Figs. 7 and 8 for the same parameters as above but with
j: Be set to unity andug./vy; varying between 10 and 100.
2 4 In reference to Fig. 7 we note that the general decreasing
trend of anomalous resistivity with the drift velocity, once
2 the instability is onset is not intuitivehe uye/vy; thresholds
— for the onset of the instability are not marked on these plots
0.001 OLI ﬁll 1 10 becausg they are on the order of upitPne would expect
e that an increase in the free energy source of the instability
would enhance the anomalous resistivity effect. In Ref. 14
FIG. 6. The anomalous electron heating rate})gy, normalized by the the Same trend was found but no explanation Ws_ls given.
anomalous ion heating ratey]) Ay, plotted vs the electron beta. Argon This trend can be understood once we realize that the
With Uge/vi=20, T /Te=1, velwp=1, andwpe/ wee=100. scaling of the linear growth rate of the dominant mode
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FIG. 8. The anomalous electron heating ratel)ty, normalized by the ~ F'G. 9. The anomalous momentum exchange frequeneg),»(, normal-

anomalous ion heating rate, and plotted for the same conditions as in Fig. {zed by its classical counterpart and plotted vs the normalized electron drift
velocity according to three saturation models. The upper line of each band

corresponds to the moderately collisional condition/w,,=25 (T,

. . . . . =3eV, nye=10"m3) and the lower(broken line corresponds to the
(which does increase with the drift velocitsioes notneces- strongly collisional  condition v,/wp=500 (T.=1.5eV, ne=1.5

sarily reflect in weak turbulencguasilineay transport scal-  x10?2m=3). Argon with 8,=1, T, /T.=1, andwpe/ wce=100.
ing since the dependencies of the saturation mechanism
(which is extraneous to linear thegrgan overwhelm linear

trends. This becomes clearer by noting that although an in- . .
. ) . . lex interactions between the natural plasma modes, the free
crease in the drift velocity does enhance the linear growtlp

rate of the dominant mode, it also shifts the modes to moreenergy source and collisions are most pronounced when the

oblique propagation and lowers their frequendieg€ven collision frequency is on the order of the oscillating fre-

though the instability goes to longer wavelength, the depenguency. We now, supplement our calculations with results

. : obtained at collisional levels more appropriate of the MPDT
dence of the saturation level for a trapping mecharlisee
! plasma.
Eq. (121)] scales with the frequency to the fourth power so In order to aporoximate a tvoical ranae for MPDT
that the frequency scaling of the saturation mechanism over- bp yp 9

powers the growth scaling of the linear modes. This trend ié)lasma collisionality, we consider the typical range for the

. . variation of temperature and density. For more detail on how
further accentuated for saturation by electron trapping be:, . : L

i - ."the various parameters of interest vary within the MPDT
cause, in addition to the above arguments, the saturation.

L : . discharge the reader is referred to the parameter review in
level scales with* andV decreases consideralgblique . . .
; o . . . . Ref. 6. Assuming that . varies between 1.5 and 3 eV, while
propagatioh with increasing drift velocity. At very high

2 -3
drift, the Doppler shift term in the saturation modisée Eq. gol(;\?vr;grzsnl;el;tweenbi@)arzjdfl5/< 102. m - W? cané:alcllélgte
N : pper bound for,/ w, in argon from Eq(128)
(123 ] becomes more significant and reverts the trend, which . .
i i . R fo be 25 and 500, respectively, where we have fixggl/ ¢

e?(plalns the rise of the electron trapping curve in Fig. 7 atat 100 for compatibility with the above calculations.
h'ghA\;algise%?edéh#gh the above beta-dependence study. 7O the results shown in Fig. 9 we have chosen to fix

P ) b . %eta at unity to preserve electromagnetic effects and varied
anomalous electron heating rates exceed those of the ions for

the present case @.=1. The preferential electron heating ude./v“ from 100 d_own to the threshqld of the instqbility,
is further enhancede by increasing drift velocity as can b which, although slightly exaggerated in the figurertical

seen in Fig. 8. The reason for this behavior is similar to thSnaSh.ed region was _atude/v“ 1.5. For each of the three
. : : considered mechanisms the plot shows a band whose upper

one given above in the context of electromagnetic enhance- - s

X : o ine corresponds to the moderately collisional condition

ment of electron preferential heating. This is so because bot 0. 3

: : . . . . : velwp=25 (Te=3eV, ny=10""m 3% and whose lower

increasing beta and increasing drift velocity act to shift the . . .

: - . . . “(broken line corresponds to the strongly collisional condi-

instability toward more oblique propagation thus reducing

. " i - - - 2m=3
the largem,-effect (wherem, is the effective electron mass tion ve/w;p =500 (Te ;.Sev, No=1.5x10°2m ).
. o We note from the figure that, although the Fowler bound
that scales with the square @f and subjecting the now

- . : allows for a large microturbulent contribution to the resistiv-
lighter” electrons to more heating. I . : . I
ity, ion resonance broadening might cause the instability to

saturate at low levels. Even though arguments have been
advanced recently discounting the importance of such a

We have, in the above calculations, chosen a set of panechanism, it should not be totally discounted pending
rameters that is generally representative of the MPDTstrong evidence from computer particle simulations and/or
plasma. There is, however, one exception. It is the value ofledicated experiments.
ve/w), Which we have set equal to unity as a compromise  We furthermore see that, in the case of ion trapping satu-
between having to represent a collisional plasma and providration, once the instability is onset, the importance of anoma-
ing a link with previous studies. Moreover, many of the com-lous resistivity in the MPDT plasma is not as much dictated

C. MPD thruster calculations
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by the drift velocity(since the two limiting curves are quite 30
flat), as one would intuitively suspect, as it is dictated by the
level of collisionality. Indeed, if collisionality is strong,
anomalous resistivity can be kept below classical levels even
if the instability is excited and even if ion trapping is respon-
sible for saturation, as is clear from the plot. It must be said,
however, that even in the case of high collisionality
(ve! wp=500) where anomalous resistivity is kept below
classical levels, it is still a finite fraction of its classical coun-
terpart(about 25% in the above calculatignas can be seen
from the same plotagain, assuming ion trapping saturajion "
This implies that low density regions of the MPDT dis- 4 6 8
charge, such as regions depleted from charge due tpBhe Electron Hall Parameter, €2,

Lorentz force component, tend to be more vulnerable tqilG. 10. Ratio of anomalous resistivity to classical resistivity for argon as a

anomamus re_SiStiVity_ than dlenlsé‘nr more CO|.”Si0na”y function of the electron Hall parameter affig/ T, with Uge/v,; exceeding
dominated regions. This trend is in agreement with the well- 1.5.

known fact that dissipation in charged-depleted regions of
the device, like the anode vicinify),is enhanced by weak
collisionality.

Stated differently, under MPDT plasma conditions and
for the microinstabilities in question, the level of anomalous
contribution to resistivity is dictated to a large extent by the
parametew,/w), . It is interesting to note that this parameter
is directly related to the electron Hall parame(épe. In-
deed, it is just the inverse of the electron Hall parameteFee
scaled by the square root of the mass ratio

1/2
QH = &3 = M_ (131)

€ Ve vel wip

25 —

20

15 <

10 -

Anol./Class. Resistivity

| 1 ! |
10

N —

argon. All solutions were found to be very insensitive to the
fourth parameter, nameky,./w, as long as that ratio ex-
ceeded 10 which was the case for the simulations conducted

o far’®!Similarly, the solutions were weakly dependent on
Be as long as the electron Hall paramelﬁr,,{e did not ex-

d 10.

The last three parameters are the most important for our
problem. Firstuge/vy; must reach a threshold for the insta-
bility to be excited and hence for anomalous transport to be
operative. For the entire region of the investigated

The k i £ th d it d ith the H “parameter-space that threshold was very near 1.5. Second,
€ known scaling of the anode voltage drop wi € Mallihe ion to electron temperature ratio plays a role in scaling

paramete(see for instance the ”.“e"?‘su'femef“s in Ref tAax the level of turbulence. Invariably for our parameter-space, it
constitutes one of the most dissipative sinks for the low-

MPDT is th ther i iant behavioral trait of th was found that increasind@; /T, causes a devaluation of
power IS thus another invariant behavioral trait o eznomalous transport. The most important of all the macro-

accelerator that could possibly be explained by the effects o copic parameters turned out to be the last one namely the

microinstabilities. . . electron Hall paramete®,, .
The anomalous ion and electron heating rates were also e
The anomalous resistivityay

calculated and found to have the same general trends as those

of the anomalous resistivity. me(ve)
e{ Ve)AN

TAN= " eZn (133
VIl. ANOMALOUS TRANSPORT MODELS FOR e

INCLUSION IN FLUID CODES . . .
calculated using the theory presented in the above sections,

We now seek anomalous transport expressions thaind normalized by its classic counterpag, =mqv./e°n, is
would be suitable for inclusion in fluid codes for the numeri- shown in Fig. 10. It is important to note that an increase in
cal simulation of MPDT flows. This may be accomplishedthe electron Hall parameter for typical valuesTof T, leads
by carryinga priori calculations of the relevant anomalous to a very significant increase in the anomalous resistitfity
transport for the expected parameter-space covered by typine parameteuy./v,; is above the stability threshold. It is
cal numerical simulations then fitting the calculations withinteresting to note that the scaling of this ratio with the Hall
polynomial expressions. parameter is in general agreement with that inferred by Gal-

In general the description of microstabilitand hence limore et al*° from measurements in the anode region and
microturbulence in our modetepends on the following set the more direct and recent measurements of Bletckl 12

of eight independent macroscopic parameters: A similar plot is shown in Fig. 11 for the ion heating rate
M ©pe Uge T (ViT)AN normalized by the _Coulomb frequency. _
Kree, ¥, —, —, Bey — =, Qpu. (132 A two-parameter, variable cross-term, least square fit
Me  ®ce v Te €

was made to the calculated rates shown in Figs. 10 and 11 in
The first two parameters are varied to growth-maximize theorder to make them suitable for inclusion in plasma fluid
solutions. Since all anomalous transport rates used here weflew codes.

calculated at maximum growth these two parameters drop The resulting two-parameter interpolating polynomial
out of the final models. The mass ratio,/m, is that of  for (ViT)AN/Vei has an average accuracy of 15% and ré&ads
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10x10° A parametric study of the resulting linear dispersion re-

lation for plasma parameters typical of the MPDT showed

that a mixed polarization mode can be easily driven unstable
by the cross-field current. Collisions and finite-beta effects
were found to change the character of the instability from

previous collisionless and/or electrostatic treatments.

Using the linear description and plasma weak turbulence
theory, a second-order model of wave—patrticle transport and
anomalous dissipation was developed. Assuming ion trap-
ping to be the saturation mechanism, our calculations show
that the saturation of the collisional generalized lower hybrid
drift instability (GLHDI), which has been observed in the
MPDT plasmd® can cause a severe enhancement to the
local resistivity and the bulk heating rate of both ions and
FIG. 11. Anomalous ion heating rate for argon normalized by the Coulombelectrons. It can also cause a preferential effective heating of
frequency as a function of the electron Hall and T, with uge /vy exceed-  the ions and enhance both heating and resistivity in regions

Normalized Anol. Ion Heating Rate

4 6 8
Electron Hall Parameter, Q,

ing 1.5. of low collisionality (high electron Hall parameters
Polynomial expressions of the relevant transport coeffi-
. cients cast solely in terms of macroscopic parameters were
AN _ o ae 10754 1.29x 1075010+ 6.03< 105072, also obtained _fo_r_ inclusion in plasma fluid coq_es The
Vei anomalous resistivity was shown to be most sensitive to the
electron Hall parameter. This theoretically predicted scaling
+9.44x10°8Q3 + l(_7_55>< 10 7—=5.41 was recently confirmed by independent experimental
Hel T, measurements.
X 10760 ,—3.93x 10 °03,). (134
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