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Abstract

A theoretical and experimental investigation of the scaling of thrust of applied-

field magnetoplasmadynamic thrusters (AF-MPDTs) with geometric and operational

parameters is undertaken. The thrust of an AF-MPDT consists of applied-field, gas-

dynamic, and self-field components. Because the first of these components is domi-

nant under nominal operating conditions, and therefore most relevant to optimizing

the performance of this thruster for a given mission’s requirements, the applied-field

thrust component is the focus of this work.

In the canonical applied-field thrust model, the thrust coe�cient, which is the

ratio of the measured thrust to the modeled thrust, is assumed to be constant. It

is shown in this work that there exists a governing “confinement parameter,” which

represents the ratio of the inward to outward radial forces acting on the plasma, and

which depends on the total current, applied magnetic field, mass flow rate, acoustic

velocity at the anode throat, the ratio of specific heats, and the thruster geometry.

It is shown that this parameter defines two di�erent modes of operation, and that

the thrust coe�cient is only constant on the boundary between these two modes,

where the confinement parameter is equal to one. When the confinement parameter

is greater than unity, the inward radial forces are larger than the outward radial

forces, and the plasma is in a magnetic-confinement mode. In this mode, the plasma

is pinched inward from the anode wall, reducing the volume on which the Lorentz

force acts to generate thrust. It is demonstrated, using data from the literature, that

increasing the pinching forces in this mode of operation reduces the thrust.

When the confinement parameter is less than unity, the outward radial forces

exceed the inward radial forces, and the plasma is in the anode-confinement mode. In

this mode, it is demonstrated that, for a given thruster, the thrust coe�cient depends

solely on the confinement parameter. Increasing the confinement parameter decreases

the plasma density near the anode wall and increases the density near the thrust axis,
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which increases pressure on the tip of the cathode, and the rate of rotation of the

plasma column. Both the increase in pressure, and the increase in azimuthal kinetic

energy, result in increased applied-field thrust. The scaling of the thrust coe�cient

with the confinement parameter is demonstrated using measurements of total thrust

for a number of thrusters in the literature. However, in order to demonstrate that this

scaling is not a�ected by self-field or gasdynamic thrust components, a method for

directly measuring the applied-field thrust component is devised and used to verify

that the dependence is correct.
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Ȳ Ionization factor

z Axial distance from anode backplate or throat, m

zsep Axial distance from anode backplate or throat at which plasma flow

separates from the anode, m

Z Charge number

– Angle of anode with respect to thrust axis

—ae Ratio of gasdynamic to magnetic pressure evaluated at the anode

exit plane

xviii



“ Adiabatic index

‘0 Vacuum permittivity, C/V·m

‘i Ionization energy, J

÷◊ E�ciency of conversion of azimuthal energy to directed kinetic en-

ergy in the magnetic nozzle

◊ Azimuthal coordinate

◊div Angle of the magnetic field at the detachment plane with respect to

the thrust axis

ÿ Degree of ionization

Ÿi Scaling constant for i

th � product

µ0 Permeability of free space, N/A2

‹ei Electron-ion collision frequency, s-1

‹i Ion collision frequency, s-1

› Additive constant

�i i

th � product

fl Mass density, kg/m3

‡ Conductivity, S/m

Î Detachment parameter, s6/m9

· Torque, Nm

·z,aw Torque on anode wall, Nm

·z,bp Torque on thruster back plate or throat, Nm

·z,c Torque on cathode tip, Nm

�a0 Magnetic flux through the anode throat or backplate, T·m2

�ae Magnetic flux through the anode exit plane, T·m2

�̄ Contour of anode to magnetic field

Ê Angular frequency, s-1

xix



Chapter 1

Introduction

Since the 1960s, the applied-field magnetoplasmadynamic thruster (AF-MPDT)

has proven to be a high-thrust density alternative to other forms of electric

propulsion [1]. As such, it has been proposed as a candidate for missions requir-

ing the transfer of large payloads in short timeframes, including manned missions

to the Moon, Mars, and beyond [2, 3, 4]. Although the power requirements for this

thruster have made it an infeasible option for space exploration up until the present,

the projection for as much as 200 kW of solar power for spacecraft [5, 6] may make

AF-MPDT operation possible in the near- to mid-term. However, questions remain

as to how to optimize the performance of this thruster for the requirements of a given

mission. A useful tool for this optimization would be a scaling parameter that is

relevant to thrust generation over a large and varied parameter space.

MPDTs are a class of electromagnetic thruster. They are typically coaxial devices

with a cylindrical or conical anode surrounding a central cathode. Gas is injected

into the thruster through the cathode, the inner face of the anode, and/or an in-

sulator separating the two. The gas is ionized when a voltage is applied between

the electrodes, allowing current to pass through the resulting plasma. In a self-field

(SF) MPDT, typical currents are on the order of 10,000 A, and these currents gen-

1



erate a self-induced azimuthal magnetic field, as is illustrated in Fig. 1.1 (a). An

applied-field MPDT also has an externally applied diverging axial magnetic field, as

is shown in Fig. 1.1 (b), with typical applied-field values being less than 0.5 T. Oper-

ating currents for AF-MPDTs span a large range compared to the SF-MPDT, from

10 to 20,000 A [7]. For both thrusters, Lorentz forces resulting from the interaction

of currents through the plasma with the magnetic field accelerate the plasma, and

when this acceleration is along the thrust axis, it produces thrust. The ability of

the AF-MPDT to operate e�ciently at comparatively low current and power levels,

while maintaining a high thrust density, is what makes it an excellent candidate for

near-term missions requiring rapid acceleration.

(b) Applied-field Lorentz force

ṁ

BA

j

f◊

fH

j◊

(a) Self-field Lorentz force

ṁ

j

fSF
BSF

Figure 1.1: Lorentz forces resulting from a self-induced magnetic field (a) and from an
external magnetic field (b) shown in schematic cross-sections of MPDTs. The external
magnetic field adds azimuthal and Hall-e�ect force densities (f◊ and fH respectively)
to the self-field force density (fSF).

Many AF-MPDT thrust models have been put forth to date [1, 8, 9, 10, 11, 12, 13,

14, 15], however each of these models has shortcomings, and for one reason or another

fails to fully describe the measured thrust for all thrusters and operating regimes. Our

goal is to determine thrust scaling as a function of controllable parameters. These

parameters include both operating parameters (such as current, applied field strength,
2



propellant, and mass flow rate) and geometric ones (such as electrode and solenoid

length scales). The hurdles to developing such a model are significant—the current

distribution within the thruster is di�cult to determine without measurement, and

the current distribution in turn alters the magnetic field and temperature distribution

within the plasma. In addition, there are several competing thrust mechanisms.

1.1 Thrust mechanisms

The thrust of an AF-MPDT is typically assumed to be the sum of the applied-field,

self-field, and gasdynamic thrust components [14, 15, 16, 17]. The volumetric Lorentz

force densities are illustrated in Fig. 1.1.

1.1.1 Applied-field thrust component

As shown in Fig. 1.1 (b), the mostly axial external magnetic field crossed with the

radial component of the current swirls the plasma. This bulk swirling motion is con-

verted into axial thrust as the rotating body expands through the diverging applied

field and then detaches from the field lines. The swirling motion also results in an

azimuthal Hall current due to the collisional nature of AF-MPDTs, which preferen-

tially allows electrons to travel azimuthally. This Hall current crossed with the radial

component of the diverging applied magnetic field generates additional thrust. It

is these two thrust mechanisms, resulting from the applied field, that are the focus

of this thesis, and which are the dominant thrust producing mechanisms in most

AF-MPDTs.

1.1.2 Self-field thrust component

The self-field thrust component is generated by the cross product of the radial current

through the plasma with the self-induced azimuthal magnetic field, which is generated
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by the enclosed axial current. This component is illustrated in Fig. 1.1 (a). The

primary thrust producing mechanism is the “blowing” component of the Lorentz

force, which is parallel to the thrust axis, however, Choueiri [18] demonstrated that

the inward or “pinching” component of the Lorentz force generates a gasdynamic

pressure distribution that also produces thrust.

1.1.3 Gasdynamic thrust component

The gasdynamic thrust component results from the conversion of thermal energy into

directed kinetic energy by means of a nozzle. While it is often assumed to be negligible

in a high-power regime, at low currents and applied-field strengths, or high mass flow

rates, the gasdynamic thrust component can be substantial or even dominant. This

component is dependent on the mass flow rate, the velocity at the injection site, the

gasdynamic pressure inside the nozzle, and the nozzle area over which that pressure

is applied.

1.2 Impact of present work

Our ultimate goal is to determine how the thrust of an AF-MPDT scales with control-

lable parameters. Along with a voltage model for this thruster [19], a thrust model

will enable the optimization of thruster design for a given set of operating conditions.

With this goal in mind, we will attempt to answer the following questions:

• Which operating and geometric parameters influence the thrust?

We will assemble all of the thrust data in the literature into a single database.

Through an analysis of approximately 60 years worth of AF-MPDT data, we

will determine which controllable parameters influence the thrust, as well as

the relative importance of each parameter. This analysis will also allow us to
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compare the prediction of each thrust model in the literature to the measured

thrust in order to demonstrate the strengths and shortcomings of each model.

• What are the underlying physical mechanisms responsible for thrust generation?

Using the results of our analysis of the literature data as a starting point,

we will derive an empirical model using physically-meaningful nondimensional

parameters. Then, based on the prediction of this empirical model and the

demonstrated thrust scaling, we will gain insight into the underlying physics

involved. Specifically, we will show that the primary shortcoming of previous

thrust models is a poor estimation of the thrust coe�cient, which is a function

of the radial forces within the anode. We will then derive a theoretical model

as a result of this insight.

• How do we determine the balance of the thrust mechanisms in a given thrust

measurement?

In order to determine if a theoretical model correctly predicts the thrust, we

must compare the prediction to measurement, but since we are only interested

in the applied-field thrust component, and measurements are typically of the

total thrust, such a comparison has limitations. We will validate a new method

of making an isolated measurement of the applied-field thrust component, and

compare measurements made using this technique to the predicted thrust scal-

ing.

1.3 Thesis structure

We begin in Chapter 2 by reviewing thrust models from the literature. We assemble

a database of all thrust data in the literature, create metrics for determining the reli-

ability of that data (particularly concerning background pressure and the dominance

of the applied-field component of thrust), and compare the ability of each model to
5



predict the measured value across a large and varied parameter space. In Chapter 3,

we use dimensional analysis to empirically derive a new thrust model based on the

findings of the previous chapter. This empirical model is used as a starting point for

understanding the physical mechanisms responsible for the discrepancies between the

prediction of models in the literature and measurement under certain operating con-

ditions. Using this insight, we derive in Chapter 4 a “confinement parameter,” which

describes two di�erent modes of AF-MPDT operation, and which plays a significant

role in determining the applied-field thrust. In Chapter 5, we compare thrust data

from the literature to the predictions made for our scaling parameter. In Chapter 6,

we describe an applied-field thrust component measurement system and verify that

conclusions in the previous chapter are not due to the influence of gasdynamic and

self-field thrust components. Finally, in Chapter 7 we provide a summary of our

significant findings and possible avenues of future research.
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Chapter 2

Review of Previous Thrust Models
1

For an AF-MPDT operating under typical operating conditions, the applied-field

component of the thrust is dominant. For this reason, we focus in this thesis on the

applied-field thrust component. However, before adding to the long list of thrust

models in the literature, we must first establish the need for a new model. In this

chapter, we review all analytical applied-field thrust component models. We assemble

a database of all AF-MPDT thrust measurements in the literature and compare the

predictions of each model to the data. We develop the metrics necessary both to

ascertain the validity of the data in the database and to quantitatively compare the

predictive accuracy of one model against any other.

Although our focus is on applied-field thrust component models, some of these

models and the model we will develop in Chapter 4 are inseparable from other thrust

components, and so we provide descriptions of the most commonly implemented self-

field and gasdynamic thrust components as well.
1This chapter is based on work being prepared to be submitted for publication and previously

presented in [20]: W. J. Coogan and E. Y. Choueiri, “A Critical Review of Thrust Models for
Applied-Field Magnetoplasmadynamic Thrusters,” In AIAA Propulsion and Energy 2017, AIAA-
2017-4723, Atlanta, GA, July 10–12, 2017. doi:10.2514/6.2017-4723
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2.1 Models of the applied-field thrust component

The applied-field thrust component includes any thrust generated as the result of the

application of an applied magnetic field. Many models of the applied-field thrust are

similar in nature, predicting that TAF Ã JBAr, where TAF is the applied-field thrust

component, J is the current, BA is the applied field strength, and r is a characteristic

electrode length scale. We categorize these as “JBAr” models. In addition, there are

three models which assume a more complicated relationship between thrust and the

parameters upon which it depends. These we categorize as “non-JBAr” models.

2.1.1 JBAr models

Fradkin et al.

Fradkin et al. [8] assume a strictly axial magnetic field in the thruster volume, derive

the torque resulting from the radial current and the applied field, and then assume

this torque acts to rotate the plasma inside the thruster as a rigid rotor. Assuming all

of the resulting azimuthal kinetic energy is converted into axial kinetic energy, they

find that

TFradkin = JBA
r

2
a ≠ r

2
cÒ

2(r2
a + r

2
c)

, (2.1)

where TFradkin is the predicted upper limit for the applied-field component of the

thrust, BA is the applied magnetic field strength (assumed to be constant in the

thruster volume), ra is the anode radius,and rc is the cathode radius.

Fradkin et al. derive this equation for a particular geometry that may not be

relevant to all thrust data used in this survey. A cylindrical rotating body is assumed,

with a hollow core accounting for a cathode that extends through the anode volume.

Many thrusters have anodes whose radii vary axially and/or cathodes that do not

extend into the anode volume. Further, the assumption of a constant, purely axial
8



magnetic field is less valid for smaller solenoid radii unless the anode is completely

enclosed by the solenoid. The largest solenoid in the literature that does not enclose

the anode is that employed by the Moscow Aviation Institute for the 150 and 200 kW

Li thrusters, for which the magnetic field strength decreases by a factor of 2 in the

span of the anode length, indicating significant divergence.

Myers

Using the Fradkin et al. model as a starting point, Myers derives an expression for the

applied-field thrust component [9] empirically based on his experiments with 100 kW

class AF-MPDTs using a variety of di�erent electrode geometries. He finds that

TMyers = JBA
r

2
a

500rclc
, (2.2)

where lc is the length of the cathode and the constant 500 has dimensions of m-1.

This model predicts an influence of the cathode geometry that is significant, whereas

that predicted by Fradkin et al. can be neglected for ra ∫ rc. Myers incorporates

his observation that thrust decreases with cathode length in the regime in which he

operated, however this makes the expression inapplicable to thrusters with recessed

cathodes, for which lc Æ 0.

Albertoni et al.

Albertoni et al. [15] apply an empirically-derived dimensionless scaling constant,

kAlbertoni, to the Fradkin et al. model to fit the data for a given thruster, so that

TAlbertoni = kAlbertoniTFradkin. (2.3)

This constant can be determined experimentally for each thruster and is represen-

tative of the degree to which the conversion of azimuthal motion to axial motion
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takes place within the magnetic nozzle. In our application of this model, we set

kAlbertoni = 0.25, which is reported in Ref. [15] to result in good general agreement

between prediction and the measurements against which the model was originally

compared.

Tikhonov et al.

In contrast to the model presented by Fradkin et al., which assumes a constant mag-

netic field in the thruster volume, Tikhonov et al. derive an analytical model [10,

21, 22] assuming that the thrust is the result of the Hall current crossing the radial

component of the diverging magnetic field. They find that

TTikhonov = kTikhonovJBAra. (2.4)

where kTikhonov is a scaling constant. While they provide an explicit expression for the

scaling constant in terms of the length of the cathode and the magnetic flux at two

axial positions within the anode, the inverse dependence on cathode distance from

the anode exit plane makes the expression unsuitable for thrusters with cathodes

extending through the anode volume. Tikhonov et al. give a value [16, 17, 23, 24, 25]

of kTikhonov ƒ 0.2 and note that kTikhonov can be experimentally determined for any

given thruster. However, since we seek a model than can predict measurement a

priori, we treat the coe�cient as a constant.

Despite being based on di�erent acceleration mechanisms, in the limit where

ra ∫ rc, this model and that of Fradkin et al. agree to within a scaling constant.

Outside of this limit, we expect the absence of any rc dependence in this model to

make rc an important parameter for comparing the predictive power of the two mod-

els. We note that under typical operating conditions the thrust due to the expansion

of the swirling plasma in the magnetic nozzle is approximately an order of magnitude

greater than the Hall thrust [26, 27, 28].
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Herdrich et al.

The model of Herdrich et al. [14] uses the model of Tikhonov et al. as a starting point,

but they model the coe�cient as a function of ra, which they obtain from the data

using a power law fit, yielding the equation

THerdrich = 2.924JBAr

1.6577
a , (2.5)

where the scaling constant has dimensions of m-0.6577. While this yields better agree-

ment with the data, it is unclear whether this agreement is due to a more accurate

representation of the e�ects of the anode radius itself, rather than the solenoid radius

or cathode radius, that frequently scale with anode radius.

Krülle

In his model, Krülle [1] uses resistive magnetohydrodynamics and assumes that the

plasma swirls as a rigid rotor, but notes that his measured thrust depends linearly on

magnetic field strength, rather than quadratically as is predicted by his model. He

attributes this discrepancy to current outflow beyond the anode exit plane. Because

he points out this discrepancy, we mention this model for completeness, but do not

include it in the statistical analysis at the end of the chapter.

2.1.2 Non-JBAr models

Mikellides and Turchi

Mikellides and Turchi derive a model [12] that is based on results from MACH2, a

numerical simulation tool, which they used to simulate a 100 kW class argon thruster.

Their model assumes that the Lorentz force rotates the plasma, generating a shear

due to the plasma viscosity. The primary acceleration mechanism in this model is the

11



conversion of thermal energy from viscous heating into directed kinetic energy. They

obtain

TMikellides = 25
M

1/4
i

Û
rc

lcȲ

r̄(r̄ + 1)
Ô

r̄ ≠ 1
Ô

ṁJBAÔ
r̄

3.8 ≠ 1
, (2.6)

where r̄ is the ratio of anode radius to cathode radius, ṁ is the mass flow rate, Mi

is the atomic mass (values given Appendix A), and Ȳ is the ionization factor. This

ionization factor is a measure of the ionization states in the plasma, and is defined by

Ȳ =
ÿ

i

A
ÿiq

j ÿ

2
jZ

2
i Z

2
j

B

, (2.7)

where ÿ is the degree of ionization and Z is the charge number. While Ref. [12]

provides Ȳ values for H2, Li, and Ar, we cannot determine Ȳ analytically without

knowing the degree of ionization for each state, which Mikellides and Turchi find

through their numerical simulation. Since we are using data for a multitude of pro-

pellants, including heteronuclear species, and further since thrust depends weakly

on Ȳ for typical ionization fractions, we let Ȳ = 1 for all of our calculations. This

assumes that the plasma is completely and singly ionized. We therefore expect any

disagreement between this model and our implementation of it to be correlated with

ionization energy, ‘i, of a given propellant, and consequently test the predictions of

each model against measurement as a function of ‘i in Sec. 2.7.

This model makes two unique predictions. First, thrust is predicted to have a

strong dependence on ṁ, resulting from the modeled influence of plasma viscosity.

Second, Mikellides and Turchi predict TAF Ã
Ô

JBA whereas it has long been assumed

and repeatedly verified experimentally to be proportionate to JBA [1, 9, 29, 30, 31].

Also worth noting is that the inverse dependence on lc, as with the Myers model,

makes this model incompatible with certain thruster geometries.
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Sasoh and Arakawa

Sasoh and Arakawa [11] use energy conservation, as well as Ohm’s law, to derive the

total work done within the anode. Then, they assume that this work is converted

into directed kinetic energy, generating thrust. They find the total thrust to be

TSasoh = TH + TSF

2 +
Û3

TH + TSF

2

42
+ T

2
SW, (2.8)

where TH, TSF, and TSW are the thrust components due to the Hall e�ect, the self-field,

and the azimuthally accelerated (or “swirled”) plasma respectively. This expression

di�ers from our previous description of the total thrust as the sum of several compo-

nents. This is due to its derivation from an energy balance rather than a momentum

balance. The result is that TSF as described here is not necessarily the same as that

described by Eq. 2.13.

The individual expressions Sasoh and Arakawa provide for the thrust components

have too many dependencies to express in a concise form appropriate to a review, so

we summarize the assumptions we made in our application of this model and direct

the reader to Ref. [11] for the explicit expressions.

Our primary di�culty implementing this model as a predictive one stems from its

dependence on terms for which we require measurement, such as electron temperature

or density, or for which no procedure is provided, such as a characteristic length scale.

The Hall parameter, for instance, depends on the collision frequency between electrons

and ions, ‹ei. We use the relation [32]

‹ei = 3.64 ◊ 10≠6 ne ln
1
1.24 ◊ 107

Ò
T 3

e /ne
2

T 1.5
e

. (2.9)

to determine this parameter, where Te is electron temperature in K and ne is electron

density in m-3. Because electron temperatures from 1–10 eV have been reported for
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AF-MPDTs [17, 19, 33, 34], we solve for the thrust using this full range of tempera-

tures, giving a range of possible thrust values.

We model ne using the continuity equation and assume that ni = ne. The area

of the anode exit plane and ṁ are known, but we require the axial component of the

ion velocity through this plane, uz,ae. The ion velocity exiting the anode volume is

T/ṁ, but because we need this density estimation in order to determine T , we use

the full range of possible exit velocities found in the database, 0.8–86 km/s. Our final

expression is

ne = ṁ

fir

2
aeMiuz,ae

, (2.10)

where rae is the anode exit plane radius. As with temperature, the range of possible

exhaust velocity values results in a range of calculated thrust values.

The Sasoh and Arakawa model requires a characteristic length scale which they

denote as r

ú. It is unclear how this value is determined, but in the example they

provide in Ref. [11], the given value is approximately 1/10th the distance from the

cathode radius to the anode radius, and so we use the expression

r

ú = rc + ra ≠ rc

10 . (2.11)

In order to solve for the radial and axial components of the magnetic field, we use

the Biot Savart law for a solenoid [35].

Coletti

While the model of Fradkin et al. predicts the amount of thrust possible from the

swirling plasma being redirected in a magnetic nozzle, Coletti [13] models the degree

to which this redirection occurs by deriving the plasma velocity and trajectory at the
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point of detachment. Detachment is assumed to occur when the Alfvén velocity is

reached [36].

Coletti’s derivation divides the thrust mechanisms into two distinct physical re-

gions: the anode volume, where plasma acceleration is the result of self-field and

applied-field forces, and the magnetic nozzle downstream of the anode volume, where

conservation of both energy and the magnetic moment redirect the velocity along the

magnetic field lines. He finds the velocity parallel to the magnetic field at the point

of detachment, which, along with the angle of the field with respect to the thrust

axis, ◊div, determines the total thrust. This angle is found from the divergence of the

magnetic field at the point of detachment [37]. He determines the thrust to be

TColetti = 1
2

Q

a
uz,ae +

Û

u

2
z,ae + Ê

2
r

2
a ≠ Ê

8
r

8
a
r

3
B
Î

cos (◊div)
R

b
ṁ, (2.12)

where uz,ae is the ion velocity at the anode exit plane found using the Maecker formula

(Eq. 2.13), rB is the solenoid radius, Ê is the angular velocity of the plasma inside the

thruster volume, and Î is a function of the rotational velocity of the plasma and the

axial position at detachment. The angular velocity is found from the radial current

crossed with the axial applied magnetic field, with the assumption that the plasma

rotates rigidly.

The Coletti model reduces to the Maecker formula (Eq. 2.13) when BA æ 0,

however there are instances in which the third term under the square root can result

in a predicted thrust less than that predicted by Eq. 2.13. In these instances, we

use the value predicted by Eq. 2.13 as is prescribed in Ref. [13]. Relevant to this

model is the recent research by Ahedo and Merino [38], which shows that the plasma

detachment conditions assumed in this model do not apply to propulsive magnetic

nozzles. Nonetheless, without an alternative detachment model, we use the Coletti

model as it stands for all reported results.
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2.2 Model of the self-field thrust component

The self-field thrust component is often assumed to be

TSF = µ0

4fi

5
ln

3
ra

rc

4
+ 3

4

6
J

2
, (2.13)

as modeled by Maecker [39]. Maecker did not originally include the constant 3
/4, but

Jahn showed how constants on the order of unity can be assumed depending on the

cathode geometry [40], and 3
/4 tends to provide the best agreement with data at high

current levels [41].

The Maecker formula does not fully describe the performance of SF-MPDTs. The

discrepancy between prediction and measurement has been well-described in Ref. [18],

which shows that at low J

2
/ṁ values, the thrust measured can be as high as double

that predicted by the Maecker formula. This is attributed to a gasdynamic pressure

created by the pinching component of the volumetric Lorentz force.

2.3 Model of the gasdynamic thrust component

The gasdynamic thrust component, TGD, is the result of the conversion of thermal

energy into directed kinetic energy by means of a nozzle. It is usually described as

TGD = kGDṁa0, (2.14)

where kGD is a dimensionless coe�cient on the order of unity [14, 15, 16, 17, 42, 21]

and a0 is the ion sound speed. The magnitude of kGD has been modeled as being

dependent on the angle of the gas flow with respect to the thrust axis [42] or as

a function of a pressure acting over the area of the injection site [43]. Ref. [43]

determines kGD = 1 + 1
/“ for a 100 kW lithium thruster with mass injection through

the cathode, where “ is the adiabatic index. For polyatomic propellants, “ is poorly
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defined, but the range of this value is small enough not to change the order of the

value predicted by Eq. 2.14.

Determination of the ion sound speed requires the ion temperature. There are

few measurements of ion temperature, Ti, in MPDTs, but those that exist [44, 45, 46]

indicate that operating temperatures are in the range of 2 to 20 eV.

2.4 AF-MPDT database

In order to compare predicted performance with experimental results, we require

data for which a number of parameters have been recorded, as well as metrics for

determining data validity.

2.4.1 Data catalogued

We performed a thorough survey of the literature and collected all data which included

measurements of each of the following: thrust (T ), electrode current (J), electrode

voltage (U), magnetic field strength (BA), propellant, mass flow rate (ṁ), background

pressure (pb), inner and outer solenoid radii (rBi and rBo), and electrode geometry.

The electrode geometry recorded includes the anode length (la), the anode radius at

the throat or backplate (ra0), the anode radius at the exit plane (rae), the cathode

length (lc), and the cathode radius (rc), as is illustrated in Fig. 2.1.

For some configurations, multiple anode lengths were recorded as defined by dis-

tinct changes in contour (eg. Fig. 2.1 (c), (e), and (f)), here denoted as la1 and la2.

Some configurations feature a change in contour, but the site of propellant injection

implies the dominance of the exit region and so only the exit length is recorded (eg.

Fig. 2.1 (b)). If thrust error and electrode material were reported, that information

was also recorded. If the magnetic field strength was reported at multiple locations,

that recorded in the database is from the tip of the cathode. Where measurements
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were not explicitly listed, they were deduced if at all possible (eg. if thrust, e�ciency,

and current are known, the voltage can be deduced).

Conical, direct expansion:

(a)

ṁ

la

rae
ra0

lc

rc

(b)

ṁ

la

rae
ra0

lc

rc

(c)

ṁ

la1 la2

rae
ra0

lc

rc

Cylindrical:

(d)

ṁ

la

rae

lc

rc

Conical, delayed expansion:

(e)

ṁ

la1 la2

rae
ra0

lc

rc

(f)

ṁ

la1 la2

rae
ra0

lc

rc

Figure 2.1: Characterization of the geometry for each of the thrusters in the AF-
MPDT database.

Measurements that were made using multiple species simultaneously were not

recorded. Also omitted were thrusters using configurations that are not conducive

to use with the thrust models of interest, such as rectangular MPDTs [47, 48], the

hybrid plasma thruster [49], and thrusters using permanent magnets [50].

More than 2700 thrust measurements and corresponding operating parameters

were collected in this survey. Each thruster for which we have data is listed in

Appendix B, along with typical operating conditions and citations for the gathered

data. The full data collection can be accessed online [7].
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Figure 2.2: Typical thrust variation as a function of background pressure with three
distinct regimes.

2.4.2 Determination of data validity

It has been previously demonstrated that background pressures above a given thresh-

old influence thruster performance [31, 51, 52, 53, 54, 55, 56, 57]. A comprehensive

review of this influence is provided in Ref. [58]. Because only two thrusters [52, 56, 57]

have data for which background pressure is shown to have no influence, we need to

determine which of the collected measurements are a�ected by high background pres-

sures.

An interpolation of the data collected to determine background pressure e�ects in

Ref. [57] is shown in Fig. 2.2. We see that there are three distinct regions, denoted

here as I, II, and III. Region I shows no influence of background pressure on thrust,

indicating that below a given threshold, just under 1 mTorr in this case, the thrust

data are representative of that expected for an actual spacecraft. Region II shows

a decrease in thrust. This is due to collisions in the plume that interfere with the

expansion through the magnetic nozzle [51, 55, 59]. In Region III, the thrust increases
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with pressure due to mass entrainment in the thruster, e�ectively increasing the mass

flow rate [51, 55, 59].

Cann et al. performed the same test as that in Ref. [57] on the same model thruster,

but using potassium propellant instead of sodium [56]. Again, they showed that the

thrust was una�ected by background pressure up to 1 mTorr. The only other data

that show a distinctly level region were in Ref. [52], where e�ects of pressure on thrust

were minimal up to 0.9 mTorr with argon propellant.

Sovey et al. [51] report 0.3 mTorr as a safe upper-limit for operation without facil-

ity pressure e�ects on performance. However, their primary metric for this determi-

nation was the thrust-to-power ratio measured as a function of background pressure.

We make the distinction that we are interested only in the e�ects of pressure on thrust

because voltage is not a variable in the thrust models under review. Based on the

limited thrust data available, it appears that 1 mTorr is a su�ciently low pressure to

minimize any influence on thrust, however we separately analyzed the data collected

at or below 0.1 mTorr and that collected at or below 1 mTorr with the results given

in Table 2.1 and Fig. 2.5. Performance across a wide range of facility pressures is

given in Fig. 2.4.

2.5 Method of evaluation

Using the database, while excluding data collected at high pressure, we could compare

the prediction of any given model with any single given measurement, however we

seek a method that will allow us to make a comparison en masse over a large and

varied parameter space. We have developed a method by which a model’s ability

to predict measurement as a function of a controllable parameter can be tested.

Furthermore, due to the previously stated discrepancies between the prediction of

the Maecker formula and measurement, we apply this method without invoking self-
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field or gasdynamic thrust models (except where implicitly prescribed by a particular

applied-field model) by limiting our analysis to measurements for which the applied-

field component is dominant.

2.5.1 Comparison method

To evaluate the degree to which each model predicts measurement, we nondimension-

alize each prediction for a given set of parameters with the measured thrust,

T̄model = Tmodel

Tmeasured
. (2.15)

A perfect model would yield T̄ = 1 for every data point, however a more predictive

model is one that predicts trends rather than magnitude, and so we normalize the

nondimensional thrust for each model such that

ˆ̄
Tmodel = T̄modele

T̄model
f

, (2.16)

where the bra–ket notation indicates an average over all measurements.

Figure 2.3 shows five examples of what this procedure might produce for a given

model as a function of the arbitrary parameter x. Figure 2.3 (a) is what one would

typically use to illustrate that a model correctly describes thrust as a function of x

when measurements are made with all other parameters held fixed. Because di�erent

measurements across the database have di�erent parameters held fixed, (b) is more

representative of what this same method would yield in our case. In both (a) and (b),

it is di�cult to compare one model’s e�ectiveness to another, and we can only tell that

model A consistently predicts the measured value. The nondimensionalization and

normalization procedures applied in (c) and (d) clarify how well each model predicts
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Figure 2.3: In (a), examples of how models A–E of T vary as a function of the arbitrary
parameter x compared to data where all other parameters are held fixed. In (b), the
same is shown except that parameters other than x are di�erent for each measurement.
Bottom, examples of how T and ˆ̄

T vary for those same models, showing only models
D and E have incorrectly described the dependence of T on x.

the magnitude of thrust, and thrust scaling, respectively, as a function of x. From

(c) and (d), we are able to deduce the following about models A–E:
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A. The model predicts the magnitude of the measurement, as well as how thrust

varies as a function of x.

B. The model overpredicts thrust, but correctly predicts how thrust varies as a

function of x.

C. The model underpredicts thrust, but correctly predicts how thrust varies as a

function of x.

D. The model overpredicts thrust, and predicts a di�erent thrust dependence on x

than that which is represented by the data.

E. The model underpredicts thrust, and predicts a di�erent thrust dependence on

x than that which is represented by the data.

Because normalization decreases the slope of D, but increases the slope of E, we

are able to compare the predictions of the two models. Otherwise, models that

underpredict thrust will tend to have smaller slopes, as is illustrated by Fig. 2.3 (c).

We apply this methodology to examine how ˆ̄
T scales as a function of each con-

trollable parameter of interest. In most cases, there are not enough data points for us

to determine any high-order or periodic dependence of ˆ̄
T on a given controllable pa-

rameter, so we seek only to determine if ˆ̄
T is monotonically increasing or decreasing.

Such behavior indicates that the thrust dependence is not captured by the model of

interest.

For each parameter investigated, we make a linear fit of ˆ̄
T as a function of that

parameter using a ‰

2 test for goodness of fit. We weight each measurement by the

inverse of the square of the error on that measurement. If the fit function for the

parameter has a slope, and if the 95% confidence interval on that slope does not

include 0, we conclude that the model over- or underpredicts thrust as a function of

that parameter.

23



The database includes two types of controllable parameters: those that are dis-

crete, such as geometrical terms, for which there are relatively few values recorded,

and those that are continuous, such as current. For simplicity, the figures show only

the mean ˆ̄
T value for each value of the discrete parameters, with error bars denoting

the interquartile region. However, the linear fit of ˆ̄
T is to the total dataset as it is for

continuous parameters.

2.5.2 Filtering method

In order to test the various models of the applied-field thrust component, we filter

the thrust database for measurements for which that component dominates. To filter

the data, we use the Tikhonov et al. model of the applied-field thrust, which has been

most verified experimentally [14, 15, 22, 60], to establish whether the applied-field

component is significant. If the prediction of the Tikhonov et al. model for a set of

parameters is found to be a significant fraction of the thrust measurement, we can

assume that the applied-field thrust component is dominant, and the models should

all closely match the data, whether they predict the applied-field component or the

sum of several components.

Due to the demonstrated e�ects of background pressures over 1 mTorr, we have the

additional requirement that all data analyzed was gathered at or below this pressure

except for in our investigation of background pressure e�ects, as is noted in Table 2.1

and Figs. 2.4 and 2.5. We chose the thresholds

TTikhonov

Tmeasured
> 0.9 and pb Æ 1 mTorr. (2.17)

2.5.3 Parameters investigated

With data spanning a su�ciently varied parameter space, it is possible to deter-

mine which of these models correctly predicts thrust scaling as a function of a given
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controllable parameter. For example, we can determine if TAF Ã ra as predicted

by Tikhonov et al. or if TAF Ã r

1.6577
a as Herdrich et al. predicted. In Sec. 2.7 we

show how each model’s prediction-to-measurement ratio varies as a function of each

controllable parameter.

In addition to dimensional parameters such as J or BA, we investigate several

nondimensional parameters, most of which are geometric in nature, such as the anode

to cathode radius, ra/rc. One nondimensional parameter that has not previously been

explored with respect to AF-MPDTs describes the degree to which the anode inner

surface follows the magnetic field contour. Contouring of the anode to the magnetic

field was claimed by Tikhonov et al. to improve performance [10, 16], and this claim

was experimentally verified by Tahara [61]. In order to describe the degree to which

the anode geometry matches the magnetic field topology, we first model the on-axis

magnetic field using the Biot-Savart law for a solenoid,

B(z) = Ba0
r

3
B

(r2
B + z

2)3/2 , (2.18)

where z is the axial distance from the end of the solenoid. To a reasonable approxima-

tion, an anode which is contoured to the magnetic field is one for which the magnetic

flux through the anode throat, �a0, is equal to the flux through the anode exit plane,

�ae. We define the nondimensional value

�̄ = �ae

�a0
= r

2
aer

3
B

r

2
a0 (r2

B + l

2
a)3/2 . (2.19)

Physically, �̄ = 1 represents an anode that is contoured to the magnetic field, while

�̄ > 1 represents an anode that diverges more rapidly than the magnetic field.
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2.5.4 Application of data to models

Each of the models depends on ra, but many thrusters have flared anodes for which

we need to determine which anode radius to use. In all cases where the models do

not specify otherwise, we use the average radius, ra = 1
2(ra0 + rae). Similarly, because

solenoids have both inner and outer radii, we define rB = 1
2(rBi + rBo). We use the

total anode length (either la or la1 + la2) except in Eq. 2.19 for parameter �̄, where

la2 is used for delayed expansion conical anodes. The cathode length is determined

by the propellant injection location as is described in Sec. 2.4.1. For BA, we use the

magnetic field strength that is reported at the tip of the cathode.

Error was not reported for all measurements. In order to lessen the bias on our

conclusions by measurements without reported error, we assume the error on these

values to be 15% of the measurement. This percentage is the largest reported error

in the analyzed data.

2.6 Investigation of background pressure e�ects

We first examine the e�ects of background pressure on all measurements for which
TTikhonov

Tmeasured
> 0.9. Fig. 2.4 shows how ˆ̄

TTikhonov behaves as a function of background

pressure. We fit ˆ̄
T (log pb) with a moving average over 1

/10th the span of log (pb). Data

outside six mean absolute deviations is ignored.

Despite the e�ects of background pressure on thrust demonstrated by Refs. [52,

56, 57], we see no significant upward or downward trend in the behavior of ˆ̄
T as a

function of pb. We attribute this observation to the symmetrical behavior illustrated

in Fig. 2.2. We cannot assume, based on the results from only two thrusters, that the

minimum on the border of regions II and III is at a fixed pressure for all thrusters and

facilities. Furthermore, we do not have any data with all parameters other than pb

fixed that spans beyond region III with which to speculate about behavior in higher
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Figure 2.4: All data for which T̄Tikhonov > 0.9 as a function of background pressure.
There is no upward trend between 1 and 10 mTorr despite the observation of such a
trend for data gathered in Refs. [52, 56, 57].

pressure regimes. The only conclusion we can draw from Fig. 2.4 is that the pressure

at which thrust is minimized is not universal across facilities, otherwise we would

observe a local maximum about that pressure. Since there is no consistent pressure

threshold below which data can be considered valid, verification of the absence of

background pressure e�ects needs to be more highly prioritized in future experimental

publications.

Because most measurements for a given thruster are recorded at a constant back-

ground pressure, we examine, in Fig. 2.5, the average ˆ̄
T value for each thruster

operating at or below 0.1 mTorr, and for each thruster operating in the range of

0.1 mTorr < pb Æ 1 mTorr. We observe di�erent average ˆ̄
T values for each thruster,

but no correlation with pressure. Furthermore, Table 2.1 shows that for most mod-

els the relative standard deviation, ŝ, of the average nondimensionalized prediction,
e
T̄

f
, changes very little when the higher pressure data (Æ 1 mTorr) is included in
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the analysis. This observation justifies our use of data gathered at Æ 1 mTorr for all

of the following results.
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Figure 2.5: The average ˆ̄
T value for each thruster in the specified background pressure

regimes (in mTorr) is shown for each model. There are larger di�erences in individual
thrusters than in distinct pressure regimes.

2.7 Comparison of predictive accuracy

In Table 2.1, we show the average nondimensionalized prediction,
e
T̄

f
, and the rel-

ative standard deviation, ŝ, for each model. We see that the Albertoni et al. model

comes closest to predicting the average measurement value. This is as expected,

since this model scales the Fradkin et al. model by a constant, kAlbertoni, such that

kAlbertoni
e
T̄Fradkin

f
= 1. Because

e
T̄Fradkin

f
was found by Albertoni et al. using a dif-

ferent dataset than is used here, we find a di�erent average value, which results in an
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average overprediction of 14% by their model. The Mikellides and Turchi model also

comes close to predicting the measured value, but was limited to a smaller dataset

due to its inability to accommodate recessed cathodes.

The models of Herdrich et al. and Mikellides and Turchi yield the smallest rela-

tive standard deviation. The model by Sasoh and Arakawa yields the largest relative

standard deviation. The range of values reported in Table 2.1 for this model corre-

spond to the temperatures and exhaust velocities yielding the smallest and largest

relative standard deviations. For data gathered at Æ 1 mTorr, we found the smallest

relative standard deviation corresponds to Te = 0.9 eV and uz,ae = 0.8 km/s. The

largest relative standard deviation corresponds to Te = 1.5 eV and uz,ae = 86 km/s.

We conclude that more developed models are needed to determine all input values

based on controllable parameters.

The results of our tests for the missed dependencies of each model are given

in Table 2.2. By missed dependency, we mean the degree to which a model over- or

underpredicts thrust as a function of a given parameter. Examples of the analyses are

shown in Figs. 2.6, 2.7, 2.8, 2.10, and 2.11. For most models, few missed dependencies

were confirmed within a 95% confidence interval. The exceptions are the Myers

and Mikellides and Turchi models, which each miss dependencies on each parameter

tested, however some of the geometric parameters are likely correlated, since larger

thrusters tend to be larger in all dimensions. The Sasoh and Arakawa model also has

many missed dependencies. The values for this model correspond to the minimum

and maximum slopes found using the full range of possible ion temperatures and

exhaust velocities. Due to the wide range of possible slopes for most parameters, this

model is excluded from all figures. The models of Tikhonov et al., Fradkin et al., and

Albertoni et al. have the fewest missed dependencies.

The largest deviations between prediction and experiment over the domain for

which we have data occur for the dependence of ˆ̄
T on electrode radii. Figure 2.6
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ŝ

0.
38

0.
67

0.
38

0.
29

0.
29

0.
48

0.
82

–3
.1

0.
36

Æ
0.

1
e T̄

f
1.

24
3.

27
4.

97
1.

42
0.

75
5.

96
0.

66
–8

.7
1.

49
ŝ
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Figure 2.6: Left, the mean value of ˆ̄
TTikhonov as a function of ra is shown with error

bars representing the interquartile region. Right, the linear fits for each model are
shown with a common intercept. All data were taken at or below 1 mTorr.

shows the fit function for ˆ̄
T (ra) for each model. While the Herdrich et al. model was

derived specifically to capture the thrust dependence on anode radius missed by the

Tikhonov et al. model [14], it overpredicts the thrust because the empirical model

of Herdrich et al. was made using a di�erent dataset than that used here. Because

the slope changes substantially depending on which dataset is used, there is likely

either a more complicated dependence on anode radius than can be described by

a power law fit, or an additional unknown parameter upon which thrust depends.

While ˆ̄
TTikhonov and ˆ̄

TFradkin have similar slopes as a function of anode radius, we see

in Fig. 2.7 that the ˆ̄
T values diverge as a function of our nondimensionalized electrode

radius, ra/rc, indicating that the electrode aspect ratio is also a relevant parameter

to thrust scaling.

There is also a substantial deviation between prediction and experiment as a

function of the solenoid radius (Fig. 2.8). Only the models of Sasoh and Arakawa

and Coletti attempt to capture the influence of this parameter, however we observe
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33



0 10 20 30 40 50 600

20

40

60

80

100

120

ra, mm

r

B
,m

m

Figure 2.9: Correlation between solenoid and anode radii for data taken at or below
1 mTorr.

nearly identical behavior in Figs. 2.6 and 2.8. This consistent behavior despite a

change in prediction indicates that there is a correlation between anode and solenoid

radii, which we show to be the case in Fig. 2.9. Tests performed with di�erent solenoid

radii for a fixed anode radius [61] and with di�erent anode radii for a fixed solenoid

radius [52] show that thrust increases with each of these parameters.

Because the correlation between anode and solenoid radii makes it di�cult to

determine which of these variables contributes to thrust, we look at �̄, which incor-

porates both parameters into a single one. We see in Fig. 2.10 that most models

deviate substantially from measurement as a function of this variable, where large

values typically result in overpredictions.

Most models correctly describe thrust dependence on current, magnetic field

strength, and mass flow rate, and even those with missed dependencies typically

have slopes corresponding to small changes in ˆ̄
T over the domain of a given parame-

ter. However, we find that the Myers model overpredicts thrust dependence on each
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Figure 2.10: Left, the mean value of ˆ̄
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bars representing the interquartile region. Right, the linear fits for each model are
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of these parameters. By comparing TMyers to TTikhonov, we see that this overprediction

must be a result of correlations with the electrode aspect ratio and/or the cathode

length. The Mikellides and Turchi model also overpredicts thrust dependence on J ,

BA, and ṁ, but TMikellides is not easily comparable with other models. Nonetheless,

while the Mikellides and Turchi model yields one of the smallest relative standard de-

viations and on average comes close to predicting the magnitude of a measurement,

it fails to predict performance as a function of the controllable parameters of interest.

In implementing the model of Mikellides and Turchi, we assumed that the ion-

ization factor, Ȳ = 1. We expect this factor to decrease with increasing ionization

energy, which would increase the slope of ˆ̄
TMikellides in Fig. 2.11. However, the agree-

ment between prediction and measurement for the models of Coletti, Fradkin et al.,

and Tikhonov et al. which predict no dependence, suggests that while ionization en-

ergy a�ects the electrode voltage [58], it does not strongly influence the generated

thrust. We see in Fig. 2.11 that ˆ̄
TTikhonov is decreasing slightly, whereas we would

expect a positive slope if alkali propellants benefited thrust generation.

2.8 Summary

We have shown that several of the existing models fail to describe the data as a

function of specific controllable parameters, while groups of models seem to describe

the data despite making di�erent predictions from one another. We find that while the

models predicting TAF Ã JBAr approximately describe the measured performance,

each of the existing models incorrectly describes the thrust dependence on electrode

and solenoid geometry. Specifically, we find that the applied-field thrust component

depends on the nondimensional parameter �̄ and that this dependence is not captured

by any model in the literature. In the following chapter, we will empirically determine
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the dependence of thrust on a number of nondimensional parameters, including �̄, so

that we can gain insight into the underlying physics.
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Chapter 3

Empirical Model
2

We now derive a new model empirically by assuming we know each of the parameters

upon which the thrust depends [62]. Using this empirical model, we will attempt

to shed light on the physical mechanism responsible for the disagreement between

existing models and measurement.

3.1 �-product-corrected Model

3.1.1 Method

We assume the general functional expression for the applied-field component of thrust,

TAF = f (J, BA, ra0, rae, la, rc, lc, rB) . (3.1)

There are nine parameters and four independent dimensions (mass, length, time,

and charge), so per the Buckingham � theorem, we can reduce this function to five

nondimensional � products, where �i is the i

th � product. We choose the parameters
2This chapter is based on work being prepared to be submitted for publication and previously

presented in [20]: W. J. Coogan and E. Y. Choueiri, “A Critical Review of Thrust Models for
Applied-Field Magnetoplasmadynamic Thrusters,” In AIAA Propulsion and Energy 2017, AIAA-
2017-4723, Atlanta, GA, July 10–12, 2017. doi:10.2514/6.2017-4723

38



�1 = TAF

JBAra
, (3.2)

�2 = �̄ (ra0, rae, la, rB) , (3.3)

�3 = ra

rc
, (3.4)

�4 = › + lc

la
, where › is a constant and (3.5)

�5 = rae

ra0
. (3.6)

Using these � products, we can derive a formula by assuming the general form

TAF = kJBAra�Ÿ2
2 �Ÿ3

3 �Ÿ4
4 �Ÿ5

5 , (3.7)

where Ÿi is the power for the i

th � product found by fitting to the data, and k is a

constant such that
e
T̄AF

f
= 1. We solve for Ÿ2 by assuming that Ÿ3, Ÿ4, and Ÿ5 = 0,

and minimizing the standard deviation of ˆ̄
TAF. Then, knowing Ÿ2, we can solve for

Ÿ3 continuing the assumption that Ÿ4 and Ÿ5 = 0, and so on until Ÿ5 is determined.

This method provides an approximate value for each Ÿi, which can be improved with

subsequent iterations until the Ÿi values converge.

Since lc/la can be negative, and since we require that TAF > 0, we choose a

constant › such that min (�4) > 0. › = 10 is used for all analyses.
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3.1.2 Results

We show our empirical solution to TAFj in Table 3.1, where the index j indicates the

number of corrections to the initial solution using only �1. We see that the relative

standard deviation improves markedly after one correction, but then converges rapidly

to ŝ = 0.267. Table 3.2 gives the slopes of ˆ̄
TAF as a function of each parameter for each

iteration of the �-product-corrected model. The initial slopes are the same as those

for the Tikhonov et al. model since ˆ̄
TAF0 = ˆ̄

TTikhonov. The number of parameters the

model fails to capture decreases with each iteration until at last only one is remaining.

Table 3.1: Evolution of empirical model over successive iterations of � products.

Iteration Model ŝ

TAF0 0.14JBAra 0.356
TAF1 0.14JBAra�̄≠0.13 0.286
TAF2 1.12JBAra�̄≠0.13 (ra

/rc)≠0.20 0.276
TAF3 1.17JBAra�̄≠0.13 (ra

/rc)≠0.20 (10 + lc
/la)≠0.67 0.269

TAF4 1.17JBAra�̄≠0.13 (ra
/rc)≠0.30 (10 + lc

/la)≠0.67 0.267

We found �5 to be unnecessary to further improve the agreement with measure-

ment, and so left Ÿ5 = 0. The only Ÿ value we solved for more than once is Ÿ3, but we

found that the relative standard deviation was only marginally improved. All slopes

are 0 within the certainty of the data except for as a function of Mi, which was not

included in our original list of independent variables. This parameter makes the final

model underpredict thrust by < 0.6% per u. Adding Mi to our list of variables re-

quires an additional variable for normalization. Subsequently, a new solution requires

two additional � products. We deem the added complexity insu�ciently warranted

by such a weak dependence.

The results of the �-product-corrected model are shown in Fig. 3.1. We see excel-

lent agreement between prediction and measurement across four orders of magnitude.
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Table 3.2: Calculated slope of linear fit to ˆ̄
T for each iteration of the �-product-

corrected model using data gathered at Æ 1 mTorr. Entries with a 95% confidence
bounds of a non-zero slope are shown in bold.

ˆ̄
TAF0

ˆ̄
TAF1

ˆ̄
TAF2

ˆ̄
TAF3

ˆ̄
TAF4

rc (cm-1) ≠0.19 0.10 0.58 0.10 0.10
lc (cm-1) ≠0.016 0.035 0.15 0.018 0.015
ra (cm-1) ≠0.074 0.060 0.22 0.046 0.034
la (cm-1) ≠0.0044 0.0017 0.015 0.0073 0.0068
rB (cm-1) ≠0.050 0.036 0.18 0.024 0.020
Mi (u-1) 0.0063 0.0056 0.027 0.0061 0.0054
‘i (eV-1) ≠0.019 -0.019 ≠0.091 ≠0.020 ≠0.018
J (kA-1) 0.053 0.092 0.38 0.092 0.076
BA (T-1) 0.41 0.42 2.0 0.44 0.39
ṁ (s/g) ≠0.026 0.14 0.43 0.12 0.083
�̄ 0.0057 ≠0.0028 ≠0.011 ≠0.0019 ≠0.0015
ra/rc ≠0.019 0.055 0.076 0.023 0.0029
lc/la ≠0.041 0.079 0.41 0.035 0.034
rae/ra0 0.030 ≠0.030 ≠0.11 ≠0.017 ≠0.013
lc/rc ≠0.010 0.020 0.092 0.0096 0.0082
la/ra 0.040 ≠0.051 ≠0.17 ≠0.021 ≠0.012

3.2 Physical interpretation of empirical model

The relative magnitudes of each of the described � products indicates their rela-

tive importance. Aside from the already established JBAra scaling, �̄ is dominant,

with the nondimensional electrode radius and length serving only as minor correction

terms. We previously stated that �̄ > 1 means that the anode diverges more rapidly

than the applied magnetic field, but we expect this divergence to increase voltage

(due to increased resistance across the magnetic field) rather than decrease thrust.

However, a magnetic field that expands more slowly than the anode is e�ectively

freezing the charged particles to a surface of constant flux, reducing the volume over

which the Lorentz force acts.

Using Eq. 2.18, and assuming the initial radius at z = 0 to be ra0, we find this

radius of constant flux at the anode exit plane to be
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Figure 3.1: Comparison of TAF4 prediction to measurement for data taken at or below
1 mTorr.

rae≠� = ra0

ı̂ıÙ(r2
B + l

2
a)3/2

r

3
B

. (3.8)

We assume that there is some e�ective anode radius at the exit plane, rae≠e� , such

that rae≠� Æ rae≠e� Æ rae, for all rae≠� Æ rae. The plasma within the anode volume

is often collisional, and so we do not expect the charged particles to necessarily be

completely frozen to an initial flux surface, but rather anticipate that they will expand

to some point between the radius of constant flux and the anode radius at the exit

plane, depending on the degree to which they are confined. The e�ective anode radius

relevant to the Lorentz force is then

ra≠e� = ra0 + rae≠e�

2 , (3.9)
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where we approximate the flux surface as a cone (shown schematically in Fig. 3.2).

The degree to which rae≠e� extends beyond rae≠� can be expressed by the nondimen-

sional value

r̂a≠� = rae≠e� ≠ rae≠�

rae ≠ rae≠�
, (3.10)

where 0 Æ r̂a≠� Æ 1.

B

r = 0

rae≠�

min ra≠e� , (r̂a≠� = 0)

ra0
min ra≠e� , (r̂a≠0 = 0)

max ra≠e� ,
(r̂a≠0 = 1)

(r̂a≠� = 1),
max ra≠e�

rae≠�

rae≠�

ra0

ra0

Figure 3.2: Schematic of the e�ective anode radius using either the surface of constant
flux (top half) or the physical anode dimensions (bottom half).

We do not expect a universal r̂a≠� value to exist, since this term depends on the

degree of confinement, which is a function of the gasdynamic and magnetic pressures,

each of which varies as a function of the operating conditions. However, we do expect

better agreement between prediction and experiment for intermediate values than for

the extremes, since we assume that the plasma is collisional and that the magnetic

field is restricting radially outward flow. By iterating over all possible r̂a≠� values

and solving for the relative standard deviation, ŝ, of kJBAra≠e�/T , we see in Fig. 3.3

that there is indeed a substantial decrease in the relative standard deviation for

intermediate values of r̂a≠�, with a minimum of ŝ = 0.289 at r̂a≠� = 0.43.
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Figure 3.3: The relative standard deviation is shown as a function of r̂ for
kJBAra≠e�/T . All data were taken at or below 1 mTorr.

So far, we have arbitrarily asserted that ra = Èra0, raeÍ. In order to verify that the

reduction in ŝ for certain r̂a≠� values is not actually due to this arbitrary choice, we

perform the same iteration over all possible physical anode radii. For consistency, we

define

r̂a≠0 = rae≠e� ≠ ra0

rae ≠ ra0
, (3.11)

where 0 Æ r̂a≠0 Æ 1, as depicted in Fig. 3.2. Again, we see improved agreement

between model and prediction, but to a lesser extent than was found using r̂a≠�. The

best agreement is found at r̂a≠0 = 0.45, where ŝ = 0.302. The corresponding e�ective

radius is less than 1/4 the distance between the radius at the throat and that at the

exit plane rather than half as was initially assumed. However, 77% of the data used in

this analysis are represented by magnetically restricted anodes, meaning we anticipate

rae≠e� < rae based on our previous assertion that the volume over which the Lorentz
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force acts is restricted. If instead we select only the data for which rae≠� Ø rae, the

relative standard deviation decreases monotonically for increasing r̂a≠0, and continues

decreasing even if the domain is expanded until ra≠e� = rae.

≠14 ≠11.4 ≠8.8 ≠6.2 ≠3.6
0

0.2

0.4

0.6

0.8

ln (—ae)

r̂

ú a

Figure 3.4: Bar plot showing the increase of the e�ective anode radius as the ratio
of the gasdynamic pressure to magnetic pressure increases. All data were taken at or
below 1 mTorr.

We see further evidence that the e�ective volume over which the Lorentz force acts

is reduced by slowly diverging magnetic fields if we look at the ratio of gasdynamic

to magnetic pressure at the anode exit plane,

—ae = nikBTi

B

2
ae/2µ0

, (3.12)

where kB is the Boltzmann constant, ni is the ion number density, and Bae is the

applied field strength at the anode exit plane. We assume that Ti = 2 eV and solve

for the magnetic field using Eq. 2.18. We find the ion density by assuming the ion

velocity at the exit plane to be TAF0/ṁ, so that
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ni = ṁ

2

Mifir

2
aeTAF0

. (3.13)

We expect that as —ae increases, the value of r̂a≠� at which ŝ is minimized, or r̂

ú
a,

will correspondingly increase due to the gasdynamic pressure forcing the ions across

field lines. We group the data in bins by —ae value in Fig. 3.4 and see this is in fact

the case. This dependence indicates that the e�ective volume over which the Lorentz

force acts is governed by a balance of the gasdynamic and magnetic pressures in

thrusters for which the anode expands more rapidly than the magnetic field.

3.3 Summary

Our empirical fit to the data using dimensional analysis shows that we can better

predict the data by accounting for the degree to which the anode inner surface follows

the magnetic field contour. This improved agreement, suggests that a substantial

cause for disagreement between JBAra thrust models and measurement is a result

of variability in the e�ective anode radius. This variability appears to be due to the

radial forces within the anode, which can restrict the volume of the plasma so that it

is less than the volume of the anode. As a result, the volume over which the Lorentz

force acts is also reduced.
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Chapter 4

Derivation of Thrust Scaling

Parameters
3

In the previous chapter, we found that the e�ective anode radius relevant to a thrust

calculation is a function of the radial forces on the plasma within the anode. In this

chapter, we will first modify the rigid-rotor thrust model developed by Fradkin et

al. [8] for cylindrical thrusters so that it is better suited to conical anode geometries.

Then, we will examine the scaling of the e�ective anode radius using a radial momen-

tum balance. We will discuss di�erent mechanisms by which the radial forces within

the anode may contribute to the thrust.

4.1 Modified rigid-rotor model

Of the theoretical models (as opposed to empirical models), the models of Tikhonov

et al. and Fradkin et al. most accurately predict measurement. However, these two

models are based on di�erent thrust mechanisms. Tikhonov et al. assume that thrust

is generated by a Lorentz force resulting from Hall currents and a diverging magnetic

field, whereas Fradkin et al. assume that thrust is generated when the swirling plasma
3This chapter is based on work being prepared to be submitted for publication.
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expands in a magnetic nozzle and is redirected axially. Because the thrust due to the

expansion of the swirling plasma in the magnetic nozzle is approximately an order of

magnitude greater than the Hall thrust [26, 27, 28], and further because the Fradkin

et al. theory is more applicable to anodes enclosed by the solenoid (when there is

no radial component of the magnetic field within the anode), we use the rigid-rotor

thrust model as a starting point for our derivation of scaling parameters relevant to

thrust generation.

The model of Fradkin et al. has two significant shortcomings that must be ad-

dressed before it can be applied to a wide variety of thrusters. First, the anode radius

is not well defined for conical thrusters, and we demonstrated in the previous chapter

that the e�ective radius can change as a function of the radial force balance. This im-

plies that, even for a single thruster, the e�ective anode radius may not be constant.

Second, the rate of rotation of the plasma is found with the assumption of a constant

radial plasma density, which, even in the quasi-one-dimensional flow approximation,

is not a valid assumption for a diverging anode, since the plasma density will decrease

axially and, therefore, radially.

4.1.1 Assumptions

In order to apply the rigid-rotor thrust model to the more general case of the conical

thruster, we assume that:

1. All acceleration within the anode volume is azimuthal, and that the axial ve-

locity is approximately constant and equal to the ion sound speed. Conversion

of this azimuthal velocity to axial velocity occurs downstream of the anode in

the magnetic nozzle.
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2. The density is, to first order, a function of axial position, and is approximately

constant radially out to the anode wall for a given distance z from the anode

throat.

3. The plasma rotates rigidly at a given axial position. We also assume that the

cathode stops at the anode throat since this is typically the case for thrusters

in the literature for the past 25 years. In comparison, Fradkin et al. model the

plasma as containing a void for the cathode for the entire length of the anode.

4. There is a maximum radius, rsep, such that ra0 Æ rsep Æ rae, where the plasma

flow separates from the anode due to the pinching component of the Lorentz

force overcoming the radial force outward. When the outward radial force is

greater than the inward radial force along the entire length of the anode, sepa-

ration occurs at the anode exit plane.

5. The magnetic field is strictly axial and constant in magnitude within the anode

volume.

Our first assumption, that the axial velocity is approximately constant within the

anode volume, is only valid at low currents or high mass flow rates where TGD

TSF
∫ 1,

and when the angle with which the anode diverges from the thrust axis, –, is much

less than 45¶. In all other cases, the axial ion velocity will increase substantially

due to the self-field thrust or the velocity will have a significant radial component.

Our second assumption, that the flow is quasi-one dimensional, is inconsistent with

the observation that the radial density distribution is approximately gaussian [63,

64], but because the mean density will decrease with increasing anode radius, this

approximation should be correct to first order.

Our assumption of the plasma rotating rigidly only for a given axial position,

rather than for the entire thruster volume as has been previously assumed, substan-

tially reduces the predicted angular frequency for conical anodes. While plasma has
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been observed to rotate rigidly [63], this observation has only been made for a fixed

axial position, and it is nonphysical for the plasma to instantaneously acquire an az-

imuthal velocity upon injection. Because the plasma initially has no angular velocity

and because there is no data with which to speculate about the rate of rotation as a

function of axial position, we assume that the angular frequency, Ê, increases linearly

with z until the plasma flow separates from the anode.

While it has been demonstrated that thrust increases with increasing anode radius,

this scaling cannot hold for all cases. For example, if a conical anode extends to a

large exit plane radius, the density at the outermost edge of the anode face will be

insu�cient to carry a substantial current, and further extension of the anode would

not increase thrust. Because we have already shown that the e�ective anode radius

is a function of the internal radial forces, we anticipate that even in less-extreme

cases there exists some radius at which the plasma density has been substantially

reduced. Our penultimate assumption, that the flow has separated from the anode

wall, approximates this condition of reduced plasma density. We assume that this

reduction in density increases the resistance of the plasma so that the current density

to the anode downstream of the separation point is negligible.

Our final assumption, that the magnetic field is axial and constant in magnitude

within the anode, allows us to reach an analytical expression for our radial force

balance without invoking elliptic integrals. The axial component of the magnetic

field is typically much greater than the radial component within the anode volume.

However, for thrusters with diverging magnetic fields, the magnetic field typically

reduces from its maximum value by at least a factor of 2 along the anode length. We

therefore expect that we will be able to predict thrust scaling for a given magnetic field

configuration, but that the magnitude of the measured value may vary for thrusters

with di�erent applied-field topologies.
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4.1.2 Thrust

Fradkin et al. relate the power, P◊, due to the applied azimuthal force, F◊, to the power

of the rotating plasma column. At the point of flow separation from the anode, this

relation is given by

P◊ = d

dt

31
2IÊ

2
4-----

z=zsep

= F

2
◊

2ṁ

, (4.1)

where I is the moment of inertia of the rotating plasma column and zsep is the distance

from the anode throat at which the plasma flow separates from the anode. If I, Ê, and

ṁ are known, we can solve for F◊. Then, assuming that the conversion of azimuthal

kinetic energy to directed kinetic energy occurs with e�ciency ÷◊, we can express the

applied-field thrust component resulting from the swirling plasma as

TSW = Ô
÷◊F◊. (4.2)

÷◊ is the product of two di�erent e�ciencies: the e�ciency with which plasma is

redirected to be parallel to the field lines and the divergence e�ciency. The first of

these e�ciencies should be approximately constant since many thrusters share similar

plasma parameters (Te ¥ 2 eV [44, 45, 17, 33, 19], ne ¥ 1019 m3 [19, 33, 22], fully

ionized [22]). The divergence e�ciency was shown by Little and Choueiri [65] to be

primarily dependent on electron temperature and the ratio of the solenoid radius to

the anode radius, the latter of which has been shown to be similar for most AF-

MPDTs [20]. For typical AF-MPDTs, the divergence e�ciency modeled by Little and

Choueiri is in the range of 0.7 to 0.8. However, their analysis does not include the

e�ects of a bulk rotation of the plasma.

While we expect TSW to be the dominant term in an expression for the applied-

field thrust, we must also consider the thrust contribution due to the electromagnetic

pinching forces, TAF≠pinch, resulting from the application of an external magnetic
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field. Inward radial forces can increase thrust by increasing gasdynamic pressure on

the tip of the cathode. Choueiri [18] observed the influence of self-induced pinching

forces on thrust for SF-MPD thrusters, with operation at low current resulting in a

substantial thrust component generated by the pinching components of the Lorentz

force densities. Additionally, Tahara et al. [28] observed that increasing the centrifugal

force in an AF-MPD thruster served to reduce the gasdynamic pressure at the cathode

tip, and attributed this decrease in pressure to a decrease in measured thrust.

The applied-field thrust can therefore be expressed as

TAF = TSW + TAF≠pinch. (4.3)

We define TAF≠pinch as the di�erence in force on the tip of the cathode operating

with an applied-field compared to without one. Therefore, in the case of a quasi-one-

dimensional flow, we assume that TAF≠pinch = 0, since the pressure at the tip of the

cathode is the same as that predicted when there is no radial Lorentz force. TAF≠pinch

can be negative in cases where the density is higher near the anode wall than at the

tip of the cathode.

4.1.3 Moment of inertia

We now solve for P◊ using the assumptions given in Sec. 4.1.1. Assuming steady-state

operation, the time derivative of the middle expression in Eq. 4.1 is
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dt
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ˆ
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Ê

2
2B

. (4.7)

The moment of inertia is defined by

I = m

e
r

2
f

, (4.8)

where m is the total mass of the rotating body, and Èr2Í is the expected value for r

2.

The mass is constant in z, and is given by

m = ṁzsep

a0
. (4.9)

The expected value for r

2 is found by the integral fraction

e
r

2
f

=
sss

V flr

2
dV

sss
V fl dV

, (4.10)

where fl is the mass density. The mass density varies as a function of the anode radius

at a given axial location, so that

fl = ṁ

a0fira (z)2 . (4.11)

A schematic of the relevant geometry is given in Fig. 4.1. The anode radius varies

as a function of z by the relation
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Figure 4.1: Schematic of the geometry relevant to the separation of the plasma flow
from the anode wall.

ra (z) = z tan (–) + ra0. (4.12)

Incorporating Eqs. 4.11 and 4.12 into Eq. 4.10 yields

e
r

2
f

= 3r

2
a0 + z

2 tan2 (–) + 3ra0z tan (–)
6 . (4.13)

At the point of separation, this expression simplifies to

e
r

2
f

=
r

2
sep + rsepra0 + r

2
a0

6 . (4.14)

Since

ˆ Èr2Í
ˆz

= (2rsep + ra0) tan (–)
6 , (4.15)

we can now further simplify Eq. 4.7 to find that

d

dt

31
2IÊ

2
4

= ṁÊ

2

12
1
4r

2
sep + rsepra0 + r

2
a0

2
, (4.16)
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where we have incorporated our assumption that the angular frequency increases

linearly from the anode throat to the position where separation occurs. The thrust

due to the swirling motion of the plasma can now be expressed as

TSW = Ô
÷◊ṁÊ

Û
4r

2
sep + rsepra0 + r

2
a0

12 . (4.17)

4.1.4 Angular frequency

The angular frequency relates to the torque, ·z, on the plasma column by the expres-

sion

·z = d

dt

3
IÊ

4
(4.18)

= u · Ò (IÊ) (4.19)

= a0

A

Ê

ˆI

ˆz

+ I

ˆÊ

ˆz

B

(4.20)

= ṁÊ

A

z

ˆ Èr2Í
ˆz

+
e
r

2
fB

(4.21)

=
ṁÊr

2
sep

2 . (4.22)

In order to determine Ê, we will now solve for the torque on the plasma resulting

from the current and applied magnetic field. The general expression for the torque

inside the anode of volume V , is

· =
⁄⁄⁄

V
r ◊ ˆF

ˆV

dV, (4.23)

where

ˆF
ˆV

= j ◊ B. (4.24)
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since only the Lorentz force resulting from the current density, j, and magnetic field

acts to swirl the plasma. We do not know the current density distribution, nor do we

know the limits of the relevant volume, but we can limit the assumptions necessary

about the current distribution with the concept of the magnetic stress tensor, B. This

tensor is defined [40] by the relation

Ò · B = j ◊ B, (4.25)

in order to determine the force density as a function of a surface integral by use of

the divergence theorem:

⁄⁄⁄

V
Ò · B dV =

⁄⁄

S
B · n̂ dS, (4.26)

where S is the surface inclosing the volume, V . The torque is found using the az-

imuthal component of this force:

·z =
⁄⁄

S
r (B · n̂)◊ dS. (4.27)

The magnetic stress tensor takes the form

B = 1
µ0

S

WWWWWWU

B

2
r ≠ 1

2B

2
BrB◊ BrBz

B◊Br B

2
◊ ≠ 1

2B

2
B◊Bz

B◊Bz BzB◊ B

2
z ≠ 1

2B

2

T

XXXXXXV
. (4.28)

The only surfaces on which an azimuthal shear force exists are those enclosing a

current since (B · n̂)◊ is only nonzero when there is a self-induced magnetic field. On

the backplate of the thruster and tip of the cathode, the unit the normal vector is

(0, 0, 1). The torque on the backplate is

·z,bp = 1
µ0

⁄⁄

bp
r

2
B◊Bz drd◊. (4.29)
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For a typical applied-field thruster, Bz = BA at the backplate. B◊ can be evaluated

using Ampère’s law, where the enclosed current between the electrodes is the total

current:

B◊,bp = µ0J

2fir

. (4.30)

Evaluating the integral in Eq. 4.29 yields

·z,bp = 1
2JBA

1
r

2
a0 ≠ r

2
c

2
, (4.31)

This torque is the same as that typically considered for a cylindrical anode [8]. How-

ever, for both cylindrical and conical anodes, we must also consider the shear over

the tip of the cathode. This shear depends on how far the cathode extends into the

anode volume. For a cathode that ends at the anode throat, we assume the current

density at the tip to be constant, so that

B◊,c = µ0Jr

2fir

2
c

, (4.32)

and the total torque at the tip of the cathode is

·z,c = 1
4JBAr

2
c . (4.33)

The unit normal vector for the wall of the anode is

n̂ =
3

cos (–) , 0, sin (–)
4

. (4.34)

The enclosed current is the total current at the upstream end of this surface and 0 at

the downstream end. We assume that the radial current density is uniform in z, so

that the azimuthal magnetic field is
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B◊,aw = µ0J (zsep ≠ z)
2firazsep

, (4.35)

The torque at the anode wall is

·z,aw = 1
µ0

⁄⁄

aw
r

2
aB◊,aw

3
Br cos (–) + Bz sin (–)

4
dzd◊. (4.36)

Although the azimuthal currents in the plasma contribute to both Br and Bz, to first

order these magnetic field components are those generated by the solenoid, and can

be calculated using the Biot-Savart law for a solenoid [35]. However, for simplicity we

assume that Bz ∫ Br, and that the applied field strength is approximately constant

through the anode volume. We note that while these assumptions makes the prob-

lem significantly easier to solve, many thrusters have applied fields that decrease in

strength over the length of the anode, with exit plane applied-field magnitudes being

less than half the magnitude at the anode throat. We therefore expect our model to

overpredict thrust in these cases, especially for anodes with large – values.

Incorporating our assumptions about the magnetic field into Eq. 4.36 yields

·z,aw = JBA cos (–)
6

1
r

2
sep + rsepra0 ≠ 2r

2
a0

2
. (4.37)

We can now rearrange Eq. 4.22 to determine the angular frequency:

Ê = 2 (·z,bp + ·z,c + ·z,aw)
ṁr

2
sep

(4.38)

=
JBA

Ë
2r

2
sep cos (–) + 2rsepra0 cos (–) + (6 ≠ 4 cos (–)) r

2
a0 ≠ 3r

2
c

È

6ṁr

2
sep

. (4.39)

For convenience, we introduce the nondimensional geometric term
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r̄Ê =
2r

2
sep cos (–) + 2rsepra0 cos (–) + (6 ≠ 4 cos (–)) r

2
a0 ≠ 3r

2
c

6r

2
sep

, (4.40)

and simplify Eq. 4.39 so that

Ê = JBA

ṁ

r̄Ê (rsep, rc, ra0, –) . (4.41)

Equation 4.41 is consistent with observations of Ê being proportionate to

JBA/ṁ [63]. Combining Eq. 4.41 with Eq. 4.17 yields

TSW = Ô
÷◊JBAr̄Ê (rsep, rc, ra0, –)

Û
4r

2
sep + rsepra0 + r

2
a0

12 . (4.42)

With an expression for rsep, we will be equipped to determine the swirl component of

the thrust in terms of controllable parameters.

4.2 Radius of flow separation from the anode

We now seek an analytical expression for rsep. For a fluid with velocity u expanding

through a physical nozzle, which diverges at angle – from the thrust axis (Fig. 4.1),

the fluid separates from the nozzle when

tan (–) >

ur

uz
. (4.43)

In order to determine the axial position, zsep, and corresponding radius, rsep, at which

this separation occurs, we consider the radial momentum balance for a steady-state,

azimuthally symmetric inviscid flow:

fl

A

ur
ˆur

ˆr

+ uz
ˆur

ˆz

≠ u

2
◊

r

B

= ≠ˆpGD

ˆr

+ j◊Bz ≠ jzB◊, (4.44)
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where pGD is the gasdynamic pressure. At the anode wall, ur

uz
= ˆr

ˆz

= tan (–). We

can therefore simplify Eq. 4.44 so that

fl

A

2uz tan2(–)ˆuz

ˆr

≠ Ê

2
ra

B

= ≠ˆpGD

ˆr

+ j◊Bz ≠ jzB◊, (4.45)

where we have also replaced u◊/r with Ê. We will now derive an expression for each

term in Eq. 4.45 so that we may determine the value of r = rsep at which the equality

holds.

4.2.1 Convective terms

We continue our assumption that uz is the sound speed, which is given by

a0 =
Û

“kBTi

Mi
. (4.46)

For all calculations, we assume that Ti = 2 eV, which is on the order of the measure-

ment reported for a wide range of operating conditions [44, 45, 17, 33, 19].

Although we assume the variation of the axial velocity with radial position to

be small, the fluid must flow parallel to the anode at the anode wall and is strictly

axial along the thrust axis. Since we have assumed that the conversion of azimuthal

flow to axial flow takes place downstream of the separation point, the axial velocity

must have a dependence on r for energy to be conserved. We therefore assume that

for a given z,
Ò

u

2
z + u

2
r is constant, and that the direction of flow at (r, z) can be

traced from the vertex of the anode cone (illustrated in Fig. 4.2). The two velocity

components are then given by

ur = a0rÚ
r

2 +
1
z + ra0

tan(–)

22
. (4.47)

and
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uz = a0Ú
1 +

1
r tan(–)

z tan(–)+ra0

22
(4.48)

rae

ra0

zra0/ tan (–)

ẑ

r̂ u

Axis of symmetry

Figure 4.2: Illustration of assumed velocity distribution at z (|u| = a0).

The derivative of the latter velocity is given by

ˆuz

ˆr

=
a0

1
tan(–)

z tan(–)+ra0

22
r

3
1 +

1
r tan(–)

z tan(–)+ra0

22
43/2 , (4.49)

and simplifies at the anode wall to

ˆuz

ˆr

-----
r=ra

= ≠a0 sin2 (–) cos (–)
ra

. (4.50)

At the anode wall, the left-hand side of Eq. 4.45 can be rewritten as

fl

A

2uz tan2(–)ˆuz

ˆr

≠ Ê

2
ra

B

= ≠2ṁa0 sin3 (–) tan (–)
fir

3
a

≠ J

2
B

2
Ar̄

2
Ê (rsep, rc, ra0, –)
fiṁa0ra

,

(4.51)

where the final term represents the centrifugal force density, fcent.
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4.2.2 Gasdynamic pressure gradient

There are two components to the gasdynamic pressure gradient we must consider.

First, there is a radially inward force density resulting from our imposed flow condi-

tions (Fig. 4.2). However, for the equality in Eq. 4.45 to hold, we must also account

for the pressure gradient resulting from the existence of the anode wall. In cases

where the modeled outward force density is greater than the inward force density, the

physical barrier at the anode wall results in an opposing force density in the form of

a pressure gradient. We will refer to the two components as ˆpflow/ˆr and ˆp�f/ˆr

respectively.

The gasdynamic pressure is given by the ideal gas equation for ions:

pGD = flkBTi

Mi
. (4.52)

The radial component of the gradient is

ˆpGD

ˆr

= kBTi

Mi

ˆfl

ˆr

. (4.53)

Although we assume the density to be approximately constant in r for a given z, we

can use our derivative of the axial velocity with respect to r to find that

ˆpflow

ˆr

= ˆpGD

ˆfl

ˆfl

ˆuz

ˆuz

ˆr

(4.54)

= ≠ṁkBTi

Mifir

2
au

2
z

ˆuz

ˆr

(4.55)

= ≠pGD

uz

ˆuz

ˆr

. (4.56)

At the anode wall, this pressure gradient can now be rewritten as
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pflow

ˆr

= ṁa0 sin2 (–)
“fir

3
a

. (4.57)

When the density is not approximately constant in r, our model is insu�cient,

however we assume that

ˆp�f

ˆr

Ã pGD

r

. (4.58)

At the anode wall, this expression yields

ˆp�f

ˆr

Ã ṁa0

“fir

3
a
. (4.59)

4.2.3 Lorentz force density

We derive the axial and azimuthal currents from Ohm’s law, which states that

j = ‡

5
E + u ◊ B + ÒpGD ≠ j ◊ B

nee

6
, (4.60)

where E is the electric field strength and ‡ is the plasma conductivity. The conduc-

tivity is given by

‡ = nee
2

me‹ei
, (4.61)

where me is the electron mass. The azimuthal current is then

j◊ = ‡

5
≠urBz + jrBz

nee

6
, (4.62)

since the electric field is negligible in the azimuthal direction, the pressure is uniform

in the azimuthal direction, and since we have assumed the applied field to be strictly

axial. Applying the previous assumption that the current density is uniform in z, and

assuming that the current leaving the anode wall is primarily radial, we find that
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jr = ≠J

2firazsep
. (4.63)

Although jzB◊ = 0 beyond the point of separation since there is no longer an

enclosed current (and therefore B◊ = 0), we will determine jz so that we can compare

the radial forces upstream of the separation point. The axial current density is

jz = ‡

C

urB◊ + (ˆpGD/ˆz) ≠ jrB◊

nee

D

. (4.64)

Since the axial velocity depends only weakly on z, the axial pressure gradient at the

wall is given by

ˆpGD

ˆz

= ˆ

ˆz

A
ṁkBTi

Miuzfi (z tan (–) + ra0)2

B

(4.65)

= ≠2pGD sin (–)
ra cos2 (–) . (4.66)

Accounting for the self-induced magnetic field being in the ≠✓̂ direction, the

Lorentz force density at the anode wall can now be expressed as

j◊Bz ≠ jzB◊ = ≠eB

2
A sin (–)

firame‹ei

S

U J

2 (rsep ≠ ra0) cos (–) + eṁ

Mira

T

V

≠ eµ0J (rsep ≠ ra) sin (–)
fi

2
r

3
ame‹ei (rsep ≠ ra0)

S

Uµ0J (rsep ≠ ra)
4fi (rsep ≠ ra0)

A
J

2 (rsep ≠ ra0) cos (–) + eṁ

Mira

B

+ ṁa0

“

2
ra cos2 (–)

T

V
, (4.67)

where the two terms represent the Hall and self-induced force densities (fH and fSF

respectively).
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4.2.4 Comparison of radial forces

In order to simplify our momentum balance, we will compare the magnitude of each

radial force density under typical operating conditions. For now, we will ignore the

contributions of ˆp�f/ˆr since the magnitude of this contribution is unknown.

Outward forces

The only outward force densities are from the convective terms in our momentum

balance. In Fig. 4.3, we compare the radial force densities at the anode wall as a

function of axial position using typical operating conditions for one of our labora-

tory thrusters, the lithium Lorentz force accelerator (LiLFA), which is described in

Appendix C. We see that the centrifugal force is dominant compared to the other con-

vective terms (shown by fout ≠ fcent), and so we can typically make the assumption

that the outward force density can be assumed to be

fout = J

2
B

2
Ar̄

2
Ê (rsep, rc, ra0, –)
fiṁa0ra

. (4.68)

It has been suggested that viscous forces might limit the rate of rotation [12]. In

order to determine if viscous forces might have a significant influence on the modeled

centrifugal force density, we calculate the Reynolds number at the anode exit plane,

Re = flÊ2fir

2
ae

µ

, (4.69)

where µ is the viscosity [32],

µ = 3nikBTi‹i

10 (eBA/Mi)2 , (4.70)

and where ‹i is the ion collision frequency, given by
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Figure 4.3: Radial force densities at the anode wall as a function of axial position for
the LiLFA operating at 800 A, 0.056 T, and 8 mg/s lithium mass flow rate.
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‹i =
e

4
ni ln

1
1.24 ◊ 107

Ò
T 3

e /ne
2

12fi

3/2
‘

2
0
Ô

Mi (kBTi)
3/2 . (4.71)

We find that Re > 108 for typical operating conditions for the LiLFA, indicating

that the inertial forces are substantially larger than the viscous forces. In addition,

the shear due to viscosity is typically insignificant compared to the shear previously

described due to the Lorentz force. This observation justifies our use of an inviscid

flow model for the case of the LiLFA, however, for thrusters operating with high mass

flow rates and low applied-field strengths, the shear due to viscosity can be significant.

Inward forces

As is shown in Fig. 4.3, ˆpflow/ˆr is typically insignificant compared to the pinching

components of the Lorentz force densities. Since µ0J

2fira
is typically much less than BA,

the pinching components due to the self-induced magnetic field are small compared

to those resulting from Hall currents interacting with the applied-field. However, the

self-induced pinching component can still be substantial for thrusters with large –

values due to the correspondingly large axial pressure gradient.

In most cases, our dominant inward force density is fH. This force density is

composed of two components: the force related to the axial current, jr, and the force

related to the axial ion velocity, ur. In Fig. 4.4, we show that the force density

resulting from the axial current is typically dominant within the anode volume, and

so the inward force density is given by

fin = JB

2
Ae tan (–)

2fime‹eira (rsep ≠ ra0)
. (4.72)

Nondimensional parameter

Even using our approximate values for the inward and outward forces, there is no

analytical expression for rsep. The value can be found numerically, however for nearly
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Figure 4.4: Radial Hall force component densities at the anode wall as a function of
axial position for the LiLFA operating at 800 A, 0.056 T, and 8 mg/s lithium mass
flow rate.

all data in the literature, it can be shown that either rsep = ra0, or rsep = rae.

We can determine which, if either, of these cases applies using the nondimensional

confinement parameter

f̄ = fin

fout
= eṁa0 tan (–)

2Jr̄

2
Ê (rsep, rc, ra0, –) me‹ei (rsep ≠ ra0)

. (4.73)

If f̄ Æ 1 at the anode exit plane, rsep = rae (the plasma exerts an outward force on

the anode wall at the exit plane). Conversely, if f̄ Ø 1 at the anode throat, the inward

radial forces at the anode throat are large enough to immediately cause separation

to occur, and rsep = ra0. We will refer to these two distinct modes of operation as

the anode-confinement mode, and the magnetic-confinement mode, respectively. In

summary,
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rsep =

Y
________]

________[

rae if f̄

---
rsep=rae

< 1

ra0 if f̄

---
rsep=ra0

> 1

solution of f̄ = 1 for rsep otherwise.

(4.74)

4.3 Applied-field thrust due to pinching forces

We have assumed until now that the flow is quasi-one-dimensional. We will now

examine the consequences on our thrust model if this assumption is incorrect.

4.3.1 E�ect of radial forces on pinching thrust component

We can use our confinement parameter f̄ to qualitatively describe the state of the

flow. If f̄ ¥ 1, the flow is approximately one dimensional. However, if f̄ < 1, there

is an outward radial force that will increase the mass density at the anode wall and

decrease the density at the thrust axis. Conversely, if f̄ > 1, the opposite will be

true. Therefore, the radial mass distribution can be assumed to be a function of f̄ .

The parameter f̄ describes the radial force balance in cases where f̄ ' 0.5, but

for smaller values, where the outward radial force is much larger than the modeled

inward radial force, the dominant inward force density term is the pressure gradient

at the anode wall, ˆp�f/ˆr. The ratio of ˆp�f/ˆr to the centrifugal force density

gives us a second confinement parameter,

f̄p = ˆp�f/ˆr

fcent
= ṁ

2
a

2
0

J

2
B

2
Ar

2
a r̄

2
Ê (rsep, rc, ra0, –) “

. (4.75)

Because these two confinement parameters, f̄ and f̄p, describe the radial force

balance across a wide range of operating conditions, we assume that, for a given

thruster geometry, TAF≠pinch is a function of f̄ and f̄p and that TAF≠pinch increases
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monotonically with each. TAF≠pinch is negative when f̄ < 1, 0 when f̄ = 1, and

positive when f̄ > 1.

4.3.2 E�ect of radial forces on swirl thrust component

We have already shown that radial forces play a role in determining the radius of

separation, however the e�ect of these forces on the mass distribution can also a�ect

the swirl component of the thrust. Increasing f̄ will serve to decrease Èr2Í, which is

an important parameter in our calculations of both the moment of inertia and the

angular velocity. Because the swirl component of the thrust depends on each of these

parameters, we will now derive an approximate scaling of this thrust component with

Èr2Í.

From Eqs. 4.1 and 4.2,

T

2
SW Ã d

dt

1
IÊ

2
2-----

z=zsep

. (4.76)

Assuming that the angular velocity and mass distribution are at steady-state, and

that only the mass of the rotating body changes as a function of time,

T

2
SW Ã ṁ

e
r

2
f

Ê

2
. (4.77)

Applying the same assumption to Eq. 4.18, we find that

Ê = ·z

ṁ Èr2Í . (4.78)

The result is that

TSW Ã ·zÒ
Èr2Í

. (4.79)
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Equation 4.79 is a function of two length scales: the distance from the thrust axis

at which the torque is applied, and the expected value for r

2. If we assume that the

former is independent of the mass distribution for rsep = rae (meaning f̄ Æ 1), then

the swirl component of the thrust scales with Èr2Í≠1/2. A higher dimensional model

than that presented here is necessary to determine Èr2Í, however we can predict from

Eq. 4.79 that when f̄ Æ 1 at the anode exit plane, increasing f̄ or f̄p will serve to

increase the thrust even when no change is predicted by Eq. 4.17. When f̄ > 1,

the separation of the plasma from the anode wall will reduce the radius at which

the torque is applied along with the expected value for r

2, and we can only predict

that the dependence of the swirl component of thrust on f̄ will be less pronounced

compared to the case when f̄ Æ 1.

In Chapter 5, we will examine how thrust scales with both f̄ and f̄p for a number

of di�erent thrusters. In order to evaluate f̄ for cylindrical thrusters, for which there

is a singularity, we use the relation

tan (–)
rsep ≠ ra0

= 1
la

. (4.80)

4.4 Summary

We have derived a quasi-one-dimensional applied-field thrust model (Eq. 4.42). How-

ever, this model is only appropriate in the uncommon case that our confinement

parameter f̄ = 1. In Ch. 5, we define a thrust coe�cient, CT , which is the ratio of

measured thrust to modeled thrust. Based on our previous analysis of the role of

radial forces in thrust generation, we can predict trends in how this thrust coe�cient

will scale with the confinement parameter.

When f̄ < 1, the outward radial forces exceed the inward radial forces, and the

plasma is in the anode-confinement mode. In this mode, for a given thruster, we

71



expect the thrust coe�cient to depend solely on the confinement parameter. Increas-

ing the confinement parameter will decrease the plasma density near the anode wall

and increase the density near the thrust axis, which will increase pressure on the tip

of the cathode, and the rate of rotation of the plasma column. Both the increase

in pressure, and the increase in azimuthal kinetic energy, will serve to increase the

thrust parameter.

When f̄ > 1, the inward radial forces are dominant, and the plasma is in a

magnetic-confinement mode. In this mode, the plasma is pinched inward from the

anode wall, reducing the volume on which the Lorentz force acts to generate thrust.

We therefore expect a reduced slope in CT as a function of f̄ compared to operation

in the anode-confinement mode.
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Chapter 5

Verification with Reported

Experimental Data
4

We will now examine how measured thrust reflects the predictions made in Chapter 4

using data from the literature. All measurements are of the total thrust. Because

we wish to examine the scaling of the applied-field thrust component, we define the

dimensionless thrust coe�cient

CT = T ≠ TSF ≠ TGD

kTikhonovJBAra0
. (5.1)

Assuming that we know TSF and TGD, CT is the applied-field thrust component nondi-

mensionalized by the minimum prediction of Tikhonov et al. (evaluated at the anode

throat). We again employ the Tikhonov et al. model because of how often it has

been used in the literature. Because the geometry is constant for a single thruster,

the Tikhonov et al. model serves as a stand-in for any JBAr thrust model, including

our own model of the swirl component of the applied-field thrust, since these models

only di�er by a constant for a given geometry. We therefore expect that any observed

trends in CT can be attributed to a change in the swirl or the pinching component of
4This chapter is based on work being prepared to be submitted for publication.
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the thrust compared to the prediction of a quasi-one-dimensional model. Based on

our findings in Chapter 3, we set kTikhonov = 0.14.

We assume that the self-field thrust component is given by the Maecker formula

(Eq. 2.13). The gasdynamic thrust component is given by Eq. 2.14. This latter

thrust component includes two unknown parameters: the temperature of the plasma

at the injection site, and the gasdynamic thrust coe�cient, kGD. We continue our

assumption from previous chapters that Ti = 2 eV. We assume that kGD = 1, but since

values employed in the literature are as high as 1.6 [43], we demonstrate that this

larger value does not significantly a�ect our results in Appendix D. For all results,

we evaluate f̄ at z = 0. Table 5.1 compares the design features of each thruster

referenced in this chapter.

5.1 Confinement modes

The only thruster for which measurements are taken in both anode-confinement and

magnetic-confinement modes is the Alta 200 kW argon thruster [15, 66, 67, 68]. We

show how the thrust coe�cient scales with f̄ for these measurements in Fig. 5.1. We

see two distinct regimes. When f̄ < 1.3, CT increases as a function of f̄ . However,

for f̄ Ø 1.3, CT is either constant or decreasing. This transition is consistent with

the prediction made in Ch. 4, that the slope of CT is smaller when f̄ > 1 than when

f̄ < 1. Since f̄ = 1 represents the condition where plasma flow separation from

the anode has occurred, we expect that for f̄ > 1, increasing values of f̄ serve to

reduce the e�ective anode radius, decreasing the torque on the plasma column, and

therefore limiting the swirl thrust component. The fact that the change in behavior

occurs at f̄ = 1.3 rather than 1 may be due to our assumption that Ti = 2 eV, whereas

Albertoni et al. estimate the temperature for this thruster to be as high as 5 eV based
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on measurements from a similar thruster, the hybrid plasma thruster [15]. A value of

Ti = 3.4 eV results in the transition occurring when f̄ = 1.

We observe that there is a substantial spread in the data for f̄ > 1.3 that depends

on magnetic field strength and mass flow rate. While f̄ predicts where the transition

from one mode to the next will occur, f̄ does not predict CT scaling well for f̄ > 1.

Because f̄ is the radial force balance evaluated at the anode wall, and we predict little

or no plasma at the anode wall when f̄ > 1, it is not surprising that the confinement

parameter does not predict thrust scaling in the magnetic-confinement mode.

We will see in Sec. 5.2 that in all cases where f̄ < 1, CT increases with f̄ . How-

ever, the 12 kW H2-4F hydrogen thruster was operated exclusively in the magnetic-

confinement mode, where f̄ > 1. The data for this thruster (Fig. 5.2) [57] show

that CT is decreasing, indicating that the pinching forces are reducing the angular

frequency of the rotating body. We see that for these data, CT < 1.2, suggesting that

ra0 is approximately the correct ra value to use when implementing the Tikhonov et

al. thrust model. Since rae/ra0 = 4.74 for the H2-4F, ra is particularly ambiguous,

and the fact that CT = ra/ra0 ¥ 1 provides further evidence that the volume of the

plasma has been constricted by pinching forces.

5.2 Scaling of C

T

with the confinement parameter

In Chapter 4, we predicted that the thrust coe�cient would increase with f̄ when

f̄ < 1 as a result of increasing pressure on the tip of the cathode and increasing

azimuthal kinetic energy within the anode. However, we said that f̄p is the more

relevant parameter with f̄ / 0.5 because the pressure gradient contribution from the

anode wall is dominant in this regime. In Figs. 5.3 (a) and (b), we show how CT

scales with each parameter for the MAI 30 kW lithium thruster [25, 69, 70]. We see

qualitatively that f̄p is the more relevant scaling parameter. While CT increases with
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Figure 5.1: CT as a function of f̄ for the 200 kW Alta argon thruster.
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Figure 5.2: CT as a function of f̄ for the 12 kW H2-4F hydrogen thruster.

f̄ , the scaling is di�erent for each tested mass flow rate and magnetic field strength.

In contrast, f̄p nearly completely captures the scaling of CT .

Performing the same comparison for the MAI 150 kW lithium thruster

(Figs. 5.4 (a) and 5.4 (b)) [16, 23, 24, 25], we again see that f̄ < 1, and that

CT typically increases with f̄ for a given mass flow rate and applied field strength.

As with the case of the MAI 30 kW thruster, f̄p more completely captures the scaling

of CT irrespective of the mass flow rate and applied field strength. The exception

to this trend is the data taken at 81 mg/s mass flow rate and 0.09 T applied field

strength. However, the trend is strongly supported by the data taken at 80 mg/s

and at the same applied field strength. We would not expect a 1.3% change in mass

flow rate to have such a profound e�ect on CT , and we observe that larger changes

in mass flow rate at the same applied field strength have little e�ect. CT behavior

as a function of f̄p is nearly identical for the data taken at 80, 85, and 95 mg/s.
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Figure 5.3: CT as a function of f̄ (a) and f̄p (b) for the 30 kW MAI lithium thruster.

It therefore seems most likely that the anomalous data taken at 81 mg/s is not

characteristic of the thruster performance.

For cylindrical thrusters, there is no ambiguity about the anode radius, however

the internal forces can still a�ect the mass distribution within the anode and, there-

fore, the swirl and pinch thrust components. In Fig. 5.5, we show how CT varies

as a function of f̄p for the cylindrical 100 kW LeRC-A argon thruster [9]. Because

current was only varied for a single mass flow rate and magnetic field strength, the

scaling as a function of f̄ is similar, and we cannot say which is the more relevant

scaling parameter, however the thrust coe�cient increases monotonically with each

parameter, which is consistent with previous observations when f̄ < 1.
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Figure 5.4: CT as a function of f̄ (a) and f̄p (b) for the 150 kW MAI lithium thruster.

5.3 Applied-field thrust scaling

In the previous sections, we saw that CT is at a maximum when f̄ ¥ 1. When f̄ > 1,

a thruster is operating in a magnetic-confinement mode analogous to onset, in which

the anode is starved of charge carriers. Because such operation is not well-described

by our scaling parameters, we will focus on the anode-confinement mode, in which

f̄ < 1.

While a qualitative comparison of Figs. 5.3 (a) and 5.4 (a) to Figs. 5.3 (b)

and 5.4 (b) shows f̄p to be more relevant to thrust generation than f̄ when operating

in an anode-confinement mode, we can also compare the two parameters quantita-
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Figure 5.5: CT as a function of f̄p for the 100 kW LeRC-A, operating at 0.034 T with
argon at 100 mg/s.

tively by fitting to a power law as we did in Chapter 3. Based on our findings in

Chapter 4, we assume that the thrust is described by the relation

T = TGD + TSF + kJBAr̄Ê (rae, rc, ra0, –)
Û

4r

2
ae + raera0 + r

2
a0

12 f̄

Ÿ1
f̄

Ÿ2
p . (5.2)

We solve for the Ÿ1 and Ÿ2 values that minimize the relative standard deviation

between prediction and measurement, and then find the k value such that the average

prediction provides the value of the measurement. Following this procedure separately

for the 30 and 150 kW MAI thrusters, we find the results summarized in Table 5.2. In

addition, we apply the same method to the Tikhonov et al. model, using the average

anode radius. The relative standard deviation, ŝ, is given for each thrust model,

where ŝTikhonov is that of the Tikhonov et al. model.
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Figure 5.6: Thrust measurement versus prediction for the 30 kW MAI lithium
thruster.

We find that, while the relative standard deviation is substantially reduced when f̄

and f̄p are incorporated into a thrust model, the Ÿ1 and Ÿ2 values di�er substantially

between the two thrusters, indicating that the values do not represent a universal

scaling. However, in each case, Ÿ2 is substantially larger than Ÿ1, supporting our

previous assertion that f̄p is the more relevant parameter to thrust generation when

f̄ < 1. We can therefore repeat our analysis assuming that Ÿ1 = 0. Doing so, we find

that Ÿ2 = 0.26 for the 30 kW thruster and 0.18 for the 150 kW thruster, with relative

standard deviations of 0.068 and 0.047 respectively. The assumption that Ÿ1 = 0 is

justified by the fact that Ÿ2 and ŝ are nearly unchanged from the case when Ÿ1 ”= 0.

We therefore conclude that f̄ is only an important parameter insofar as it determines

the mode of confinement. When f̄ < 1, rsep = rae and the applied-field thrust scales

with f̄p.

In Figs. 5.6 and 5.7, we show the measured total thrust as a function of the

predicted thrust for the 30 and 150 kW thrusters respectively. We show the predicted
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Table 5.2: Constants found by comparison to data.

Thruster Ÿ1 Ÿ2 k ŝ kTikhonov ŝTikhonov
MAI 30 kW ≠0.18 0.29 1.34 0.055 0.17 0.25
MAI 150 kW 0.07 0.17 0.68 0.047 0.15 0.12
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Eq. 5.2, k = 0.70, Ÿ1 = 0, and Ÿ2 = 0.18

Figure 5.7: Thrust measurement versus prediction for the 150 kW MAI lithium
thruster.
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value by our model (Eq. 5.2) where Ÿ1 = 0 and by the Tikhonov et al. model. We see

in Fig. 5.6 that the predictions of Eq. 5.2 are nearly always within an error bar of the

agreement line. The predictions of Tikhonov et al. are close to measurement for low

thrust values, but diverge from the measured value markedly in two locations. First,

there is a departure below the line representing agreement where the predicted value is

¥ 5 N. These data are the highest current and magnetic field strength measurements

taken for the lowest mass flow rate. The other main point of departure is for the

largest four thrust measurements, which are substantially larger than the predicted

value. These represent the highest mass flow rate data, which were taken at a constant

magnetic field strength. Because f̄p Ã
3

ṁ

JBA

42
, the model incorporating f̄p is able

to account for both deviations from the Tikhonov et al. model.

In Fig. 5.7, we again see that Eq. 5.2 more closely predicts the measurement

than does the Tikhonov et al. model. The latter model tends to underpredict the

measurement for smaller thrust values and overpredict the measurement for larger

thrust values. The two outlying data points for which Eq. 5.2 underpredicts the

measurement are the same anomalous data points referred to in the previous section.

We have by no means found a universal thrust formula, as the magnitudes of the

free parameters in Eq. 5.2 di�er substantially between thrusters. The di�erent values

may be due to our assumption that the Ti = 2 eV or that kGD = 1. Any future

testing campaigns conducted with the intention of determining thrust scaling should

therefore include measurements of Ti. In addition to measurements of total thrust,

measurements of the applied-field thrust component remove the need for assumptions

about the value of kGD.

We observed in Chapter 2 that although the model of Mikellides and Turchi could

not be applied to all thrusters, for those it could be applied to, the prediction that

TAF Ã
Ô

ṁJBA was generally in agreement with measurement. Their model cannot

be applied to the MAI thrusters, as each of these thrusters has a recessed cathode
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and they predict that TAF Ã l

≠1
c . However, a value of Ÿ2 = 0.25, which is between

the values found for these two thrusters, yields the same TAF Ã
Ô

ṁJBA scaling. We

found that the physical explanation provided by the Mikellides and Turchi model—

that viscous heating is one of the primary acceleration mechanisms and that viscous

e�ects significantly limit the rate of rotation—does not correctly describe the under-

lying physics of most thrusters in the literature, but rather the one specific thruster

that was numerically simulated by the model. In the presented work, we have found

a similar scaling justified by di�erent physical mechanisms, namely the scaling of az-

imuthal kinetic energy within the anode, and the pressure on the tip of the cathode,

due to pinching forces.
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Chapter 6

Applied-Field Thrust Component

Measurements
5

In the previous chapter, we demonstrated that the thrust coe�cient scales with the

confinement parameter when f̄ < 1. Here, we will verify that the demonstrated

scaling is not due to our assumptions about the gasdynamic and self-field thrust

components by directly measuring the applied-field thrust component. A detailed

description of the facilities in which these measurements were taken can be found in

Appendix C.
5This chapter is based on work accepted for publication in [71]: W. J. Coogan, M. A. Hepler,

and E. Y. Choueiri, “A Method for Measuring the Applied-Field Thrust Component of Plasma
Thrusters,” In Journal of Propulsion and Power.
Similar work was also presented in [72]: W. J. Coogan, M. A. Hepler, and E. Y. Choueiri, “Mea-
surement of the Applied-Field Component of the Thrust of a Lithium Lorentz Force Accelerator,”
In AIAA Propulsion and Energy 2016, AIAA-2016-4537, Salt Lake City, UT, July 25–27, 2016.
doi:10.2514/6.2016-4537
The applied-field thrust measurements taken with the ALFA were previously presented in [73]:
W. J. Coogan and E. Y. Choueiri, “Applied-Field Topology E�ects on the Thrust of an MPDT,” In
35

th
International Electric Propulsion Conference, IEPC-2017-182, October 8–12, 2017.

86



6.1 Direct measurement of the applied-field thrust

component

Because we seek to verify the applied-field thrust component scaling without mak-

ing assumptions about other thrust components, we developed a thrust stand with

which to directly measure the thrust generated by the application of a magnetic field.

Solenoid thrust stands have been investigated previously for helicon plasma thrusters

with magnetic nozzles operating at low currents (JB Æ 6 A) [74]. However, the tech-

niques used in these studies are poorly suited to the high currents (JB Æ 350 A) typical

of our argon and lithium Lorentz force accelerators (ALFA and LiLFA respectively).

The higher currents require cooling and a means of calibrating for electromagnetic

tare forces. In this section, we describe the solenoid thrust stand we developed for

high-current applications, along with the measurement and calibration procedures.

6.1.1 Thrust stand

In order to directly measure the applied-field thrust component, we constructed an

inverted pendulum thrust stand, similar to that used to measure the total thrust on

a high-power AF-MPDT described by Haag in Ref. [75]. The di�erence is that the

flexures support only the solenoid (illustrated in Figs. 6.1 and 6.2), which can move

independently of the thruster, which is fixed to the lab reference frame. Because

the applied-field component of the thrust exerts an equal and opposite force on the

solenoid, a calibrated measurement of the deflection of this inverted pendulum is a

direct measurement of the applied-field thrust component.

In order to accommodate the current and cooling requirements of our solenoid

without impeding the motion of the thrust stand, copper pipes (0.375” OD, 0.245” ID)

are used as the flexures, which carry all necessary current and cooling. The dimensions

of the flexures are based on the design criteria outlined in Ref. [75], the dimensions of
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and power)
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Thruster

Component
cooling and
power lines

Figure 6.1: Solenoid thrust stand for measurement of the applied-field component of
the thrust. Moving components are shown in blue.

our vacuum facility, and the sensitivity of our linear variable di�erential transformer

(LVDT). Because the temperature and spring constant of the flexures are functions

of current through the solenoid, an open-cycle cooling system was implemented and

found to reach steady-state operating temperature in under two minutes for any

current level in our operational range of up to 350 A. No change in flexure temperature

was observed while firing the thruster.

The force exerted on the solenoid is augmented by electromagnetic tare forces

from azimuthal currents to the thruster electrodes in proximity to the solenoid. The

tare forces between the flexures and the components carrying current to the thruster

electrodes were minimized by separating the two as much as possible within the

constraints of the vacuum tank dimensions. We considered two methods to account

for this tare force. The first method consists of making a measurement for a given
88



set of operating parameters and then repeating that measurement with the solenoid

current running in the opposite direction. The force from the applied-field thrust will

be the same in each instance, but the tare force will be in opposite directions. The

average of the two measurements is then equal to the applied-field thrust component.

In the second method, the measurement is repeated with the thruster electrodes

physically shorted. This measurement provides the tare force, which can then be

subtracted from the measurement made while firing. This method requires that the

short does not contribute to, or subtract from, the preexisting azimuthal currents,

which means it must be strictly radial and within the thruster volume. We tested

each method and present the results in Sec. 6.1.3.

The applied-field thrust component is dependent on the shape and strength of

the magnetic field within the anode, and so care must be taken to ensure that the

motion of the solenoid does not significantly alter either of these parameters. For

all measurements in the presented work, the magnetic-field strength at the exit was

within 0.22% of the thruster-o� value, and the angle of the solenoid was within 0.03¶

of the thruster-o� value. Since the applied-field thrust is approximately proportional

to the applied-field strength, these small deviations can be neglected.

6.1.2 Thrust measurement procedure

To correlate deflection with force, we measure the deflection of the thrust stand using

a Macro Sensors PR 750-100 LVDT, which has a sensitivity of 155 mV/V/mm. After

the solenoid coolant reaches steady state, we fire the thruster and record the voltage

from the LVDT. Then, the thruster current supply is turned o�, but the solenoid is

left on at a constant current. This ensures that the temperature of the flexures, and

the magnetic forces on nearby metallic surfaces, remain constant. A second voltage

is recorded. The di�erence in voltage between the two measurements represents the

distance the thrust stand was deflected.
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To calibrate the deflection measurement, a known force is applied to the pendulum.

For forces under a few newtons, the change in voltage measured as a result of deflection

of the thrust stand was found to be linear with force. Therefore, application of a single

known force, in addition to the calibration-o� measurement, is su�cient to calibrate a

voltage measurement. However, the measurement was repeated at a number of force

levels after each deflection measurement to ensure the linearity of the response.

Flexures, 76 cm

52 cm

Solenoid, 31 cm

Support
beam

Solenoid power

Stand motion

LVDT

Actuator
Flexure

Solenoid

Thruster

Pivot

Pulley

Scale Mass

Calibration

Figure 6.2: Calibration is performed in situ via a mass that can be translated along
a scale. An actuator is used to apply the calibration mass.

We apply a known force by means of an actuator and a scale, as is schematically

illustrated in Fig. 6.2. The scale translates a mass back and forth through remote

control. A cable is strung from the end of the scale over a pulley and attached to the

back end of the thrust stand along the thrust axis. As the mass moves further from

the pivot point, the scale applies a greater calibration force to the thrust stand. The

correlation between mass position and force is determined by suspending masses from

the same pulley and comparing the outputs of the LVDT, as is illustrated in Fig. 6.3.

The LVDT output was found to be linear with force up to 1.2 N, with R

2 = 0.9996.
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Figure 6.3: LVDT voltage as a function of scale position (left) and known force (right)
when BA = 0. The typical error is ±2 mV.

6.1.3 Initial test

We fired the LiLFA at 400 A at steady state, with an applied field strength of 0.056 T,

and a lithium mass flow rate of 8 mg/s. Background pressure was maintained under

5 ◊ 10≠5 Torr. We made two measurements for the same operating parameters, as is

shown in Fig. 6.4. First, we measured the total deflection of the stand with the elec-

tromagnetic tare force parallel to the thrust. We then reversed the current direction

through the solenoid and took a second measurement. Each deflection measurement

consists of the average LVDT output taken over a 10 to 15 second interval.

We calibrated the thrust stand with its flexures at operating temperature and

measured a sensitivity of 3.4 mN/mV. Averaging the deflection measurements from

each solenoid configuration yields an applied-field thrust of 108 ± 14 mN. We shorted

the thruster, and measured an electromagnetic tare force of 137 ± 17 mN, which,

subtracted from the parallel force measurement, and added to the antiparallel force

measurement, yields an applied-field thrust of 106 ± 19 mN and 111 ± 20 mN, re-
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(b) Antiparallel deflection measurement

Figure 6.4: The deflection of the thrust stand as measured by an LVDT with the
electromagnetic tare force parallel to the thrust (a) and antiparallel to the thrust (b).
These measurements were taken at 400 A, with an applied field strength of 0.056 T,
and a lithium mass flow rate of 8 mg/s.

spectively. The magnitude of the tare force, which is larger than the thrust, indicates

that there is a significant azimuthal current path to the thruster near the solenoid.

All results are summarized in Table 6.1.

Our three thrust measurements for the same operating conditions are in agree-

ment. In addition, all three methods provide applied-field thrust component values

that are less than the total thrust (224 mN) measured with equivalent operating con-

ditions [69] and within the range of values predicted by the model of Tikhonov et

al. [16] for applied-field thrust (99 to 197 mN). We recommend future experimental

campaigns employ the first method used, where the solenoid is run in both directions

and the measurements from each configuration are averaged. This method is preferred

because measurements can be made during a single operating period without vent-

ing the vacuum tank. In addition, we avoid inadvertently adding to or subtracting
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from the existing azimuthal currents to the thruster electrodes through an artificial

electrical short that may not be strictly radial. This method also avoids damage due

to high temperatures resulting from large currents through an electrical short in the

thruster volume.

Table 6.1: Results of each thrust measurement method for the LiLFA operating at
400 A, with an applied field strength of 0.056 T.

Method Measurement Error
Alternating B-field 108 mN ±14 mN

Parallel tare 106 mN ±19 mN
Antiparallel tare 111 mN ±20 mN

The 13% error in our thrust measurement is due to the variability in position,

which did not scale with the magnitude of the measurements made. Consequently,

we anticipate smaller relative errors in a higher-thrust regime.

6.2 Measurements of �TAF with constant EM tare

force

In certain instances, it is possible to reduce the error by streamlining the measurement

process. For instance, a single deflection measurement can be used to investigate the

dependence of the applied-field thrust, TAF, on mass flow rate, ṁ, which can be

changed while firing without a�ecting the electromagnetic tare force. In this case, we

do not know the value of TAF, but we can still determine �TAF as a function of ṁ.

In addition to eliminating one source of error from the measurement, this method

allows the duplication of the position measurement using a General Electric model

3300 8MM proximitor. The proximitor has a limited range compared to the LVDT,

but provides an order of magnitude greater resolution. In order to keep the proximitor

within range of the thrust stand, its position can be adjusted while firing by use of
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Figure 6.5: �CT as a function of �f̄p for the ALFA.

a translation stage. While this motion is unsuitable to a measurement of TAF, �TAF

can still be measured once the proximitor is at rest.

6.3 Results of applied-field thrust measurements

We directly measured changes in the applied-field thrust for the ALFA using the

techniques described in the previous sections. For these data, the numerator of Eq. 5.1

therefore reduces to TAF.

We operated the ALFA with an applied field strength of 0.05 T. The current

ranged from 50 to 220 A. The argon mass flow rate was alternated between 2.5 and

5.3 mg/s for each current tested. The results of our tests for a change in applied-field

thrust resulting from a change in mass flow rate are shown in Fig. 6.5. A positive

�CT value means that the applied-field thrust increased when the mass flow rate was
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increased or decreased when the mass flow rate was decreased. All measurements

were taken at background pressures less than 0.3 mTorr.

In Fig. 6.5, we see that the applied-field thrust component increases with increas-

ing mass flow rate, which has not previously been demonstrated. Further, we see that

the magnitude of this increase is dependent on current. At high current, the change

in mass flow rate results in small changes in f̄p and the error bars typically include a

null change in thrust. However, at lower currents, �f̄p is larger for a given mass flow

rate change, and we are able to measure a substantial change in CT .
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Chapter 7

Conclusions

In this dissertation, we investigated the acceleration mechanisms of applied-field mag-

netoplasmadynamic thrusters. We sought to determine which operating and geomet-

ric parameters influence the thrust and what underlying physical mechanisms are

responsible for thrust generation. In addition, we sought a means of directly mea-

suring the applied-field thrust component so that models of the applied-field thrust

could be directly compared to experiment without making assumptions about the

self-field and gasdynamic thrust components.

7.1 Significant contributions

7.1.1 Data comparison methodology and assembly of data

catalog

For any AF-MPDT study requiring the comparison of numerous geometries, electrode

material e�ects, or facility e�ects, the AF-MPDT database is a vital resource. It is

impractical for a single researcher to build numerous thrusters, or to test in diverse

facilities. It is our hope that the work that went into assembling all thrust data
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into a single database [7] will be made more worthwhile by the significant findings of

numerous future researchers.

In addition to assembling the AF-MPDT database, we developed a novel method

for analyzing large quantities of data using dimensional analysis. We applied this

method to applied-field thrust models, but the same technique can be applied to any

field of study for which there is both a theoretical model and data containing all

necessary parameters for the model.

7.1.2 Method of directly measuring the applied-field thrust

component

For most AF-MPDT thrust models, the only di�erence between models is in how the

applied-field thrust component is modeled. However, prior to the research contained

in this dissertation there were no direct measurements of the applied-field thrust

component of an AF-MPDT. Measurements of the thrust generated by magnetic

nozzles on other thrusters were made for solenoid currents Æ 6 A. The development

of a method with which to measure the applied-field thrust directly with solenoid

currents up to 350 A represents a significant advancement in the state of the art.

In this work, we used this thrust stand to show that the mass flow rate is one of

the controllable parameters that a�ects the applied-field thrust component. In a

measurement of the total thrust, a change in thrust resulting from varying the mass

flow rate might be attributed to the gasdynamic thrust component.

7.1.3 Analytical and experimental findings

Our analytical studies, combined with the experimental data of numerous thrusters

shed light on a number of physical insights and empirical observations. These are

summarized as follows:

97



• The applied-field thrust component is not proportionate to current or applied-

field strength as has been assumed in much of the literature. We found that

in the case of two lithium-fed thrusters, the applied-field thrust is more closely

proportionate to
Ô

JBA.

• The applied-field thrust component depends on mass flow rate. Whereas most

previous models predict no dependence on mass flow rate, our findings indicate

that in the case of two lithium-fed thrusters the applied-field thrust is approxi-

mately proportionate to
Ô

ṁ.

• The radial forces within the anode play a significant role in determining the

thrust. We showed that there are two distinct modes of operation: a magnetic-

confinement mode, and an anode-confinement mode. We showed that in the

latter mode, the thrust coe�cient for a given thruster is solely a function of

the confinement parameter for parameter values as high as one. In this regime,

the thrust coe�cient increases with an increasing confinement parameter. For

confinement parameter values greater than one, the thruster is in the magnetic-

confinement mode, and the trend is in the opposite direction due to the de-

creased volume of the plasma column. This decrease in volume is detrimental

to the swirl component of the thrust because of the corresponding reduction in

azimuthal kinetic energy.

7.2 Future work

In this work, we have furthered our understanding of how the applied magnetic field

contributes to thrust for AF-MPDTs. However, in shedding light on the underlying

physics, we have also brought forth a number of avenues for possible further research.

Although we have assembled an extensive database of thrust data, the fact that

most of the data were taken at high background pressures (Ø 1 mTorr), and that
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much of the data were taken in a regime where either gasdynamic or self-field thrust

components are significant, means there remains a great deal of experimental work to

be done in order to put the nail in the co�n for AF-MPDT thrust models. In order to

assess that a thrust model correctly describes the dependence of thrust on geometric

parameters, an extensive campaign must be undertaken to test varying geometries. To

this end, an AF-MPDT similar to the hybrid plasma thruster [49] (the anode of which

consists of strips of copper that are not continuous azimuthally) can be constructed in

such a way that the inner and outer anode radii can be independently varied. Such a

device would allow a single researcher to study geometric e�ects without constructing

numerous thrusters.

Because our goal was to derive a scaling parameter analytically, we made the

assumption that flow through the anode is quasi-one-dimensional, but we show that

it is specifically when this assumption fails—when the outward radial force is larger

than the inward radial force or vice versa—that the radial forces can a�ect the thrust

in a predictable way. A two- or three-dimensional computational model may therefore

be able to predict the thrust without relying on scaling parameters that require input

from data.

We have assumed that the e�ciency with which the swirling motion within the

anode is redirected into axial kinetic energy is universal, when in actuality it will

depend on a number of geometric and operating parameters. A rigorous study of

the physics taking place in the magnetic nozzle of an AF-MPDT has yet to be com-

pleted. However, recent studies of magnetic nozzles have shed light on how a similar

process works for a heated plasma [65]. Extending these studies to a swirling plasma

would constitute a major contribution to our understanding of how the applied-field

contributes to thrust.

Finally, whenever we are able to further our understanding of thrust scaling, we

can apply that knowledge to further our understanding of e�ciency scaling. Our
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findings in this dissertation can serve this end by two di�erent means. First, the

found thrust scaling can be used directly to calculate the energy going to thrust.

Second, our scaling parameters representing the radial force balance can be used to

develop a voltage model, as the plasma density at the anode wall plays a significant

role in determining the anode sheath voltage fall [60].
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Appendix A

Propellant Properties

The following table contains the values used for all calculations in this work requiring

propellant properties.
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Appendix B

Catalogued Thrusters
6

The following table lists each of the thrusters included in the AF-MPDT database [7]

along with their typical operating parameters.

6This chapter is based on work being prepared to be submitted for publication and previously
presented in [20]: W. J. Coogan and E. Y. Choueiri, “A Critical Review of Thrust Models for
Applied-Field Magnetoplasmadynamic Thrusters,” In AIAA Propulsion and Energy 2017, AIAA-
2017-4723, Atlanta, GA, July 10–12, 2017. doi:10.2514/6.2017-4723
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Appendix C

Experimental Apparatus

This chapter describes the facility and systems used to conduct all experimental work

in this thesis. These include the vacuum and cooling systems, as well as two thrusters,

the LiLFA and the ALFA, and their corresponding subsystems.

C.1 Steady-state MPDT facility

The steady-state MPDT facility (SS-MPDT-F) at Princeton University consists of

a steel vacuum chamber, a cutaway view of which is illustrated in Fig. C.1. This

chamber houses a 30 kW steady-state AF-MPDT (either the LiLFA or the ALFA)

along with all subsystems required for thruster operation.

C.1.1 Vacuum

The ultimate pressure for the SS-MPDT-F is 1 ◊ 10≠5 Torr. Typical background pres-

sures while operating with lithium and argon are < 5 ◊ 10≠5 Torr and < 3 ◊ 10≠4 Torr

respectively. The lower pressure is achieved with lithium because it typically con-

denses upon contact with the cooled inner surface of the vacuum chamber and on the

traps placed downstream of the thruster.
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ThrusterGlovebox Li traps Computer workstation

Figure C.1: A cutaway view of the steady-state MPDT facility is shown in its labo-
ratory setting.

A schematic of the vacuum system is shown in Fig. C.2. Vacuum is achieved

via a three-stage pumping system. The Stokes 212-H11 Microvac roughing pump

brings the chamber from atmosphere down to < 5 Torr, and pumps at 71 l/s. The

RUVAC WSU-2000 roots blower pumps at 633 l/s and further reduces the pressure

to < 0.1 Torr. Ultimate vacuum is achieved using the 1.2 m CVC type PMC-48C

di�usion pump, which displaces 95,000 l/s. The pressure is measured by a Terranova

model 906 convection gauge above 1 mTorr and using an MKS 943 cold cathode gauge

at lower pressures.

Lithium traps placed downstream of the thruster are cooled, as are the walls of

the vacuum chamber. Because lithium is solid below 180 ¶C, lithium exhausted from

the LiLFA condenses on these surfaces and does not add to the load on the pumping

system.

C.1.2 Cooling

There are two separate processed chilled water lines. The first line is regulated by

the campus cogeneration plant and is used to cool the roughing pump, the di�usion
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Figure C.2: Schematic of the steady-state MPDT facility vacuum system.

pump (which operates at 20 kW), and the jackets on the cables carrying the thruster

current on the exterior of the vacuum chamber.

In addition to the 30 kW delivered to the thruster, an additional ¥ 3 kW goes to

operating the solenoid and, when operating with lithium, ¥ 2 kW goes to melting and

evaporating the lithium propellant. This power generates enough heat to melt many

of the materials in proximity to the thruster. In order to avoid damaging equipment

and to mitigate the e�ects of thermal expansion on our measurements, a second

line, which is supplied by the engineering building, is used to cool components inside

the vacuum chamber. This line is split into 7 di�erent subsystems, as is illustrated

schematically in Fig. C.3:

1. Chamber walls: Pipes are welded to the interior front and middle sections of

the vacuum chamber (shown as teal in Fig. C.1), which cool the chamber.
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2. Lithium feed system: Cooling lines are used to freeze lithium at various

points in the feed system. The freezing or thawing of lithium serves as a valve

or seal. This cooling line includes the electrodes carrying current to the thruster

in proximity to the feed system, as well as the table supporting the thruster.

3. Solenoid: The solenoid operates at up to 350 A, and requires active cooling.

This cooling line includes the flexures in the applied-field component thrust

stand.

4. Flexures: The flexures for the thrust stand measuring total thrust are cooled

to limit thermal drift.

5. Thruster shield and conductors: A cooled ba�e surrounds the anode in

order to prevent lithium from being deposited upstream of the thruster. This

cooling line includes the electrodes carrying current to the thruster at the top

port cover.

6. Diagnostics: Any diagnostics requiring active cooling are connected to this

line. In the present setup, this line is shorted.

7. Lithium traps: The right-most lithium trap shown in Fig. C.2 is cooled to

assist lithium condensation.

The flow rate to each subsystem is regulated by gate valves.

While the second line previously ran through a heat exchanger in a closed-loop

cooling system for the vacuum chamber subsystems, an open-loop system was recently

implemented in order to obtain a near-constant input temperature, reducing thermal

expansion of the thrust stand during thrust measurements.
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Figure C.3: Schematic of the steady-state MPDT facility cooling system.

C.2 The lithium Lorentz force accelerator

The lithium Lorentz force accelerator (LiLFA) is one of a series of lithium-fed applied-

field magnetoplasmadynamic thrusters designed and built by the Moscow Aviation

Institute (MAI) in the 1990s [97, 43, 17, 69, 24, 98, 25, 99, 70]. The LiLFA was

designed to operate at up to 30 kW steady state, and was delivered to Princeton

University in 1998.

The LiLFA is shown schematically in Fig. C.4. Its electrodes are each made of

tungsten. The multichannel hollow cathode includes a channel for the propellant

injection, as well as a separate chamber for a graphite heater, which evaporates the

lithium. The evaporated lithium travels through the holes surrounding tungsten pins

at the cathode exit, where ionization occurs. This style of cathode o�ers a number

of advantages over a conventional solid rod cathode. First, the lithium phase change

cools the cathode, reducing cathode erosion due to tungsten evaporation. Second, the

presence of lithium lowers the work function of the cathode from 4.5 eV to 2.1 eV when

trace amounts of barium are added, further reducing the operation temperature [70].
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Figure C.4: Cross-section of the LiLFA.

MAI experiments with the LiLFA at 700 A using a barium additive showed the

cathode to be 1, 880 ¶C at steady state, compared to 2, 000 ¶C using only lithium [70].

C.2.1 Lithium loading and cleaning procedures

Lithium is a highly reactive propellant, and as such, it presents a challenge in terms

of maintaining propellant purity until time of firing. Further, it poses a significant

safety hazard to the researcher. In order to prevent the contamination of lithium

propellant due to reaction with the atmosphere, we handle the lithium in a glovebox

(Fig. C.1) under argon pressure. We maintain the glovebox pressure at just over 1

atmosphere so that air cannot leak in. We cut a solid 116 g lithium ingot in half using

a chisel, store one half in mineral oil, and load the remaining half into a reservoir.
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We then close this reservoir (shown schematically in Fig. C.5) except for the argon

inlet and lithium output tubes.

We place the reservoir into the antechamber of the glovebox, don fire resistant

clothing, and then open the antechamber. We rapidly transfer the reservoir to the

main vacuum chamber and connect an argon line to the inlet. Argon flows over

the ingot while we pump the vacuum chamber down. We cease flowing argon when

100 mTorr is reached and continue pumping down until we reach our target back-

ground pressure.

After successfully firing the LiLFA, the inside of the vacuum chamber is coated in

a thin layer of lithium. In order to simplify the cleanup procedure, the inside of the

chamber is wrapped in aluminum foil prior to every firing. Because lithium reacts

with air to form hydrogen (which is extremely flammable), we react the lithium with

water before venting the chamber. We begin this procedure by turning o� all vacuum

pumps except for the roughing pump, closing the high vacuum valve, and venting

500 mL of water into the chamber. We wait 30 min for the water vapor to react,

and then open the high vacuum valve. Using this procedure, we generate only small

amounts of hydrogen at low pressure, and there is never a danger of hydrogen leaking

into the laboratory. We repeat this procedure as many times as necessary to convert

all the lithium to lithium hydroxide. Once complete, the tank can be safely vented

to atmospheric pressure.

Lithium hydroxide poses additional risks. It is a carcinogen and forms a strongly

basic solution when mixed with water. For this reason, prior to opening the main

chamber door we attach a duct to one of the port windows with a fan to slightly

reduce the chamber pressure. The fan exhausts outside the building. This limits the

contamination of the surrounding laboratory area. We then enter the tank wearing

Tyvek coveralls, a full face mask, and a self-contained breathing apparatus. The

aluminum foil is removed from the interior of the chamber and disposed of. The feed

115



system and thruster are rinsed in a location where the resulting hydrogen is blown

outside the building.

C.2.2 Lithium feed system

The lithium feed system uses a piston to displace a chamber of liquid lithium at

a controlled rate, forcing the fluid into the thruster cathode. At present, the only

dynamic seals (silicon and Viton R•) that will survive repeated exposure to liquid

lithium have a narrow margin of safety. It is similarly di�cult to operate a mechanical

valve with liquid lithium. The LiLFA feed system overcomes both of these obstacles

by controlling the flow of lithium with a sequence of melting and freezing cycles.

Motor

Lithium

Freeze valve

Cooling in
Cooling out

LiLFA
cathode

Reservoir

Cylinder

Piston

Argon in

Thrust line

Reservoir line

ú

ú

ú

ú

ú

ú

ú

Figure C.5: Schematic of the lithium feed system. Thermocouple positions are indi-
cated by the “ú” symbol.
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The lithium feed system is shown schematically in Fig. C.5. All surfaces in contact

with lithium are stainless steel and can be heated via external band, cartridge, and

coil heaters. Initially, a solid ingot of lithium is in the reservoir. We heat the reservoir,

reservoir line, freeze valve, and cylinder and melt the lithium. Then, we apply a small

amount of argon pressure through the argon inlet, which forces the lithium to flow

into the cylinder. We turn o� the reservoir, reservoir line, and freeze valve heaters,

and turn on the thrust line heater. Then, the flow rate is increased in the cooling

line. This increase causes the remaining lithium in the freeze valve to solidify. The

piston is lowered slowly so that the rate of displacement corresponds to the desired

mass flow rate. The freeze valve prevents the displaced lithium from flowing back to

the reservoir and the cooling loop around the cylinder prevents lithium from leaking

around the piston. Once lithium reaches the cathode, it is evaporated by the cathode

heater (Fig. C.4).

The temperature of the lithium feed system is measured by 8 K-type thermocou-

ples, 7 of which are marked in Fig. C.5. An additional thermocouple is positioned

on the stem of the cathode. Using the temperature measurements, we are able to

determine the phase and location of lithium at each location. A temperature plateau

followed by a sudden increase indicates the lithium has melted. A sudden increase

in temperature downstream of the reservoir when we are applying argon pressure

indicates the lithium has reached that location. Similarly, a sudden increase in tem-

perature of the thermocouple located inside the piston indicates the piston has reached

the lithium surface inside the cylinder.

C.2.3 Power

Power is delivered to the LiLFA by a 30 kW Miller SRS-1000-C1 welding power supply.

This supply has multiple output options. When configured for the LiLFA, it is limited

to 80 V or 1000 A. The current is controlled using a remote turn dial and measured
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using a Hall-e�ect sensor (see Sec. C.4.2). A 25:1 voltage divider is used to step down

the voltage for measurement.

C.3 The argon Lorentz force accelerator

The argon Lorentz force accelerator (ALFA), pictured in Fig. C.6, was designed and

constructed at Princeton University in 2017. Argon is a worse propellant than lithium

in terms of thrust e�ciency and thruster lifetime. It has a higher first ionization po-

tential (15.8 eV compared to 5.4 eV for lithium), meaning more energy is spent on

ionization instead of accelerating ions, and a lower second ionization potential (27.6 eV

compared to 75.6 eV for lithium), meaning there are more frozen flow losses. While

injecting lithium through a cathode reduces the cathode temperature and therefore

the erosion rate, argon o�ers no such benefit. However, argon is nonhazardous, re-

quires no cleanup, and its flow rate to a thruster is easy to control compared to the

previously described method for pumping lithium. Because the scaling principles of

thrust and voltage can be studied using any propellant, we elected to use the ALFA

for the majority of our experimental work, since it allows for more frequent data

acquisition.

The ALFA has similar dimensions to the LiLFA so that comparisons between the

two can be easily made. However, it di�ers in that the electrodes are made from

AXM-5Q POCO R• graphite. Because we lack the temperature reducing benefits of

lithium, we implemented an orificed hollow cathode, which contains a lanthanum

hexaboride (LaB6) emitter, which has a work function of 2.5 eV. The thruster is

shown schematically in Fig. C.7. The anode is contoured to the shape of the applied

magnetic field, since this has been shown to be beneficial for reducing the operating

voltage and temperature [16, 10, 61].
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Figure C.6: Picture of the ALFA. A solenoid (not pictured) fits around the graphite
nozzle and can be placed at di�erent axial positions.

36 mm
12 mm 22 mm

80 mm

62 mm

137 mm

Axis of symmetry

Cathode

Anode

Solenoid

LaB6 insert
Gas flow

Figure C.7: Cross-section of the ALFA, which is symmetric about the thrust axis.

In this work, we will investigate the e�ects of the applied-field topology on thrust

generation. To this end, we designed this thruster so that the solenoid could be placed

at two di�erent locations with respect to the anode exit plane. These are illustrated

in Fig. C.8, and we will refer to the di�erent configurations as contoured (a), where
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the magnetic field follows the contour of the anode, and constricted (b), where the

magnetic field diverges more slowly than the anode.

(a) Anode contoured to applied field

B

80 mm

(b) Constricted applied field

B

10 mm

Figure C.8: Contoured (a) and constricted (b) configurations and the corresponding
applied-field topologies.

C.3.1 Argon mass flow control system

In addition to the applied-field topology, we will investigate the e�ects of mass flow

rate on thrust. We wish to consistently operate at one of two di�erent mass flow rates,

and so we designed the mass flow controller illustrated in Fig. C.9. The controller

consists of two sonic orifices in parallel, each of which can be toggled on and o� using

a ball valve. When only the first is open, the mass flow rate is low, and when both

are open, the mass flow rate is high. We kept the upstream pressure constant, at

10 psig, which resulted in mass flow rates of 2.5 and 5.3 mg/s for the two di�erent

configurations.

C.3.2 Power and ignition procedure

Power is delivered to the ALFA by the same 30 kW welding power supply used for

the LiLFA. However, it is configured with a limit of 160 V or 500 A. Because there is

no heater with which to make the LaB6 begin emitting, the thruster is spark started.

A Kepco ABC 1000M 1 kV power supply is used to charge a capacitor bank, which
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Argon in Ball valves Sonic orifices ALFA cathode

Figure C.9: Schematic of the ALFA mass flow controller.

is discharged across the thruster to begin current flow. Diodes are used to prevent

reverse current flow through the welding supply. A detailed schematic is given in

Fig. C.10. Once the thruster is sparked, the Miller is able to maintain a current for

steady-state operation. The voltage in this setup is reduced for measurement by a

16:1 voltage divider with a limit on the maximum output voltage in order to protect

the data acquisition system.

C.4 Diagnostics

C.4.1 Data acquisition system

A computer station records all output signals and controls the mass flow rate for the

lithium feed system via a LabVIEW interface. The default sample rate was twice per

second, except during thrust measurements, when the sample rate was increased to

the maximum possible, up to 30 samples per second.

C.4.2 Current and magnetic field strength measurements

The current to the thruster, J , and to the solenoid, JB, were each measured using an

F. W. Bell R• closed-loop Hall-e�ect sensor (model QB-1687) outside of the vacuum

chamber. The magnetic strength, BA, was measured using a Lake Shore Cryotronics R•
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Figure C.10: Schematic of the power supply and sparking system for the ALFA.

model 425 gaussmeter as a function of JB at the tip of the cathode, as well as at

the anode exit plane, for the LiLFA. The results of this measurement are given in

Fig. C.11. The magnetic field for all measurements is determined by the linear fit

functions shown, with a slope of 3.14 ◊ 10≠4 T/A at the tip of the cathode and

1.01 ◊ 10≠4 T/A at the anode exit plane.

When operated in the contoured configuration, the magnetic field in the ALFA is

assumed to be the same as that in the LiLFA since the geometries are nearly iden-

tical from the cathode tip outwards. When the ALFA is operated in the constricted

configuration, we assume the magnetic field to be approximately constant, and equal

to that found at the cathode tip in the contoured configuration.
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Figure C.11: Magnetic field strength at the cathode tip and anode exit plane as a
function of current to the solenoid for the ALFA in the contoured configuration and
for the LiLFA.

C.4.3 Argon mass flow and background pressure measure-

ments

The mass flow rate is recorded using an OMEGA R• FMA-A2404 flow meter, which

is accurate to within 4% using argon. The background pressure is measured using

an MKS 943 cold cathode vacuum gauge system, which is located in the top of the

vacuum chamber approximately 2 m downstream of the thruster. Thrust measure-

ments are only considered valid if the background pressure, pb, is maintained at under

3 ◊ 10≠4 Torr, since pressures above this threshold have been shown to a�ect both

thrust and thruster voltage [51].
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Appendix D

Gasdynamic Thrust Component

Contribution

Our observation of increasing CT with increasing f̄ for a given mass flow rate and

applied-field strength is equivalent to CT decreasing with increasing J . This behavior

would also be observed if we had underpredicted the gasdynamic thrust. In order

to make sure the observed trends are not due to our assumption that kGD = 1, we

repeat our analysis with kGD = 1.6 in Figs. D.1, D.2, and D.3. We observe the same

trends, although they are less pronounced in these figures. Further, we observe that

in the case of the Alta data (Fig D.3), there are negative CT values for the data taken

at 120 mg/s, indicating that kGD = 1.6 overpredicts the gasdynamic thrust for this

thruster.
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Figure D.1: CT as a function of f̄ for the 30 kW MAI lithium thruster where CT is
calculated using the highest estimate in the literature for gasdynamic thrust (kGD =
1.6).
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Figure D.2: CT as a function of f̄ for the 150 kW MAI lithium thruster where CT is
calculated using the highest estimate in the literature for gasdynamic thrust (kGD =
1.6).
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Figure D.3: CT as a function of f̄ for the 200 kW Alta argon thruster where CT is
calculated using the highest estimate in the literature for gasdynamic thrust (kGD =
1.6).
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