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levels.
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Nomenclature

fEMij = maxwell stress tensor

T = thrust

P = power

n = efficiency

E,B,A = electric, magnetic, vector potential field

Ja = wave-launching antenna current

Cr, Rt = thrust and resistive loss coefficients

m = total mass flow rate

w, k = wave frequency and wavenumber

0,0, B = oscillation amplitudes of density, velocity, and magnetic field
¢, Ho = gpeed of light and permeability of free space
PP, E = mass, momentum, and energy density
M,P.E = mass, momentum, and energy fluxes

P = pressure

T,Y, 2 = coordinates

L,W,H = thruster length, width, height in the x, y, z coordinates
o, € = conductivity and dielectric constant

Ve = Electron collision frequency

y = antenna-plasma coupling parameter

Pec = Péclet number

D, = cross-field diffusion coefficient
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I. Introduction

The Direct Wave-Drive Thruster (DWDT) is a new propulsion concept that utilizes waves for direct
momentum transfer to a plasma.’? Like other waves-based and inductive accelerators,®7 it is electrodeless,
and therefore can avoid potentially life-limiting erosion processes. Previous waves-based thruster concepts
have used various waves to heat a plasma and obtain thrust via expansion through a magnetic nozzle.?™®
In contrast, a DWDT attempts to avoid limitations associated with magnetic nozzles by coupling wave
momentum directly into a plasma for acceleration. In general, this momentum coupling can be done via an
inductive antenna, which is qualitatively similar to antennas used in Pulsed Inductive Thrusters (PIT).%7
However, instead of discharging in a single pulse, the wave-launching antenna operates continuously to inject
momentum directly into the plasma.

Previous work has examined the potential for RF energy to directly accelerate or confine a plasma,
but until recently, little effort has gone in to the development of a feasible thruster concept. Most recently,
we examined a DWDT in its simplest form in terms of the antenna-plasma interaction for the reflected
ordinary wave and found that efficiencies of 50% were theoretically possible at moderate power levels of 5
kW.! However, that simplified analysis ignored any effects from a confining magnetic field, as well as any
relevant propagating wave dynamics.

Some work on DWDT's has focused on propagating electrostatic waves in the context of the ponderomotive
thruster.? However, this work did not include the effects of mass continuity in the plasma exhaust plume
or any antenna-plasma interactions. Additionally, the most effective wave modes for acceleration have not
been identified.

In order to present a comprehensive picture of a DWDT in preparation for a proof-of-concept experi-
ment, we will layout the generalized scaling relations for thrust and efficiency and motivate the use of the
magnetosonic mode as an ideal wave mode for driving this accelerator. We then identify key parameters that
govern the performance of the magnetosonic mode driven DWDT, including the scaling of the thrust coeffi-
cient and the critical power at which wave-driven mass advection dominates wall losses. Finally, we describe
the plasma dynamics in the exhaust plume and demonstrate that the wave momentum is not reflected.

The layout for this paper will proceed as follows. In Section II, we describe the DWDT concept and
generalized scaling laws. In Section III, we motivate the magnetosonic wave as particularly suited for plasma
acceleration. In Section IV, we layout an idealized geometry for launching the magnetosonic wave and
calculate the scaling of the thrust coefficients in the limits of large and small wavelengths. In Section V,
we describe the wave behavior in the exhaust plume and the eventual wave absorption mechanism. In
Section VI, we calculate an anisotropic Péclet number relating the wave-driven mass advection to diffusive
wall losses. In Section VII, we summarize the design considerations stemming for this analysis for a future
proof-of-concept experiment.

2,8,9

II. DWDT Scaling Behavior

In its simplest form, the DWDT consists of a confining background magnetic field and a wave-launching
antenna. A simple 1D channel is shown in Figure 1. The background B-field confines plasma away from
the walls and also can be tuned to create modes of interest inside of the thruster that can be coupled to
by the wave-launching antenna. This antenna is responsible for all momentum transferred to the plasma
and acquired by the exhaust. We previously modeled the antenna-plasma interaction for a specific annular
geometry and the non-propagating ordinary mode.! However, the general scaling relations can be described
for arbitrary configurations.

We can calculate the total thrust by time-averaging the electromagnetic pressure exerted on the plasma,
ie.

s
where fE M;,; is the maxwell stress tensor:
= 1 9 1 1 9
PEMU = 60(E1E] — 55”E )+ ;(BZBJ — §6UB ) (2)
0

In general, the electromagnetic pressure is dependent on the geometry of the system, excitation frequency,
and the plasma response. However, in a linear response, the magnitudes of the oscillating electric and

3
Joint Conference of 80th ISTS, 84th IEPC and 6th NSAT, Hyogo-Kobe, Japan
July 4-10, 2015



- |
©) G B:

Ja

Figure 1. The Direct Wave-Drive Thruster. Plasma is confined in a thruster channel by way of a background
magnetic field in the 2-direction. A wave-launching antenna structure is placed behind the channel, which
generates a propagating mode in the positive Z-direction. In steady state, the propagating mode accelerates
the plasma across field lines and out of the thruster.

magnetic fields are proportional to the magnitude of the exciting current in the wave-launching antenna, J,.
Therefore, the total pressure, and also total thrust, must be proportional to current squared:

T =CrJ?, (3)

where C7 is a thrust coefficient that includes the effects of geometry and plasma response.
We calculate the scaling of thrust efficiency by determining the total thrust power and the dissipation
due to various loss mechanisms. Thrust power is given by

T2

Pp—=—.
T 9m

(4)

The dominant loss mechanisms are resistive and radiative, which scale as

Pr, = RegJ?. (5)
Therefore, efficiency can be modeled as
Pr 1
= = : , 6
= PP 1+ 2 e )

where 71 is the mass flow, and Reg is the effective total resistance associated with heating and radiative loss
mechanisms, which like Cr can have a complicated dependence on the geometry and plasma dynamics.

III. The Magnetosonic Wave

Previous work has suggested driving DWDTs with electrostatic modes.’»? These waves have a high ratio
of momentum to energy density and therefore are capable of driving high thrust-to-power accelerators. This
is also the case for the compressional Alfvén (or magnetosonic) wave. However, unlike electrostatic modes,
the magnetosonic wave can transmit significant momentum while remaining linear.

A. Thrust-to-Power Ratio

The most promising waves of interest for DWDTs are those capable of producing exhaust velocities useful
for propulsive applications, typically between 10-100 km/s for electric accelerators. Since the momentum
and energy in the exhaust come entirely from the driving wave, the thrust-to-power ratio for a DWDT is
controlled by the wave momentum and energy, given by:

P = hk, (7)
4
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E = hw. (8)

Therefore, the equivalent thrust-to-power ratio for a propagating mode is
—_ = — = —, 9

Since T'/P also scales as 1/vey, the final exhaust velocity of the plume will be proportional to the phase
velocity of our targeted wave mode. In general, wave modes with appropriate phase velocities are those
targeting acoustic ion motion.

B. Momentum Density in Ion Acoustic and Magnetosonic Waves

Electrostatic and magnetosonic modes can both reach phase velocities of interest. However, while electro-
static waves carry momentum via a thermal restoring force, magnetosonic waves rely on the background
magnetic field to propagate. The reliance on thermal energy for wave propagation limits the achievable
thrust for electrostatic waves. This is readily seen by comparing the momentum flux of the electrostatic ion
cyclotron and magnetosonic waves to the background plasma pressure.

The momentum flux of a given wave is a product of the group velocity and the momentum density. Since
the momentum is primarily contained in the oscillating particles,'® the momentum density is

P = (pv) = (p0). (10)
From the linearized continuity equation,
—iwp + tkpv = 0, (11)
we can time average and rewrite Equation 10 as
157w
e il 12
57k (12)

The phase and group velocities of the electrostatic ion cyclotron and magnetosonic waves can be calculated
from their respective dispersion relations

w? =02 +02k?, (13)
B2

w? =vik? = =K% (14)
fiop

Therefore the momentum flux, P = vy P, for each wave is

- 172,
Pric 35 g, (15)
. 152
PMS = 5 F; v,%la (16)
which can be simplified to
. 1 p?
= — _— 1
Pric SPin (17)
. 1 p?
= — _— ]-
Pwus P8 7 (18)

For linear modes, p/p < 1. As a result, the momentum flux of the linear electrostatic ion cyclotron wave
is necessarily smaller than the thermal pressure already present in the plasma. In order to reach a regime
where the wave propagation dominates the momentum transfer, the wave must be highly non-linear, and
the density rarefactions will be large compared to the background density. This average lower density will
tend to result in worse coupling between the wave-launching antenna and the plasma.!

However, the magnetosonic wave does not rely on thermal energy to propagate. With sufficiently large
applied magnetic fields, this mode can carry significant momentum flux while remaining linear. Moreover,
since we have direct control over the background magnetic strength and topology, we can tune the wave
parameters as desired. This makes the magnetosonic wave ideal for driving a confined Direct Wave-Drive
Thruster.
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IV. Thrust Coefficient Scaling for the Magnetosonic DWDT

Previous work on the DWDT calculated Cp and Reg for the evanescing ordinary mode and included a
complicated annular geometry and resistive losses in the plasma itself.! We will proceed along the same path
to determine the thrust coefficient for a magnetosonic mode driven DWDT in a simplified linear geometry,
which will elucidate important nondimensional parameters that govern the antenna-plasma coupling.

The idealized geometry, shown in Figure 2, is uniform and infinite in the g-direction. A constant back-
ground magnetic field is applied in the Z-direction with magnitude By. The wave-launching antenna is
located at the z = 0 plane with a width of 2H and current in the g-direction, oscillating with frequency w
and magnitude J,. A semi-infinite slab of plasma is located at x > | with density ng and an ion mass M.
Additionally, we relax some of the constraints from our previous analysis® to allow electromagnetic modes
to propagate both inside and outside the plasma. In this configuration, compressional Alfvén waves will be
launched in the positive-z direction.

=0 ix=l

Figure 2. Simplified magnetosonic mode driven DWDT geometry. A semi-infinite plasma slab is placed at
z > [ in a constant background magnetic field, BpZ. A wave-launching antenna is located at x = 0 with a height,
2H, in the z-direction, and a total current in the g-direction oscillating with frequency, w, and magnitude, J,.
The geometry is assumed to be uniform and infinite in the g-direction.

To determine the total force, we simply calculate the total electromagnetic fields and integrate the
electromagnetic pressure over the surface of the plasma slab. These fields are most easily calculated via the
wave equation for the magnetic vector potential,

1 0?
VA = — — A+ ooy, -

0
c2 Ot2 o (19)

ot

where o, is the complex, frequency-dependent conductivity of the plasma. In our simplified geometry, A
has components in only the g-direction, and we can further reduce the equation with a Fourier transform in
the time domain by assuming A = A,e~"*, such that

2 w?
V<A, + C—QELAy =0, (20)

where €, is the cross field dielectric. In vacuum, €, is unity, and inside the plasma, ¢, =1+ 5—2.11 Before
A

solving, we will follow previous convention! and nondimensionalize the domain by the antenna length scale,
H, and the excitation frequency, w, such that

j:% 2:% l_:% Ejv:% ];}a:o:}f A:F(;AJ@ T =wt ?:Hv7
and Equation 20 becomes - -
VZA, + K?A, =0, (21)
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where
— _2 T 7
K‘Z:{’fv _ "”ié_ (22)
a

The full derivation for the spatial solution in the z — Z plane is in Appendix A and follows closely
techniques used in previous works.! 12:13 The result is a piecewise solution across the three regions behind
the antenna, between the antenna and plasma, and in the plasma itself:

A1 (2,2, ky, / ~T cog (az)da, (23)
0
Ao (Z,2, ky, kg, 1) = /(0267:’;1;5 + Cge_“_“j) cos(az)da, (24)
0
Ays3(Z, 2, ky, kg, 1) = /C4ei’_€2i cos(az)da, (25)
0
where
—a?, (26)
2 4 k2 — a2, (27)
and a is the spatial separation constant. The coefficients, C;, are derived in Appendix A:
o) = .isina 1 k‘2 o2kl 7 (28)
1T a ]{;1 ]{31 + ]{?2
1 sina 1

Cy = — 29
2T r a k1 (29)

1 si 2kl ]76 _ ];
Cg _ fsmaei 71 727 (30)

imoa k1 k4 ko

2 3 Z(El—EQ)i

Cy— 2singe™mTmT (31)

imoa ki + ko

The magnitude of fly represents the size of the propagating wave mode, and thus the total electromagnetic
pressure, which can be integrated at the plasma surface and time-averaged to determine a total thrust:

1 51, = —
7= g2 [[ B3I, = 0)Pdgaz, (32)

Combining Equations 25, 27, 31, and 32, the total force on the plasma is

2 ko i ?
= 7;10.]2 // H/ﬂ'Slzakl +k26 il cos(az)da

We now take the thruster to have finite width, W, such that the total thrust becomes

dydz. (33)

T =CrJ?, (34)
where i

CVT = gHOW'V(%m]ng? (35)

W = W/H, and 7 is a coupling coefficient between 0 and 1 given by
(ka / 72 sina__k “_“Jcos(aé)da 2d2 (36)

7 T a k1 —|— ko '
0
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We proceed with a parameter space investigation of v by varying the relevant non-dimensional quantities,
ka, ky, and [, and numerically integrating Equation 36. The normalized vacuum wavenumber, k,,, is relatively
small in any configuration and only varies with the overall size of the system. Additionally, our previous work
has shown that the normalized stand-off length for the antenna, I, should remain small for good coupling.!
The normalized Alfvén wavenumber, k,, however, has not yet been investigated and is therefore the primary
quantity of interest.

v vs. k for various [, k,=.001

0.8~

0.6 -

04

0.2

0.01

Figure 3. v vs. ko . The coupling parameter, v, is plotted against the normalized magnetosonic wavenumber,
ka, for various normalized stand-off lengths, [. Coupling (and therefore the total thrust coefficient), decrease
for smaller wavenumbers. Coupling improves for larger wavenumbers and reaches a maximum dependent on

the stand-off length, .

The scaling behavior of v, and thus the thrust coefficient, with respect k, is shown in Figure 3. For
varying stand-off lengths, we see that coupling is always maximized for k, > 1 and that v — 0 as kq
becomes small. That is, the best coupling occurs when the wavelength of the targeted mode is smaller than
the size of the thruster. However, we have shown previously that values of v as low as 1/20 can still result in
efficient operation for moderate power levels below 5 kW.! As result, even as we leave the ray optic regime,
reasonable values of v can be achieved.

V. DMagnetosonic Wave Propagation and Absorption

While the magnetosonic wave is well-suited for transferring momentum to a plasma, an effective accel-
erator must couple this momentum into the bulk particles to create high exhaust velocity. However, major
collisionless absorption mechanisms for the magnetosonic wave occur in high beta plasmas,'* whereas our
device is designed to operated with pg > py, ie., 8 < 1. This necessitates an understanding of how the
wave propagates into the exit region of the thruster to ensure that wave momentum is not reflected and can
be transferred into the exhaust.

Since the regime of best coupling corresponds to small wavelengths, we will restrict our analysis to 1D ray
optics of the cold magnetosonic wave initially well below the lower hybrid frequency, where the dispersion
relation is given by Equation 14. We can then determine the plume structure by calculating the steady
state energy and mass fluxes, which must remain constant. A previous attempt to examine waves-based
thrusters through the ponderomotive force? ignored this mass continuity, which must be taken into account
to generate an accurate description of the wave propagation.

The energy flux of the wave is

&= g€ =vAE, (37)
where the energy density is R
|BI?
E=—. 38
o (38)
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The mass flux driven by the wave is )

M = (pv), (39)
which neglects any wall losses and assumes the wave dynamics dominate the system. Time-averaging and
combining with Equation 11, we find
B> _ 1 |B

— = . 40
A2 T o, 210 (40)

M= % Pov
Because & and M are constant throughout the channel, B and v4 must remain constant as well. Thus,
if the background magnetic field is also constant throughout the channel, the background density remains
uniform, which is simply the case of a plane wave propagating through a uniform medium.

However, as the background magnetic field decays into the exhaust region, the plasma density must
decay as well to preserve a constant v4. In effect, when the plume dynamics are governed primarily by the
propagating wave, the plasma configuration maintains a constant impedance. This tendency is particularly
beneficial, as it allows the wave momentum and energy to propagate into the plume without adverse re-
flections on the confining magnetic field structure that might prevent momentum transfer into the exhaust.
Additionally, since plasma flows across field lines primarily when ¢ > v4,'® it is beneficial that the Alfvén
velocity does not increase in the plume.

From the linearized equations, we can also calculate the perturbed plasma velocity and density:

b= ’UA% (41)
plr="2 (12)

As the background field decays, © and p/p both increase, and the wave eventually becomes nonlinear when
B approaches B. However, the channel can be constructed such that this occurs far from the wave-launching
antenna, preventing adverse effects on antenna-plasma coupling. As the non-linear regime is reached, the
plasma oscillations consist of high density regions with velocities near v4 and low density rarefactions with
corresponding negative velocities. This scenario is qualitatively similar to a magnetic beach.!!

As the wave propagates into the region with lower background B, it can also reach the lower hybrid
resonance where it will be absorbed by the bulk of the plasma. This can be seen in Figure 4, in which we
plot the index of refraction for a magnetosonic wave at a given frequency as a function of the background
magnetic field at a fixed Alfvén velocity. Initially, at higher magnetic fields in the channel, the index of
refraction - and thus the phase velocity - remains constant. As the background magnetic field decays, the
lower hybrid frequency shifts towards the excitation frequency, and the index of refraction increases rapidly
towards the resonance condition.

VI. Peclet Number for Confinement and Acceleration

In the previous section, we assumed that the wave dynamics were the dominant effect responsible for
mass flow in the system. This can be achieved when wave-driven mass advection is large compared to wall
losses inside the thruster channel. An anisotropic Péclet number relating these quantities can be defined as

’Ueﬁ‘/L

P =
ec D, /W

(43)
where D is the cross-field diffusion coefficient, veg is the effective velocity associated with wave-driven mass
flow, and L and W are the channel length and height respectively. Effectively, the Péclet number is a ratio
of the typical time it takes for a particle to reach the walls compared to the time it takes to be pushed by
the wave processes out of the thruster. Thus, for waves to dominate the channel dynamics,

Pec>1. (44)

The cross-field diffusion coefficient can be calculated classically'®'® such that

DPe
D, = 45
+ UeBg ’ (45)
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Figure 4. Index of Refraction vs. Magnetic Field for the cold magnetosonic wave. The density is assumed to
vary with the magnetic field so that v4 = 10° m/s remains constant. Away from resonance, n = 3000. For high
frequencies, as B is decreased, the lower hybrid resonance is reached sooner.

2
e“ne

where 0. = 7=, The effective velocity can be calculated by the total particle flux associated with the
propagating wave-mode divided by the background density, i.e.,

Veff = Mwave/p0~ (46)

From the linearized continuity equation and Equation 39, we find

. 1 p?
Mave = §UA%~ (47)
Therefore,
1 p2 1 B?

Veff = i’l}A 5 = §UAB73. (48)

Combining Equations 43, 45, and 48, we get

1Ww? B2

Pec = 5711,40-;6 . (49)

Qualitatively, there is a minimum wave amplitude, B, for which Equation 44 is satisfied, and the channel
flow becomes wave dominated. This can be related directly to the total power required by noting that wave
energy flux is

. B2
E=vpf =v4—, 50
28 =vag (50)
and the total wave power is ~
. B2
P=WHE=WHuvy—. (51)
2410

To satisfy Equation 44, the wave power must be greater than a critical value. That is, P > P*, where

_LH p.  LHT.m.v,

W pooe W pge?

*

(52)

For a 10cm thruster with 7, = 5eV and n. = 10'® m~3, this corresponds to a critical power level of only
6W.
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VII. DWDT Design Considerations

In this paper, we have analyzed a magnetosonic mode driven DWDT to determine the relevant critical
parameters for effective operation. First, we have shown that the the antenna-plasma coupling is strongly
dependent on, k,, the ratio of the magnetosonic wavelength to the size of the thruster. The coupling is
uniform and maximized in the limit of the ray optic regime where k, > 1. However, efficient thruster
operation can still theoretically be achieved for k, ~ 1.

Because the acceleration mechanism is naturally directed across magnetic field lines, it is important that
we ensure the that flow successfully detaches from the applied field. In their ponderomotive DWDT concept,
Jorns and Choueiri proposed that charge separation in the channel could allow for the momentum to be
transferred across magnetic field lines.? This has been shown previously by Peter and Rostoker!® to be
possible, as long as the e¢; > 1, which corresponds to v4 < ¢. The magnetosonic mode driven DWDT
operates at exhaust velocities appropriate for propulsive applications only when this criterion is satisfied.
Moreover, since the Alfvén velocity remains constant in a wave-dominated thruster, this criterion remains
satisfied into the exhaust plume.

Finally, we have shown an appropriate condition for a wave-dominated thruster can be described by an
anisotropic Péclet number which compares the wave-advected mass flux to the diffusion losses to the walls.
Pec depends primarily on the electron temperature and collision frequency, and is therefore not a parameter
we can strongly control. However, for reasonable expected plasma parameters of an electric propulsion
device, the total power required to reach a wave-dominated condition is easily achievable.

This paper laid out the framework for analyzing a general DWDT. The analysis performed for the mag-
netosonic wave was deliberately simplified to elucidate key criteria for thruster performance. The immediate
goal is to validate these models and scaling behaviors with a proof-of-concept experiment. From there, future
efforts can focus on fully kinetic descriptions of the plasma response, in order to improve the model further.

Appendix A

We will present the derivation of the solution to the normalized vector potential. Starting from Equation

21,
V2A, + K?A, =0, (53)

and applying separation of variables, such that A,(z,z) = X () - Z(z), we have
X"(z) = (-K*+d*)X, (54)
7" (2) = —ad*Z, (55)

where a is a separation constant which must be integrated over to form a complete solution. From the
symmetry of the geometry given,
Z ~ cos(az), (56)

X ~ eii\/KQ—aQi (57)
where X can take on either mode in region 2, but can only represent outward propagating modes in regions
1 and 3. That is, no energy is coming into the system from infinity. Therefore, the piecewise solution of

A, is generated by integrating over all possible separation constants and takes the form given in Equations
23-25,

A (T, 2, ky, kg, 1) = /C’le_“_“i' cos(az)da, (58)
0
Ao (T, 2, ky,y gy 1) = /(C’Qeil_flj + C’ge_“_“i) cos(az)da, (59)
0
A3 (Z,2, ky, kg, 1) = /6’46“_CZj cos(az)da. (60)
0
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A solution is found by matching boundary conditions between each region. At each interface, f_ly and its
derivative must be continuous, except for a jump discontinuity across the wave-launching antenna. To form
the full antenna, we start with a pair of wires at heights, Z = +h. After finding the individual solution, we
then integrate over a continuous current density in an antenna of size H. For wires at Z = 4h, the boundary
conditions are:

/D1 cos(az)da = /D2 cos(az)da + /D3 cos(az)da, (61)
0 0 0
/—il%lDl cos(az)da = /il?:ng cos(az)da + / —iky D3 cos(az)da — 6(2 — h) — 6(2 + h), (62)
0 0 0
/Dg cos(ai)e“_“l_da + /D3 cos(aé)e_“_“l_da = /D4 cos(ai)e“_“zl_da, (63)
0 0 0
/il%ng cos(ai)e”_“l_da + / —iky D3 cos(ai)e_”_“l_da = /il%gD;L cos(aé)e“_“zl_da, (64)
0 0 0

where D; represents the constants associated with a wire pair and C; represents the constants associated
with the full antenna.

Noting that | cos(az)da = wd(2), we can solve this system to find that:
0

Dy = ;Tcodah)2;<14—ig:;:ze%k”>, (65)
m:%mwéi (66)

Ds = - cos ah 62]:1[% ;22, (67)

D, = % cos(ah)e:f:i‘:l_. (68)

The C; coefficients can then be found by integrating the current density over an infinite stack of wire pairs
for h between 0 and H (or 0 and 1 in the normalized h coordinate). Using

1
@:/m%, (69)
0

we obtain the results given in Equations 28-31, i.e.,

1 sina 1 ky — ko 2iFiT
Ci = — — 14+ —=Le""" ), 70
! mooa ky ( + ki + ]{?26 ( )

1 sina 1
Cy=— — 71
2T a k1 (71)
1 sina e2ik1l k1 — ko
C3 = — — = =, 72
3 ITa ki1 ki + ko ( )
2 3 Z(EleQ)[

Oy = sina e (73)

% a E1+E2'
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