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A model of pulsed inductive plasma thrusters consisting of a set of coupled circuit equations and a one-
dimensional momentum equation has been nondimensionalized leading to the identification of several
scaling parameters. Contour plots representing thruster performance (exhaust velocity and efficiency)
were generated numerically as a function of the scaling parameters. The analysis revealed the benefits of
highly underdamped current waveforms and led to an efficiency maximization criterion that requires the
circuit’s natural period to be matched to the acceleration timescale. It is also shown that the performance
increases as a greater fraction of the propellant is loaded nearer to the inductive acceleration coil.

I. INTRODUCTION

Pulsed inductive plasma accelerators are spacecraft
propulsion devices in which energy is stored in a capaci-
tor and then discharged through an inductive coil. The de-
vice is electrodeless, inducing a current in a plasma located
near the face of the coil. The propellant is accelerated and
expelled at a high exhaust velocity (O (10 km/s)) through
the interaction of the plasma current and the induced mag-
netic field. Presently, there are two concepts which oper-
ate on this principle. One is the Pulsed Inductive Thruster
(PIT)[1], in which both propellant ionization and accelera-
tion are performed by the pulse of current flowing through
the inductive coil. In contrast, the Faraday Accelerator with
Radio-frequency Assisted Discharge (FARAD)[2] uses a
separate inductive discharge (RF/helicon discharge) to pre-
ionize the propellant before it is accelerated by the current
pulse in the coil.

Inductive plasma accelerators are attractive as propul-
sive devices for many reasons. The lifetime and conta-
mination issues associated with electrode erosion in con-
ventional pulsed plasma thrusters (PPTs) do not exist in
devices where the discharge is inductively driven. In ad-
dition, a wider variety of propellants (e.g. CO2, H2O) be-
comes available for use when compatibility with metallic
electrodes is no longer an issue. Moreover, pulsed induc-
tive accelerators (indeed, pulsed accelerators in general)
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can maintain the same performance level over a wide range
of input power levels by adjusting the pulse rate.

In PPT research, there has been much effort devoted
to the development of simple one-dimensional accelera-
tion models (c.f. Ref. [3]). These models typically con-
sist of a circuit equation coupled to a one-dimensional mo-
mentum equation in which propellant is accumulated, or
‘snowplowed’, by a current sheet that is accelerated by the
Lorentz force. These models have led to the identification
of nondimensional scaling parameters that have proved in-
sightful in PPT research[3, 4].

There also exists a one-dimensional pulsed inductive ac-
celeration model similar to the type used in PPT analysis[1,
5]. This model differs from its PPT counterpart in that it
must account for a second, inductively coupled circuit in
the circuit equations. Unfortunately, since there has not
been work analogous to the PPT research in deriving and
interpreting physically meaningful parameters, designs of
pulsed inductive accelerators are currently being performed
using a set of empirical rules found to work over the years.
The purpose of the present work is to identify nondimen-
sional scaling parameters that control accelerator perfor-
mance (exhaust velocity and thrust efficiency). When pos-
sible, we shall attempt to use the corresponding PPT nondi-
mensional parameters to aid in the physical interpretation
of the inductive acceleration terms.

The outline for the rest of this paper is as follows. In
Section II, the dimensional equations governing the opera-
tion of a pulsed inductive accelerator are first presented and
then nondimensionalized to yield the relevant scaling pa-
rameters. In the following section, the physical meanings
of the various scaling parameters are distilled using both
an understanding gained from past PPT research and some
limiting-case solutions to the nondimensional equation set.
In Section IV, performance of a pulsed inductive acceler-
ator is computed by solving the full nondimensional equa-
tion set as a function of the nondimensional parameters.
Contours of constant accelerator performance are plotted
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and specific features and trends in the data as a function of
the various scaling parameters are interpreted based upon
the physical insight gained in the previous section. The
computed performance contours lead to additional physical
insights into the acceleration process which are discussed
in Section V.

II. GOVERNING EQUATIONS

A. Dimensional Equation Set

A circuit-based model of a pulsed inductive accelerator
has been previously developed by Lovberg and Dailey[5].
In this work, we shall briefly review the equation set and
refer the reader to the earlier work for more detailed deriva-
tions of the equations.

1. Circuit Equations

A lumped-element circuit model of a pulsed inductive
accelerator is presented in Fig. 1A. This model applies to
both the PIT and FARAD variants of a pulsed inductive ac-
celerator. The external circuit (left side of the figure) pos-
sesses capacitance C, external inductance L0, resistance
Re, and acceleration coil inductance LC . The plasma also
has an inductance equal to LC and a resistance Rp. The
two circuits are inductively coupled through the accelera-
tion coil, which acts as a transformer with mutual induc-
tanceM . The value ofM is a function of the current sheet
position z.
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FIG. 1: A) General lumped element circuit model of a pulsed in-
ductive accelerator. B) Equivalent electrical circuit model. (After
Ref. [5])

The circuit drawn in Fig. 1A is redrawn as an equiva-
lent circuit in Fig. 1B. A set of circuit equations are writ-
ten through the application of Kirchoff’s law to each loop.

Rearranging the equations and adding a statement for the
time-rate of change of charge on the capacitor, the follow-
ing coupled set of first-order ordinary differential equations
is obtained:

dI1
dt

=
V LC + (MI1 + I2LC) dM

dt − I2MRp − I1ReLC

LC (L0 + LC) −M2
,

dI2
dt

=
M dI1

dt + I1
dM
dt − I2Rp

LC
, (1)

dV

dt
= −I1

C
,

where V is the voltage on the capacitor.
In a pulsed inductive accelerator, the circuit inductance

changes through the value of the time changing mutual in-
ductance term, M(z(t)). The inductance downstream of
L0 and Re (i.e. to the right of the dashed line in Fig. 1B),
referred to as the coil terminal inductance, can be written
as

Lterm = (LC −M) +
1

(1/ (LC −M)) + (1/M)
,

which after some algebraic manipulation becomes

Lterm = LC − M2

LC
. (2)

The inductance of a planar, spiral inductive coil coupled
to a plasma current sheet is difficult to compute analyti-
cally. However, based on experimental measurements, it
has been found[5] that the inductance can be modeled us-
ing the simple exponential function

Ltot (z) = L0 + LC (1 − exp (−z/z0)) , (3)

where z0 is defined as the decoupling length. Using Eqs.
(2) and (3) we arrive at a solution forM as

M = LC exp
(
− z

2z0

)
, (4)

which, when differentiated results in the following equation
that governs the changing mutual inductance of the circuit:

dM

dt
= −LC

2z0
exp

(
− z

2z0

)
dz

dt
. (5)

2. Momentum Equation

As the current sheet moves forward, it entrains and ac-
celerates any gas that it encounters. The propellant mass in
the current sheet as a function of time can be written as

m (t) = m0 +
∫ t

t=0

ρAvz dt, (6)

where ρA = ρA (z (t)) is the linear mass density distribu-
tion and vz is the sheet velocity. The term m0 represents

2
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the initial mass of propellant in the sheet while the inte-
gral term represents the mass accumulated by the sheet as
it moves away from the acceleration coil.

The momentum equation for this system can be written
as

LC I2
1

2 z0
exp (−z/z0) = ρAv

2
z +m (t)

dvz

dt
. (7)

The left hand side represents the self-field electromagnetic
force generated through the interaction of the current and
the magnetic field. The first term on the right hand side in
Eq. (7) is the momentum investment associated with ‘snow-
plowing’ propellant (i.e. accelerating the newly entrained
propellant encountered by the sheet from rest to the sheet
speed) while the second term involves further acceleration
of the already entrained propellant.

3. Plasma Model

In general, a model of the plasma is required to close the
set of equations. This would typically yield a value for the
plasma resistance, Rp, found in Eq. (1). A full treatment
of this problem is quite complex and requires the use of
complex MHD codes that incorporate self-consistent treat-
ments of the non-equilibrium physical phenomena such as
radiation, ionization, recombination, Joule heating and ac-
celeration. Such detailed modeling is beyond the scope of
the present study and the reader is referred to the ongoing
work that aims to perform exactly this type of detailed mul-
tidimensional modeling of pulsed inductive plasmas[6]-[8].

In previous studies[1] using the simplified, one-
dimensional model described in this section, the energy
equation was eliminated by the explicit assumption of an
electron temperature with the underlying implicit assump-
tions of local thermodynamic equilibrium and the ideal gas
equation of state. These assumptions allow for an approxi-
mate computation of the plasma resistance, Rp. While not
strictly self-consistent with the rest of the approach, the as-
sumption of a constant electron temperature can be justified
to a certain extent when dealing with elements like argon,
which possess many levels of excitation and ionization that
tend to ‘thermostat’ the electron temperature to a narrow
range over a large span of currents and number densities[5].

We should mention here before moving on that there are
a number of other implicit assumptions which have been
made in the derivation of the acceleration model. The most
important one is that current sheet formation is both imme-
diate (at t = 0) and complete (does not allow the induced
magnetic field to diffuse through it). This condition has
proved most difficult to achieve experimentally[9].

B. Nondimensional Equations

Following Ziemer and Choueiri’s modeling of a PPT[4],
we nondimensionalize the inductive accelerator’s set of

governing equations in an attempt to identify relevant scal-
ing parameters and find their optimum values. However,
differences between the models for these two accelerators
arise due to the following:

1. In the inductive thruster acceleration there are two
dependent current loops while there is only the one
loop in PPTs.

2. The mutual inductance term also does not appear in
PPT modeling; however it is essential to the coupling
between the two current loops in an inductive accel-
erator.

We also recall that the inductive acceleration model we
are employing lacks a model of the plasma. The issue of
incorporating a model of the plasma can be sidestepped by
finding non-dimensional scaling parameters and searching
for physical insight instead of attempting to exactly model
an accelerator. To determine the sensitivity of the accelera-
tion process to the plasma resistance we could simply vary
any dimensionless parameter which containsRp.

The following dimensionless terms can be readily se-
lected as a starting point based upon prior knowledge of
PPT scaling laws:

t∗ =
t√
L0C

,

I∗1 =
1
V0

√
L0

C
I1, (8)

I∗2 =
1
V0

√
L0

C
I2.

In the course of nondimensionalizing the governing equa-
tions the following additional nondimensional variables
naturally appear in the equation set:

z∗ =
z

z0
,

V ∗ =
V

V0
,

M∗ =
M

LC
, (9)

v∗z =
√
L0C

z0
vz .

In the framework of Eq. (6), the propellant can either
be loaded as a slug mass (ρA = 0 for all z) or as some
function of position (ρA = ρ0 f (z)). If the propellant is
loaded as a slug mass and we nondimensionalize by the
propellant mass per shot, mbit, the non-dimensional mass
accumulation statement can be written as

m∗ =
m (t)
mbit

= 1 for all time. (10)

For a propellant loading which is a function of z we obtain
the statement

m∗ = m∗
0 +

∫ t∗

0

ρ∗f (z∗) v∗z dt
∗, (11)

3
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wherem∗
0 = m0/mbit and ρ∗ = ρ0z0/mbit.

If we write Eqs. (1), (5), (7) and (11) in terms of the
dimensionless variables and in differential form, we obtain

dI∗1
dt∗

=
L∗V ∗ + (M∗I∗1 + I∗2 ) (dM∗/dt∗) − I∗2M

∗L∗ψ2 − I∗1L
∗ψ1

(L∗ + 1) − (M∗)2
, (12a)

dI∗2
dt∗

= M∗ dI
∗
1

dt∗
+ I∗1

dM∗

dt∗
− I∗2L

∗ψ2, (12b)

dV ∗

dt∗
= −I∗1 , (12c)

dM∗

dt∗
= −1

2
exp

(
−z

∗

2

)
v∗z , (12d)

dz∗

dt∗
= v∗z , (12e)

dv∗z
dt∗

=
[
α (I∗1 )2 exp (−z∗) − ρ∗f (z∗) (v∗z )2

]
/m∗, (12f)

dm∗

dt∗
= ρ∗f (z∗) v∗z . (12g)

The relevant scaling parameters which emerge from the
system of equations are defined as:

L∗ =
L0

LC
, ψ1 = Re

√
C

L0
,

ψ2 = Rp

√
C

L0
, α =

C2V 2
0 LC

2mbit z2
0

.

(13)

The initial conditions for the set of nondimensional differ-
ential equations are:

I∗1 (0) = 0, I∗2 (0) = 0,
V ∗ (0) = 1, M∗ (0) = 1,
z∗ (0) = 0, v∗z (0) = 0,
m∗ (0) =

m0

mbit
.

Note that when the propellant is loaded like a slug, the right
hand side of Eq. (12g) and the second term on the right
hand side of Eq. (12f) disappear (ρ∗ = 0).

III. INTERPRETATION OF THE SCALING
PARAMETERS

A. Inductance Ratio: L∗

It is well known that the efficiency of a pulsed electro-
magnetic accelerator cannot exceed the fractional change
of inductance, ∆L/L0 (see Ref. [10]). This ratio is a mea-
sure of the fraction of energy that can be deposited into
electromagnetic acceleration of the gas. From Eq. (3) we
notice that LC is equal to the total inductance change avail-
able to the accelerator (i.e. LC = ∆L). Recognizing this

allows us to write (L∗)−1 = ∆L/L0. As such, we expect
the value of L∗ to be less than unity in an efficient pulsed
inductive accelerator.

B. Critical Resistance Ratios: ψ1 and ψ2

The ratios ψ1 and ψ2 are similar in form to the critical
resistance ratio found in the gas-fed PPT literature[4]. Like
that ratio, ψ1 and ψ2 appear in the circuit equations and
control the nature of the current waveforms.

To determine the physical meanings of ψ1 and ψ2, we
attempt to find limiting solutions to Eqs. (12a)-(12c). De-
coupling the current sheet dynamics (i.e. the acceleration
and sheet motion) from the problem allows us to apply the
following conditions:

dM∗

dt∗
= 0, M∗ = 1,

which dramatically simplify the circuit equations. Under
these assumptions the circuit equations can be rewritten as:

d2I∗1
dt∗2

+ (ψ1 + ψ2)
dI∗1
dt∗

+ I∗1 = ψ2
2 L

∗ I∗2 ,

dI∗1
dt∗

− dI∗2
dt∗

= ψ2 L
∗ I∗2 . (14)

If the right hand side of first equation is small (≈ 0), then
the solution for I1 is

I∗1 = A0 exp (−Ψt∗) sin
((

1 − Ψ2
)1/2

t∗
)
,

where we have introduced the new dimensionless parame-
ter Ψ ≡ (ψ1 + ψ2) /2. The solution is underdamped (ring-

4
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ing) for Ψ < 1, critically damped for Ψ = 1, and over-
damped for Ψ > 1. If the right hand side in the second
of Eqs. (14) is also small, then the induced current in the
plasma mirrors the current in the coil:

I∗2 = I∗1 .

The fact that the current waveform depends on the sum
of ψ1 and ψ2 implies that within a portion of the (ψ1, ψ2)
parameter space, contours of constant performance should
generally follow the contours given by the equation

(ψ1 + ψ2) /2 = constant.

To neglect the non-linearities present in the circuit equa-
tions and arrive at the limiting solutions given above, the
values of L∗ and ψ2 must be such that

ψ2
2 L

∗ � 1,
ψ2 L

∗ � 1.

Therefore, we expect a feature or transition in the accelera-
tor performance as either ψ2

2 L
∗ or ψ2L

∗ approaches unity.

C. Dynamic Impedance Parameter: α

The parameter α is similar to the one found in the PPT
literature[3, 4]. Following Jahn[3], we can write α as the
product of several important ratios:

α =
C2V 2

0 LC

2mbitz2
0

=
1
2

CV 2
0 /2

mbitv2
z/2

ψ1 ψ2 L
∗
(

L̇√
ReRp

)2

,

=
1

8π2

CV 2
0 /2

mbitv2
z/2

L∗
(

2π
√
L0C

L0/L̇

)2

,(15)

where L̇ is the dynamic impedance which is defined as vzL
′

and L′ is defined as an effective inductance per unit length
equal to LC/z0. The ratios written on the right hand side
of the first line are identified as:

• The ratio of the initial stored energy to the plasma
kinetic energy, which is also the inverse of thrust ef-
ficiency. This term will always be greater than one.

• The critical resistance ratios, ψ1 and ψ2, which will
both be less than one in a real pulsed electromagnetic
accelerator.

• The inductance ratio,L∗, which will typically be less
than one in an efficient electromagnetic accelerator.

• The ratio of the dynamic impedance to an average
resistance, L̇/

√
ReRp. This is a measure of the rela-

tive magnitudes of electromagnetic acceleration and
Ohmic heating. The square of this term should be
much greater than one for efficient electromagnetic
acceleration.

In addition, the right hand side of the second line contains:

• The ratio of the resonant period of the unloaded cir-
cuit, 2π

√
L0C, to the time it takes for the circuit

to increase its inductance by L0, which is equal to
L0/L̇.

The term L0/L̇ identified in the final bullet point above
is essentially the timescale on which the current sheet re-
mains in the acceleration region before decoupling from
the coil (i.e. residence time). The other term, 2π

√
L0C, is

the timescale on which the external circuit naturally oper-
ates. When the ratio of the circuit timescale to the residence
time is small (� 1), the external circuit attempts to trans-
fer its energy faster than the current sheet can accept it,
leading to an inefficient acceleration process. On the other
hand, when the ratio of the timescales is large (� 1), the
sheet moves away from the acceleration coil quickly, exit-
ing the acceleration region and decoupling before the ex-
ternal circuit can transfer the maximum amount of energy
to the sheet. Between these two cases exists an optimum
value of α where the current sheet’s residence timescale is
matched to the external circuit, allowing for optimum trans-
fer of stored electrical energy into directed kinetic energy.

IV. NONDIMENSIONAL SOLUTIONS

A. Solution Strategy

The set of coupled first-order ODEs given in Eqs. (12)
can be solved numerically once the mass distribution and
the set of scaling parameters given in Eqs. (13) are spec-
ified. The performance metrics chosen for this study are
the exhaust velocity, v∗z , and the thrust efficiency, which is
written in terms of nondimensional parameters as

ηt =
m∗v∗z
2L∗α

.

In solving any set of first-order (in time) differential
equations, it is important to know when the time histories of
the computed variables (specifically v∗z in our case) should
be queried to calculate performance. This question is, in
fact, critical to the evaluation of these accelerators. For
our non-dimensional model, the integration period will end
when one of the two following conditions is reached:

1. The end of the first half-cycle of the accelerator coil
discharge is reached and the current I ∗

1 reverses in
sign.

2. The sheet travels three characteristic lengths, z ∗ = 3.

The first condition above is based on the fact that when
the accelerator current goes through zero, it is going though
a point of high dI1/dt. While the acceleration model
doesn’t incorporate any ionization physics, it is well known
that a new current sheet can form at the face of the coil,
causing what is known as a “crowbar discharge”. If this
occurs, the initial current sheet ceases to undergo accelera-
tion.

5
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FIG. 2: Contour plots of inductive accelerator efficiency and non-dimensional exhaust velocity for a slug mass loading found while
varying: A) and B) α and ψ1, C) and D) α and ψ2. The other nondimensional values use to compute these data are: plots A) and B)
ψ2 = 0.13, L∗ = 0.121; plots C) and D) ψ1 = 0.05, L∗ = 0.121.

The second condition stems from the existence of a finite
axial distance between the current sheet and the coil, be-
yond which the two are essentially de-coupled electrically.
The inductance asymptotes at z∗ = ∞ to a finite value as
given in Eq. (3). The separation distance z ∗ = 3 is chosen
as our cutoff for electromagnetic coupling as it represents
an inductance change in the circuit of 95% of the coil in-
ductance. Above this cutoff value, the integration yields no
significant change to the calculated performance.

If the propellant is not loaded like as a slug mass, more
effort may be required to include propellant utilization in-
efficiencies in the total thrust efficiency. To do this, the
velocity must be allowed to continue to evolve until all the
available mass is entrained by the sheet. However, it should
be clear from the above conditions that the calculation may
halt before this occurs. If this is the case, the unentrained
mass represents a mass utilization inefficiency in the accel-
eration scheme and the final values of v∗z and m∗ must be
corrected to reflect this fact.

The correction begins by realizing that once the sheet is
“decoupled”, there is no mechanism by which it can trans-
fer impulse to the thruster. However, we shall assume that
the sheet continues to entrain the mass it encounters. When
the computation is halted, the current sheet has entrained an

amount of mass equal tom∗
f and moves at a velocity equal

to (v∗z)f , where the subscript f is used to indicate that these
values are the final data points obtained from the numeri-
cal solution. The total mass available to the sheet is m∗

bit.
Conservation of linear momentum is used to compute the
corrected sheet velocity as

v∗z =
m∗

f

m∗
bit

(v∗z )f . (16)

B. Solutions

We present contour plots of computed performance (v ∗
z

and ηt) found by solving the nondimensional governing
equations while varying the values of the various similar-
ity parameters. The results are presented primarily for a
slug mass loading (ρA = 0). The slug mass loading, while
not physically realizable in a gas-fed system, allows for the
exploration of the parameter space while minimizing the
effects of the mass distribution on the acceleration scheme.
The results from the slug mass loading are compared to a
uniform fill (ρA = constant for z∗ between zero and three)
and a triangular mass distribution equivalent to that found

6
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in the PIT[1] and given by

ρA =
{
ρ0 (1 − z/δm) z ≤ δm
0 z > δm

In all data sets, the baseline values of the nondimensional
parameters are L∗ = 0.121, ψ1 = 0.05, ψ2 = 0.13 and
α = 2.1. These values roughly correspond to those found
in the PIT MkV accelerator[1].

Contour plots of computed efficiency and nondimen-
sional exhaust velocity are presented for varying values of

α and ψ1 (Fig. 2A-B), α and ψ2 (Fig. 2C-D), ψ1 and ψ2

(Fig. 3A-B), and ψ2 and L∗ (Fig. 3C-D). We observe sev-
eral important trends in these data.

First, in Figs. 2A,C, we see that the efficiency possesses
a local maximum with respect to α. Also, Figs. 2B,D show
increasing sheet velocity with increasing α, implying a de-
crease in the residence timescale of the current sheet in the
acceleration region. These observations are consistent with
our interpretation of α as a dynamic impedance matching
parameter.
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FIG. 3: Contour plots of inductive accelerator efficiency and non-dimensional exhaust velocity for a slug mass loading found while
varying: A) and B) ψ1 and ψ2, C) and D) ψ2 and L∗. The other nondimensional values use to compute these data are: plots A) and B)
α = 2.1, L∗ = 0.121; plots C) and D) α = 2.1 and ψ1 = 0.05.

Efficiency and exhaust velocity increase with decreas-
ing ψ1 and ψ2 (Figs. 3A-B). This trend will be discussed
in more detail in the next section. In addition, efficiency
also increases with decreasing L∗ showing the importance
of increasing the ratio LC/L0 in a pulsed electromagnetic
accelerator.

In Figs. 2C-D and 3A-B, we observe a transition point
in the solution near ψ2 = 3. This transition is marked by
a dashed line in the plots. Similarly, a transition in the so-

lution form is marked by a dashed line in Figs. 3C-D. In
Sect. III we discussed the physical meanings and interre-
lationships between ψ1, ψ2 and L∗ by linearizing the cir-
cuit equations and finding solutions to a limiting case. We
found that this linearization held when ψ 2

2L
∗ � 1 and

ψ2L
∗ � 1. For the present value of L∗, the more strin-

gent requirement is the former. In Figs. 2C-D and 3A-D,
a dashed line given by the equation ψ 2

2L
∗ = 1 is plotted.

As the values of either ψ2 or L∗ increase, the non-linear
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interactions between I1 and I2 increasingly affect the solu-
tion causing the time-history of I2 to increasingly deviate
from that of I1. The same analysis showed that the quan-
tity Ψ = (ψ1 + ψ2) /2 was important in determining the
oscillatory nature of the current waveforms. We speculated
that so long as the linearizing assumptions held, contours
of constant performance should follow contours of Ψ equal
to a constant. In general, we observe this to be true in the
lower left hand corners of Figs. 3A-B.
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FIG. 4: Contour plots of inductive accelerator efficiency for A) a
triangular mass distribution and B) a uniform mass distribution.
The fixed nondimensional parameters in these computations are
ψ2 = 0.13, L∗ = 0.121. Points corresponding to the nondi-
mensional parameters found in the PIT MkV[1] are plotted in A)
and are indicated by “+” symbols. The measured thrust efficien-
cies associated with these points compare quite favorably with the
computed performance contours.

We observe that propellant loading has a large influence
on the thrust efficiency, going from a maximum of 70% for
a slug mass (Fig. 2A) to 50% for a triangular mass loading
(Fig. 4A) and 16% for a uniform fill (Fig. 4B). These ex-
treme cases help emphasize the detrimental effects of drag
on the current sheet as it entrains propellant. The perfor-
mance is especially poor in the uniform fill case since much
of the propellant is acquired after the circuit experiences a
significant increase in inductance. Consequently, a current
sheet with substantial velocity but little momentum propa-
gates into the remaining propellant and experiences signif-
icant drag (drag force ∝ (v∗z )2) while at the same time the
driving force is decreasing exponentially with increasing

axial position.
It is interesting to note that there is only a small amount

of variation in the peak efficiency as a function of α when
comparing Figs. 2A and 4. The peak slowly shifts from α
between 1 and 2 for a slug mass loading to between 2 and
3 for the uniform fill. The corresponding nondimensional
parameters for PIT MkV data are plotted as “+” symbols
in Fig. 4A and the measured thrust efficiencies associated
with these points compare quite favorably with the com-
puted performance contours in that graph. These data also
show that the optimum α values are easily accessible ex-
perimentally.

V. IMPLICATIONS OF THE RESULTS

Several observations made in the previous section lead
directly to ways in which the performance of a pulsed in-
ductive accelerator can be improved. First, an accelerator
can achieve maximum efficiency when operated at or near
values of α which allow for a good dynamic impedance
match. According to the discussion in Sect. III, this match
occurs somewhere between α � 1 and α � 1. Subse-
quently, it was shown in Figs. 2A and 4 that the optimum
in fact occurs when 1 ≤ α ≤ 3.

The value of L∗ should be as low as possible to allow for
as much electromagnetic acceleration as possible. In ad-
dition, the exhaust velocity can be increased by increasing
the value of α.

The scaling with ψ1 and ψ2 is somewhat counterin-
tuitive based on previous experience with pulsed plasma
thrusters[11]. In PPTs the thrust efficiency decreases as a
function of an increasing critical resistance ratio, which is
similar to what we observe in Figs. 2A,C and 3A. However,
unlike the trends in PPT scaling where the thruster exhaust
velocity decreases with decreasing ψ[11], the dimension-
less exhaust velocity remains fairly constant as either ψ1 or
ψ2 are varied independent of each other (Figs. 2B,D). This
is because the term that really matters as far as control-
ling the discharge waveform is Ψ (see Sect. III B). In addi-
tion, the dimensionless exhaust velocity actually increases
as bothψ1 and ψ2 (or Ψ) decrease in value (Fig. 3B). Based
on this scaling we must ask ourselves if we should attempt
to operate a real pulsed inductive accelerator in the low ψ1,
ψ2 regime.

Plotted in Fig. 5 are computed time histories of the
various nondimensional parameters. To generate these
curves, the equation set was integrated for different val-
ues of ψ1 = ψ2 while maintaining α and L∗ constant. We
observe two features in these data. The first is that the cur-
rent waveforms do ring more as the values of ψ1 and ψ2

are decreased. This is evidenced in both the peak currents
reached (both I∗1 and I∗2 ) and the amount of voltage rever-
sal after the first half-cycle and is an expected result based
upon the analysis which yielded Eq. (15) and the dimen-
sionless parameter Ψ. However, even though the circuit
rings more (i.e. more energy returns to the capacitor at the
end of the first half-cycle) the directed kinetic energy of the
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FIG. 5: Time histories of the various computed parameters in a
pulsed inductive accelerator for different values of ψ1 = ψ2. The
slug mass loading is employed and the values of α and L∗ are 2.1
and 0.121, respectively.

sheet and the thrust efficiency also increase as ψ1 and ψ2

decrease.
To explain this, we first note that α is invariant in these

solution sets. Taking the interpretation of α as the dy-
namic impedance allows us to state, in rough terms, that
the source (driving circuit) and the load (current sheet) are

still approximatelymatched in all three cases plotted in Fig.
5. Consequently, we still obtain a high degree of energy
transfer between the circuit and the load, even as ψ1 and
ψ2 are decreased in value. This is why the solutions for the
three cases, especially those for I1 and I2, while differing
in magnitude, qualitatively behave in a similar fashion.

To explain the increase in exhaust velocity and thrust ef-
ficiency with decreasing ψ1 and ψ2, we first recall that in
pulsed plasma thrusters

Impulse Bit ∼
∫
I2 dt.

As the PPT circuit is adjusted from underdamped to crit-
ically damped, the peak current decreases. However, the
total integral, and hence the impulse bit, and to some ex-
tent the thrust efficiency, can be conserved. On the other
hand, in a pulsed inductive accelerator

Impulse Bit ∼
∫
I2
1 e

−z(t) dt.

This indicates that to improve impulse bits and thrust ef-
ficiencies, the current must peak while the sheet is still
close to the back-end of the accelerator (i.e. near z = 0).
The force accelerating the sheet drops exponentially as the
sheet moves away from z = 0, even if the peak current is
maintained. Therefore, to achieve efficient pulsed induc-
tive acceleration, the highest possible peak current must be
reached before the sheet moves far from z = 0. This im-
plies that any attempts to lower the peak current and extend
the current pulse length (either by increasing ψ1 and ψ2

to obtain a critically damped circuit or through the use of
solid-state switching technology) will result in a less effi-
cient acceleration process with a higher fraction of the total
energy lost in the circuit through resistive dissipation.

There are several reasons why PPTs typically avoid the
low critical resistance ratio, highly-underdamped circuit
regime. The missions for which PPTs are best suited re-
quire high specific impulse, so the exhaust velocity must
be high. Also, the highly ringing circuit can result in a
large voltage reversal which can be damaging to the life-
time of the capacitor. In addition, ringing circuits can re-
sult in crowbar discharges which short-circuit the acceler-
ation process before the current sheet reaches the ends of
the electrodes.

In pulsed inductive accelerators, the problem of crowbar
discharges can be avoided by maintaining a good dynamic
impedance match. High specific impulses and efficiencies
are realized in the low ψ1, ψ2 circuit configuration. The
only remaining concern pertains to the capacitor voltage re-
versal. The voltage reversal for the data presented in Fig. 5
ranges from 20% of the maximum charge for ψ1 = ψ2 = 1
to 40% of the maximum charge for ψ1 = ψ2 = 0.1. It may
be possible to reduce this by adjusting the values of L∗ and
α slightly. This implies that for high performance, a pulsed
inductive accelerator should be operated in a highly under-
damped mode. This may require the capacitor to handle a
higher voltage reversal than in the critically damped mode.
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VI. CONCLUSIONS

We have presented a nondimensional acceleration model
for a pulsed inductive plasma accelerator. The nondimen-
sionalization of the governing equations led to the identifi-
cation of several performance scaling parameters, many of
which have analogous counterparts from previous pulsed
plasma thruster nondimensional acceleration models. The
physical meanings of the scaling parameters and their ef-
fects on accelerator performance were explored through
a series of theoretical arguments and numerical solutions.
The analysis leads to the following insights:

• There exists a value of the dynamic impedance pa-
rameter, α for which thrust efficiency is maximized.
This value is between 1 and 2 for a slug mass loading
and 2 and 3 for the uniform fill. This optimum corre-
sponds to a matching of the driving circuit’s natural
oscillation timescale to the residence timescale of the
current sheet in the acceleration zone.

• Efficiency increases for decreasing values of the in-
ductance ratio, L∗, as this represents an increase in
the fraction of energy which can be deposited into
electromagnetic acceleration of the propellant.

• Efficiency and exhaust velocity increase when both
ψ1 andψ2 (or equivalently Ψ) are decreased in value.

This implies that underdamped circuits are prefer-
able for increased performance in pulsed inductive
accelerators. The reason is due to the scaling of the
performance with

∫
I2
1 e

−z(t) dt which implies that
the current must peak while the sheet is still close
to the back-end of the accelerator (i.e. near z = 0).
Consequently, the greater initial currents found in
highly underdamped circuits (relative to critically
damped circuits operating at the same discharge en-
ergy) are preferable for higher performance.

• Performance increases as a greater fraction of the
propellant is loaded close to the back-end of the ac-
celerator and is maximized for a slug mass loading.
This is primarily due to the drag associated with a
moving current sheet entraining and accelerating any
propellant it encounters.
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