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Physics of Thermionic, Orificed Hollow Cathodes.
Part 1: Theory and Experimental Validation

P-Y C R Taunay, C J Wordingham and E Y Choueiri
Electric Propulsion and Plasma Dynamics Laboratory, Princeton University,
Princeton, NJ 08544, USA

E-mail: ptaunay@princeton.edu,cjw4@alumni.princeton.edu

Abstract. A model aimed at illuminating the physics of thermionic, orificed
hollow cathodes is developed and validated with experimental data. The model
is intended to describe the variation of total (neutrals, ions, and electrons)
static pressure with controllable parameters. That pressure must be properly
evaluated because it influences important plasma parameters in the cathode such
as the attachment length and the electron temperature, which directly impact
the lifetime of thermionic inserts. The model, which combines a zero-dimensional
approach to the conservation of energy and momentum for the combined plasma-
neutral fluid and a charge-exchange-limited ambipolar diffusion model, allows
for the computation of all plasma quantities, including the total fluid pressure.
The model depends on the operating conditions (discharge current and mass flow
rate), cathode geometry, and the gas species, along with two non-controllable
parameters: the neutral gas temperature and the sheath potential. Total pressure
data at up to 307 A of cathode discharge current were obtained experimentally
and were used, along with data from the literature, to validate the model. Good
agreement is obtained for all quantities. The model is used in a companion paper
to clarify the role of magnetic and gasdynamic pressure in the scaling of total
pressure, to derive scaling laws applicable to thermionic, orificed hollow cathodes,
and to propose novel cathode design rules.

Keywords: hollow cathode, thermionic, modeling, experimental validation, electric
propulsion, plasma propulsion, low-temperature plasma
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Physics of Thermionic, Orificed Hollow Cathodes. Part 1: Theory and Experimental Validation 2

1. Introduction

Thermionic, orificed hollow cathodes serve as plasma
sources of electrons and have been used for a variety of
applications, such as surface processing [1–3], neutral
beam injectors for fusion devices [4–6], and electric
space propulsion [7, 8]. They feature a hollow tube
(made of either a refractory metal or graphite) which
is capped by an orifice plate and in which a low-work-
function thermionic material is inserted. A keeper
electrode is placed around and/or in front of the
cathode to initiate the discharge and to protect the
orifice plate from high-energy ions (hypothesized to be
generated by ion acoustic instabilities in the plume
[9]) that are accelerated towards the cathode. An
external heater is used to bring the insert material to
emitting temperatures. The cathode is surrounded by
heat shields to reduce radiative losses. A neutral gas
(e.g., xenon) is then introduced into the tube and a
discharge is established with the keeper or an external
anode.

Because orificed hollow cathodes are the most
promising type of cathodes for future space missions,
their reliable operation is critical. Proposed space
propulsion applications require operational lifetimes of
up to 100,000 hours (100 kh) [10,11] without servicing,
with estimated total discharge powers in the range of
100–200 kW [12]. This is equivalent to up to 800 A
of discharge current for a typical Hall-effect thruster
(assuming an efficiency of 100%, a specific impulse of
2,000 s, and xenon gas). Existing thrusters are starting
to approach or exceed this power level [13–15]. To date,
however, only cathodes that operate at low current
(< 20 A) have undergone life testing and the lifetime
of high-current (> 100 A) cathodes has only been
estimated to be in the tens of kilo-hours (see Figure 1).
There is a clear need for technological improvements to
increase cathode performance to a combined range of
discharge current and lifetime that can enable next-
generation missions. High discharge currents can be
achieved by scaling the cathodes to larger sizes. It is
unclear, however, how the cathode lifetime is affected
by an increase in discharge power.

The lifetime of thermionic orificed hollow cathodes
is limited by the erosion of its external surfaces
and, fundamentally, by the evaporation and sputtering
of the thermionic emitter. Both processes depend
on the behavior of the plasma in the insert region.
Sputtering of the emitter material is not a primary
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Figure 1: Demonstrated (solid) and estimated (open)
lifetime of hollow cathodes for given discharge currents.
Original data from [16–22]. None of the cathodes for
which lifetime testing was conducted reached end-of-
life. Reproduced from “Pierre-Yves C. R. Taunay,
Scaling Laws in Orificed Thermionic Hollow Cathodes,
Ph.D. dissertation, Princeton University, 2020.” [23]
Copyright 2020, Pierre-Yves C. R. Taunay.

concern for typical cathode operation, as the sputtering
yield of typical thermionic emitters is low enough
to prevent sputtering of the emitter material (this
is true for sheath potentials of less than 20 V) [24,
25]. To limit evaporation low-temperature (∼1000◦C)
operation of the emitter is preferable. This can be
achieved by increasing the attachment length (i.e., the
plasma contact with the emitter) to reduce the insert
temperature for a given discharge current [26,27]. The
attachment length, or length over which the plasma is
dense enough to “absorb” all emitted electrons, is a
direct measure of the plasma coupling to the emitter.
The attachment length and electron temperature are
affected by experimentally controllable parameters
(e.g., mass flow rate, discharge current) in a complex
fashion. We seek to explain this behavior through
simple models that cover most cathode operating
regimes (i.e., low to high discharge current and mass
flow rate).
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Physics of Thermionic, Orificed Hollow Cathodes. Part 1: Theory and Experimental Validation 3

The neutral gas pressure in an orificed hollow
cathode affects physical quantities such as the ratio of
sheath-edge plasma density to average plasma density
and electron temperature [28, 29], and, therefore, the
total lifetime of the insert. In the insert region,
under the assumptions of charge-exchange-dominated
ambipolar diffusion and spatially constant electron
temperature and pressure, it can be shown that the
electron temperature depends only on the geometry of
the cathode and the neutral gas density (or pressure for
a constant temperature) [29, 30]. These assumptions
are typically valid for orificed hollow cathodes. It is
critical to obtain an accurate value of the neutral gas
pressure to ensure that the lifetime of the thermionic
insert is maximized.

To estimate the neutral gas pressure, both
the total pressure and ionization fraction can be
used. Multiple approaches exist to estimate the
total pressure, many of which are used within the
context of a zero-dimensional cathode model: empirical
relationships, designed for a mercury hollow cathode
[31–36] or based on the available data from the
literature [37], isentropic [38] or isothermal [39, 40]
flow approaches, Poiseuille flow theory [30, 41, 42], a
modification of Poiseuille flow theory [43, 44], and
an “equivalent temperature” or modified specific gas
constant taking into account the ionization fraction
[39,40,45,46]. We have shown in [37] that the empirical
relationships developed in [31–36] do not generalize to
other cathodes and that the assumptions of isentropic,
isothermal, or viscous Poiseuille flow are invalid in the
flow regime in which cathodes operate. The empirical
relationship we proposed in [37] covers available data
from the literature but may not generalize to new
designs unless they are similar to cathodes included
in the analysis used to derive the relationship. It is
also limited by its data-driven approach which does
not explain the physical phenomena governing the total
pressure in orificed hollow cathodes.

A two-dimensional computational approach may
be used to evaluate the plasma quantities within
hollow cathodes. This type of approach include two-
dimensional fluid [47–52], coupled plasma-thermal [53],
hybrid-particle in cell (PIC) [54, 55], and full PIC
models [56,57]. Such framework can provide the spatial
variation of all simulated quantities and may be used
for detailed cathode design and derivation of scaling
laws. However, scaling laws may also be derived from
simpler approaches. Through well-justified simplifying
assumptions, we provide an alternative approach
to the calculation of plasma quantities to describe
the variation of the total pressure with controllable
parameters and, ultimately, develop scaling laws
applicable to hollow cathodes. To the authors’
knowledge, no idealized approach such as the one we

present here has been (i) applied to a wide range of
cathode operating conditions, or (ii) used to study
the scaling of the total pressure (as shown in our
companion paper).

We have shown in [28] that existing 0-D models
[30–35,38,41–46,58–65] cannot be applied to cathodes
that are different from the design for which they were
originally developed. It is therefore not possible to
use those models for a wide variety of cathodes and
operating conditions.

We propose in this work to use the combination
of zero-dimensional, volume-averaged, conservation
equations for all species (ions, electrons, neutrals)
present in the cathode and a two-dimensional charge-
exchange-limited ambipolar diffusion model for the
electrons, which is solved analytically. The latter
model was presented in [29]. We then discuss the
required assumptions we make and delineate the
theoretical model. We finally demonstrate that the
results of the model agree with experimental data
of total pressure, electron temperature, attachment
length, and wall temperature on a variety of cathodes
that span a range of 1–307 A of discharge current, 3.7–
109 sccm of mass flow rate, and multiple gases and
geometries.

2. Experiment

2.1. Cathode configuration

The Princeton large hollow cathode (PLHC) is a 20 cm
(8 in.) long cathode with an inner bore of 3.26 cm
(1.284 in.). The cathode material is AXM-5Q POCO
graphite. The PLHC features two 2.715 cm inner
diameter, 4.02 cm long lanthanum hexaboride (LaB6)
inserts for a total of 8.04 cm length. The inserts are
heated via an external graphite heater described in [66].
The heater is insulated from the cathode with a set
of boron nitride (BN) insulator rings. A heat shield
made of multiple layers of 200µm (0.008 in.) thick
grafoil and of 50µm (0.002 in.) thick molybdenum is
used to reduce radiative heat loss. The cathode has a
tungsten orifice plate which is 1.5 mm thick and which
has a 5.6 mm (7/32 in.) diameter orifice. The cathode
is mounted on a block of 253MA stainless steel and is
held in place by a clamp ring of the same material. The
clamp ring is fastened to the cathode base with 1/4”-
20 screws. Interfaces between materials are sealed with
grafoil gaskets. Downstream of the cathode orifice are
a 6.35 mm (1/4 in.) thick graphite keeper plate with a
9.52 mm (3/8 in.) diameter orifice and a water-cooled,
aluminum anode. The keeper plate is held in front of
the cathode with a combination of stainless steel and
ceramic posts. The keeper is attached to the stainless
steel posts with #6-32 screws. The ceramic posts are
fastened to the cathode base with #6-32 screws and to

Page 3 of 24 AUTHOR SUBMITTED MANUSCRIPT - PSST-104952.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

A
cc

ep
te

d 
M

an
us

cr
ip

t



Physics of Thermionic, Orificed Hollow Cathodes. Part 1: Theory and Experimental Validation 4

the stainless steel post with #6-32 threaded rods.
Gas flows through the cathode through a stainless

steel compression tube fitting (Swagelok-to-NPT
fitting) mounted on the side of the cathode base. A
pressure tap is drilled into the cathode base opposite
the gas inlet and provides a direct connection to a
Baratron gauge situated outside the vacuum facility.
Both gas inlet and pressure tap fittings are sealed with
an anti-seizing compound. The seal on the back of
the cathode is provided by a grafoil gasket between
the cathode base and a structure (“diagnostics pod”)
that houses additional plasma diagnostics not used
in this study. Design details of the diagnostics pod
can be found in [67]. Figure 2 shows an exploded
view of the cathode assembly (without fasteners) as
rendered by a computer-aided design (CAD) software,
along with a table showing the materials used for each
component. Both a CAD drawing and cutaway view of

Keeper

Cathode base

Heater insulator

Graphite gaskets

LaB6
inser

ts

Orifice
plate

Pressure
tap

Ceramic posts

Stainless steel
posts

Clamp ring

Cathode tube

Component Material

Cathode AXM-5Q POCO graphite
Keeper AXM-5Q POCO graphite

Keeper posts Ceramic and stainless steel
Heater (not shown) AXM-5Q POCO graphite

Heater electrical insulator Boron nitride
Orifice plate Tungsten

Gaskets Grafoil (graphite)
Inserts Lanthanum hexaboride

Cathode base Stainless steel 253MA
Clamp ring Stainless steel 253MA

Figure 2: Exploded view of the cathode assembly
without heater, fasteners, and heat shields. Repro-
duced from “Pierre-Yves C. R. Taunay, Scaling Laws in
Orificed Thermionic Hollow Cathodes, Ph.D. disserta-
tion, Princeton University, 2020.” [23] Copyright 2020,
Pierre-Yves C. R. Taunay.

the cathode without heater, heat shields, and fasteners
can be found in Figure 3 and Figure 4, respectively.
We show in Figure 5 a schematic of the experimental
setup and in Figure 6a a photograph of the actual

12.7

⌀0.56

(a) Front view.

3
0
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3.810.64

1
6
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20.3

(b) Right view.

3.62

4.43

10.2

(c) Top view.

Pressure

tap

Gas

inlet

(d) Isometric view. The gas
inlet (hidden in this view)
is situated opposite of the
pressure tap.

Figure 3: CAD rendering of the cathode without
heater, fasteners, and heat shields. Dimensions are
in cm. Reproduced from “Pierre-Yves C. R. Taunay,
Scaling Laws in Orificed Thermionic Hollow Cathodes,
Ph.D. dissertation, Princeton University, 2020.” [23]
Copyright 2020, Pierre-Yves C. R. Taunay.

cathode, anode, and heater. The cathode, with keeper
and heat shielding installed, is shown in Figure 6b.

2.2. Facilities

The cathode is installed in a 2 m diameter by 5 m
long fiberglass vacuum vessel evacuated to less than
7 × 10−5 Torr (0.01 Pa, 1 mbar) without gas flow, or
2 × 10−4 Torr (0.03 Pa, 3.2 mbar) at the maximum
tested flow rate (8.6 mg/s or 290 sccm of argon), by
a pair of 1.2 m (48 in.) diameter diffusion pumps
backed by a roots blower and two roughing pumps. The
graphite heater is powered by a 13.3 kW power supply
with a maximum output of 32 V or 400 A. In all of
our experiments the cathode operates in triode mode
(cathode, keeper, anode). The cathode discharge is
sustained by a 30 kW welding power supply configured
for a maximum output of 150 V or 500 A. The total
current from the power supply is controlled with a
manual dial. An electrical diagram of the setup is
shown in Figure 7.

The anode and keeper current are provided by
the same power supply. Our heater is able to provide
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Physics of Thermionic, Orificed Hollow Cathodes. Part 1: Theory and Experimental Validation 5

Gas inlet

Cathode tubeInserts

Keeper

Figure 4: Cutaway view of the cathode assembly
showing the location of the installed inserts and gas
inlet. Reproduced from “Pierre-Yves C. R. Taunay,
Scaling Laws in Orificed Thermionic Hollow Cathodes,
Ph.D. dissertation, Princeton University, 2020.” [23]
Copyright 2020, Pierre-Yves C. R. Taunay.

Heater

Anode

Keeper Base plate

Thermocouple
Type C

Type K
Thermocouple

Stainless steel
lead

Cathode

BN
insulator

To
baratron

Figure 5: Schematic of the cathode apparatus
(top view) showing the location of temperature
measurements. Adapted from “Pierre-Yves C. R.
Taunay, Scaling Laws in Orificed Thermionic Hollow
Cathodes, Ph.D. dissertation, Princeton University,
2020.” [23] Copyright 2020, Pierre-Yves C. R. Taunay.

enough power to ensure that the ignition voltage falls
below the maximum voltage of the 30 kW power
supply. A 50 Ω resistor is used in series with the keeper
to limit the total keeper current to 3 A.

The experimental circuit features resistor shunts
Rc, Ra, Rk, and Rh that are used to measure the

20 cm
(8 in.)Anode

Cathode

Heater

(a)

Keeper

Anode Heat shield

(b)

Figure 6: Princeton large hollow cathode (a)
without and (b) with heat shields. Adapted from
“Pierre-Yves C. R. Taunay, Scaling Laws in Orificed
Thermionic Hollow Cathodes, Ph.D. dissertation,
Princeton University, 2020.” [23] Copyright 2020,
Pierre-Yves C. R. Taunay.

current flowing through the cathode, anode, keeper,
and heater, respectively.

2.3. Measurement system

Pressure We measure the total pressure upstream
of the cathode with an MKS 622C baratron gauge
connected to the stainless steel support block through
a 3/8 in. NPT fitting. The pressure tap is located
approximately 22 cm (8.75 in.) from the upstream
surface of the cathode orifice. The gauge is situated
outside the vacuum tank, another 1.2 m away
from the pressure tap. A National Instruments
(NI) data acquisition system is used to perform a
differential voltage measurement across the Baratron
gauge output.
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50
Ω

Ra

Rk

Rc

Heater

Rh

Cathode

32 V/400 A
13.3 kW

150 V/500 A
30 kW

Keeper

Anode

Figure 7: Electrical diagram of the experiment. Repro-
duced from “Pierre-Yves C. R. Taunay, Scaling Laws in 
Orificed Thermionic Hollow Cathodes, Ph.D. disserta-
tion, Princeton University, 2020.” [23] Copyright 2020, 
Pierre-Yves C. R. Taunay.

Temperature During operation, we measure the 
temperature of the cathode tip and of one of the tabs of 
the heater with C-type thermocouples that are in direct 
contact with either surface. A K-type thermocouple is 
used to evaluate the temperature of the stainless steel 
base. The location of the temperature measurements 
is shown in Figure 5.

2.4. Total pressure measurements

Figure 8 shows pressure measurements we performed 
with and without the cathode discharge. Without a 
plasma, the pressure increases linearly with mass flow 
rate as is expected from a choked orifice. During 
operation the pressure increases both with mass flow 
rate and discharge current, a behavior similar to other 
cathodes [36, 68, 69].

3. Theory

3.1. Assumptions

We make the following assumptions:

(i) In the insert and orifice regions, the ionized species
are treated as a continuum fluid.

(ii) The heavy-particle stagnation temperature in
both regions is constant and is a free parameter.

(iii) The flow in the orifice is frozen.

(iv) The total static pressure is constant in the insert
region.

50 250
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re
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Figure 8: Total pressure measurements: (a) with cold
gas only (300 K, no discharge: Id = 0 A); (b) during
cathode operation, at 109 sccm of argon, and discharge
current of 100–307 A. Adapted from “Pierre-Yves C. R.
Taunay, Scaling Laws in Orificed Thermionic Hollow
Cathodes, Ph.D. dissertation, Princeton University,
2020.” [23] Copyright 2020, Pierre-Yves C. R. Taunay.

(v) The flux of ions to the walls is equal to the Bohm
flux and is not modified by the presence of an
emitting sheath.

(vi) The fluid is inviscid.

(vii) The electron temperature is constant in each
region.

(viii) The electron inertia is negligible compared to that
of the heavy species.
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Physics of Thermionic, Orificed Hollow Cathodes. Part 1: Theory and Experimental Validation 7

(ix) Inelastic collisions other than direct ionization and
ground-state excitation are ignored.

(x) Steady-state conditions are reached.

Our first assumption is justified in the insert region of 
cathodes with a small orifice-to-insert diameter ratio 
(i.e., most orificed hollow cathodes) [37]. The Knudsen 
number is generally less than 1 for those cathodes. This 
assumption is invalid when the flow becomes 
transitional, such as in the cathode orifice, in cathodes 
that have an orifice-to-insert diameter ratio close to 1 
(i.e., tube cathodes), and in cathodes with a sufficiently 
low mass flow rate (depending on the orifice size [30], 
p.270). We will use empirical corrections to compensate 
for transitional flow effects at the orifice outlet. The 
second assumption implies that the ion and neutral 
static temperatures are equal, which is justified for 
heavy species that have a large cross section for 
resonant charge exchange (e.g., noble gases). We specify 
the static temperature in the orifice region and calculate 
the stagnation temperature under the assumption of an 
adiabatic flow. This assumption is used in 0-D cathode 
models [30, 38, 41, 42, 58–61, 63, 64, 70, 71] and the 
model we describe here is not sensitive to the value of 
the neutral gas temperature in the range of 2,000–4,000 
K. Some 2-D computational models [48–50] also assume 
that the ion and neutral temperatures are identical. The 
results of other two-dimensional computational models 
[49,52] show that the temperature of the heavy species 
is not identical for every spatial location: the heavy 
species may not only have a different temperature, but 
also have a spatial temperature variation. For example, 
numerical results from [52] indicate that the on-axis 
neutral temperature varies from 3,000 K to 2,550 K 
upstream of the orifice over a range equal to the insert 
radius (0.2 cm). However, the volume-averaged neutral 
and ion temperatures are near-identical: in the active 
region upstream of the orifice, the results from [52] 
indicate that they are equal to 2,490 K and 2,480 K, 
respectively (assuming an emission length, to first 
order, equal to the insert radius: Leff ≈ rc). In general, it 
is challenging to experimentally obtain the temperature 
of the neutral particles or ions in either the insert or 
orifice regions, and it is therefore difficult to 
unambiguously evaluate the validity of the second 
assumption. This assumption nonetheless simplifies the 
theoretical approach.

Because the mean free path for inelastic electron-
neutral collisions is much larger than the orifice size, 
and because the residency time is smaller than the time 
between inelastic collisions for neutral particles in the 
orifice, the assumption of frozen flow (assumption iii) is 
justified, for typical operating conditions. The ratios of 
mean free path to orifice length Lo and inter-collision

time to residency time for the neutrals are given by:

λ̄ =
1

neσ (TeV )Lo
, (1)

and

τ̄ =
vg
Lo

(ne 〈σ (TeV ) v〉)−1
=
vg
ve
λ̄, (2)

respectively. In Equations (1) and (2), ne is the
electron density, σ is the inelastic collision cross
section, TeV is the electron temperature in eV, vg is
the local sound speed, and ve is the electron thermal
velocity. Figure 9 shows the two ratios for xenon
and two orifice aspect ratios Λor (orifice length over
orifice diameter), where we assume a gas temperature
of 2,000 K to calculate the speed of sound. The electron
temperature is calculated from the neutral gas density
using the ambipolar diffusion model from [29]. The
total excitation cross section is the sum of the ground-
state excitation collision cross sections. The mean
free path for inelastic collisions is much longer than
the orifice length for all neutral densities of interest.
As indicated by the variation of the ratio of inter-
collision time to neutral gas residency time, the frozen
flow approximation may be challenged for large orifice
aspect ratios. The likelihood that a neutral atom
undergoes many inelastic collisions before exiting the
orifice channel is then very high. In general, however,
this approximation allows us to provide a bound on the
flow variables.

Assuming a constant total static pressure (as-
sumption iv) in the insert region is justified because
pressure gradients are small in the insert region for
cathodes with small orifice-to-insert-diameter ratio.
Pressure gradients, however, can exist far from the ori-
fice inlet, where the flow is constricted, as has been
demonstrated by 2-D simulations [49, 57]. The flow
gains dynamic pressure at the expense of static pres-
sure in this region. The pressure difference between
the upstream section and the orifice plate results in an
additional force which increases the momentum flux
through the orifice [72]. Ignoring this effect should re-
sult in an under-prediction of the total pressure. This
result is also a consequence of our usage of volume-
averaged quantities. Because our control volume is
drawn near the orifice inlet, and because pressure gra-
dients exist near the orifice inlet, a volume average will
likely yield a value which is below that of the upstream
one.

It is necessary to estimate the flux of ions to the
walls to include particle effects in the fluid model.
Assuming that ions achieve the Bohm velocity at the
edge of an emitting sheath (assumption v) is not
necessarily justified [28] but it is a common assumption
to most cathode models (including 2-D computational
models [51]). Using the model from [73] it is possible
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Figure 9: Ratio of (a) mean free path to orifice
length for total inelastic electron-neutral collisions,
(b) inter-collision time to neutral gas residency
time. Reproduced from “Pierre-Yves C. R. Taunay,
Scaling Laws in Orificed Thermionic Hollow Cathodes,
Ph.D. dissertation, Princeton University, 2020.” [23]
Copyright 2020, Pierre-Yves C. R. Taunay.

to estimate the modification of the Bohm velocity by
an emitting sheath:

vion =

(
eTeV
M

)1/2(
1 + 2ηcJb

1− Jb

)1/2

, (3)

where ηc = φs/TeV is the normalized sheath voltage,
Jb = jb/je, where jb is the emitted beam current and

je is the electron saturation current:

je = nee

(
eTeV
m

)
(2ηc)

3/2
. (4)

For cathodes that have a small orifice-to-insert-
diameter ratio, the ion current through the sheath 
is negligible as compared to the emitted electron 
(beam) and electron saturation currents because of low 
sheath voltages (ηc ∝ 1) and high plasma densities 
(1020–1021 m−3) [30]. In this case, the ratio of the 
beam current to the electron saturation current is 
typically negligible (Jb � 1), and, therefore, so is the 
modification to the Bohm velocity. However, under 
certain circumstances, the presence of an emitting 
sheath may modify the Bohm velocity by up to 20%. 
We consider in this case that the sheath boundary 
is situated farther away from the wall at a location 
where the Bohm velocity is reached. Because the size 
of the sheath (∝ µm) is much smaller than the scale of 
the system (∝ cm) this increase of the effective sheath 
size does not affect the diffusion characteristics of the 
solution.

Through a dimensional and statistical analysis of 
experimental data, the study in [37] showed that the 
gasdynamic and plasma effects can account for most 
of the variation in the total pressure within hollow 
cathodes. We therefore neglect the effect of viscosity on 
the total pressure gradient. We caution that viscosity 
may nonetheless affect other quantities, such as the 
neutral flow velocity profile (see, e.g., Fig. 7 in [49]), and 
that our approach cannot capture effects beyond 
volume-averaged ones. Viscosity can nonetheless be 
implemented by considering that most of the viscous 
losses come from the feed system.

Experimental measurements of the pressure data 
we used are gathered upstream of the insert region 
(sometimes multiple cathode lengths away, see, e.g.,
[43]). This means that the viscous pressure drop 
within the feed system contributes to the measured 
total pressure. In most cases, feed-system losses are 
negligible. Feed-system losses are estimated to be less 
than 0.01% of the measured pressure for Domonkos’s 
cathodes (see [43], p. 26). Using a Poiseuille flow 
model upstream of the active zone and assuming an 
upper bound for the temperature of 1,000 K, the feed-
system loss can be estimated to be, on average, 3%, 
for the NSTAR, NEXIS, JPL 1.5 cm, PLHC, and 
Salhi’s cathodes. For those cathodes, the pressure 
measurement point is situated less than 20 cm away 
from the cathode active zone. A Poiseuille flow 
assumption is justified in the section upstream of the 
plasma (as suggested by [49] for the NSTAR cathode 
and a single operating condition) and within the 
feed system: the flow is neutral, isothermal, viscous, 
laminar, incompressible, fully-developed, and not near 
a constriction. We use the heavy-particle temperature
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as the effective gas temperature when estimating the 
viscous losses in the feed system.

Experimental data [22, 32, 40, 74, 75] for mercury, 
argon, and xenon gas suggest that the gradients of 
the electron temperature in the active zone of the 
insert and orifice regions are negligible, which indicates 
that assumption vii is appropriate. In effect, this 
assumption means that the fluid is isothermal in 
each individual region. Because the emitter electron 
return current is proportional to the Boltzmann 
factor (je ∝ exp (−φs/Te)), assumption vii introduces 
possible errors in the numerical evaluation of the return 
current. However, those errors do not seem to impact 
the evaluation of the emitter temperature. It is also 
difficult to evaluate the exact nature of the errors 
introduced in our model because, to the authors’ 
knowledge, no experimental measurements of either 
the sheath voltage or the return electron current in 
the active zone of cathodes exist.

3.2. Fluid model

We use the two-dimensional axisymmetric momentum 
equations for each species, applied to the geometry 
shown in Figure 10. Boundaries II, III, and 
IV are chosen to be at the sheath edge. The 
effective attachment length (or “emission length”), 
Leff, is the length over which the plasma is able to 
support temperature-limited thermionic emission. We 
approximate this length with the plasma density decay 
length scale in the axial direction, as calculated in [29]. 
As defined, it is a likely lower bound to the attachment 
length. The emission length, Leff, is smaller than the 
insert length, Lem, and we consider that the fluid is 
neutral upstream of the emission zone.

The momentum equations for each species are 
summed to provide a simpler single-fluid framework. 
Under the assumptions delineated in the previous 
section, we obtain:

∇ · (ρvv) +∇P = ∇ · β, (5)

where v is the mean mass velocity of the combined
fluid, ρ its density, and β the magnetic stress tensor.

P is the total static pressure. Equation (5) may also
be written as

∇ · (Mnnvnvn +Mnevivi) +∇P = ∇ · β, (6)

where the subscripts n, e, and i denote neutral,
electron, and ion quantities, respectively. nx and vx

are the number density and velocity of the species x,
respectively. M is the mass of the heavy particles.

To satisfy conservation of mass, ions return to the
control volume as neutrals after having recombined on
any of the sheath-facing surfaces (II, III, and IV). The

flux of each species is therefore equal in magnitude and
opposite in direction:

nnvn = −nsevB , (7)

where nse is the electron density at the sheath edge.
An upper-bound on the magnetic pressure on

surfaces III and V can be obtained by considering that
the magnetic fieldB on these surfaces is due only to the
current flowing through the orifice, which is assumed
to be purely axial. The magnetic field is then purely
azimuthal:

B = (0, Bθ, 0)(r̂,θ̂,ẑ) . (8)

The magnetic stress tensor can then be expressed as
[76]:

β =

−B2
θ/2µ0 0 0
0 B2

θ/2µ0r
2 0

0 0 −B2
θ/2µ0

 , (9)

where µ0 is the permeability of vacuum. The azimuthal
component of the magnetic field can be estimated
by further assuming constant current density in the
orifice:

Bθ =


−µ0Id

2πr
if r > ro

−µ0Id
2πr2

o

r if r < ro

(10)

where ro is the orifice radius and Id is the discharge
current.

We integrate Equation (6) over the volume shown
in Figure 10, and apply Gauss’s theorem. In the z-
direction, we obtain:

−
[
πr2
cP
]
I

+ π
(
r2
c − r2

o

) [
P +Mnsev

2
B

(
nse
nn

+ 1

)]
III

+ πr2
o

[
ρv2
z + P

]
V

= −µ0I
2
d

4π

(
ln
rc
ro

+
1

4

)
, (11)

where rc is the insert radius and vz is the fluid velocity
on the surface V. To obtain Equation (11) we further
assumed that

• the upstream (Surface I) momentum flux (
[
ρv2
z

]
I
)

is negligible as compared to the static pressure
contribution ([P ]I),

• for surfaces I, III, and V, surface quantities
other than the magnetic field (i.e., the pressure
and momentum terms) are constant over their
respective surfaces,

• the heavy particles have equal tangential velocity
on each surface, and

• the radial velocity of the heavy particles on surface
V is much smaller than the axial one.

Page 9 of 24 AUTHOR SUBMITTED MANUSCRIPT - PSST-104952.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

A
cc

ep
te

d 
M

an
us

cr
ip

t



Physics of Thermionic, Orificed Hollow Cathodes. Part 1: Theory and Experimental Validation 10

Cathode tube

Insert / Emitter

Leff Lo
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2rc 2roI

II III
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Figure 10: Fluid control volume considered in the analysis. Adapted from “Pierre-Yves C. R. Taunay, Scaling
Laws in Orificed Thermionic Hollow Cathodes, Ph.D. dissertation, Princeton University, 2020.” [23] Copyright
2020, Pierre-Yves C. R. Taunay.

The first assumption is justified by using the continuity

equation: ρv2
z =

(
ṁ/πr2

c

)2
1/ρ. The density, ρ can be

approximated using the experimental pressure and an
assumed gas temperature: ρ ≈ MPI/ (kBTn) Using
the experimental cathode database presented in [77],
we can compare ρv2

z to the measured (static) total
pressure. The term ρv2

z represents at most 0.3% of the
static pressure. This assumption cannot be performed
at the outlet (Surface V) of the control volume because
the flow is assumed to be sonic on this surface. Using
a simple isentropic flow approach, the ratio of static to
total pressure at the sonic point is given by:

P

Ptotal
=

(
γ + 1

2

)−γ/(γ−1)

, (12)

where γ is the ratio of heat capacities. For a monatomic
gas (γ = 5/3) we obtain P

Ptotal
≈ 0.5. The total force

on the downstream surface (Surface V), therefore, is
comprised of both the static contribution (πr2

o [P ]V)
and the momentum flux term (πr2

o

[
ρv2
z

]
V

) as neither
can be neglected.

The second assumption is not required on
surfaces II and IV, as all terms in the momentum
balance in the z direction vanish on those surfaces.
Because the surfaces are oriented perpendicular to
the axial direction, the pressure and the magnetic
field components simply vanish in the vector dot-
product. As demonstrated below, the dyad product
also vanishes, even before the surface integration is
performed.

The third assumption, combined with the flux
condition given in Equation (7), causes the cross-term
in the dyad product to vanish. For example, on
surface II, the cross-term resulting from the momentum
balance in the axial direction is:

S = Mnsevi,rvi,z +Mnnvn,rvn,z.

Because the particle fluxes normal to the wall are equal
in magnitude and in opposite direction (Equation (7)),
we have:

S = MnsevB (vi,z − vn,z) .
The assumption of equal tangential velocity, motivated
by frequent collisions between ions and neutrals,
implies that vi,z = vn,z on this surface. The dyad
terms then simplify to zero. �

Outlet (surface V) The frozen-flow approximation
allows us to define the Mach number and specific heat
ratio γ. Under this assumption, the flow is choked
and becomes sonic at the exit of the orifice because it
expands into a vacuum. The flow velocity is therefore
given by the local speed of sound a for the combined
fluid:

vz,V = a =
√
γRg (Tn + αTe), (13)

where Rg is the specific gas constant of neutral
species, α is the ionization fraction, and Tn and Te
are the neutral and electron temperatures in Kelvin,
respectively. This expression can be readily derived
for an ideal gas where a =

√
γP/ρ. The ionization

fraction is defined as:

α =
ne

ne + nn
. (14)

Using the conservation of mass, we also have
πr2
o (ρvz)V = ṁ.

Because the Knudsen number in the orifice,
Kn, is within the range of 0.1 – 10 the flow is
considered transitional. We therefore estimate PV

with a molecular flow correction. We use a similar
framework to [78–80]. Under the justifiable assumption
that the pressure downstream of the cathode orifice

Page 10 of 24AUTHOR SUBMITTED MANUSCRIPT - PSST-104952.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

A
cc

ep
te

d 
M

an
us

cr
ip

t



Physics of Thermionic, Orificed Hollow Cathodes. Part 1: Theory and Experimental Validation 11

(vacuum vessel pressure) is much smaller than the exit
plane pressure, the stagnation pressure P ∗

V is given by

P ∗
V =

Q̇

(θCm + (1− θ)Cv)
, (15)

where Q̇ is the total throughput and Cta is the total
aperture conductance. The latter is given by:

Cta = (θCm + (1− θ)Cv) , (16)

where Cm and Cv are the molecular flow and viscous
flow aperture conductances, respectively. The linear
weight θ is a function of the Knudsen number. The
expression proposed in [78] can be written as suggested
by [79] and [80]:

θ =
kθKn

kθKn + 1
, (17)

where kθ = 28. This value of kθ corresponds to equal
weighing of molecular and viscous flows (θ ≈ 0.5)
when the average pressure in the orifice is equal to the
midpoint pressure of the transition range [78]. This
corresponds to Kn ≈ 0.04. The throughput and the
conductance of the orifice aperture for the flow are
given by:

Q̇ =
kB
M
Tn

(
γ + 1

2

)
ṁ, and (18a)

Ca = πr2
o

√(
γ + 1

2

)
kBTn
2πM

, (18b)

respectively. The (γ + 1) /2 term comes from the
conversion from static to stagnation quantities in
the insert region. Because the throughput is
referenced to upstream stagnation quantities, the
plasma contribution to the sound speed does not
appear in Q̇. The molecular and viscous flow
conductances are [78,79]

Cm = Ca

(
2

γ + 1

)1/2

, and (19a)

Cv =
√

2π

(
γ

(
2

γ + 1

)(γ+1)/(γ−1)
)1/2

Ca, (19b)

respectively. The static pressure on surface V is
retrieved from the definition of the stagnation pressure
at a Mach number of 1:

PV = P ∗
V

(
2

γ + 1

)γ/(γ−1)

. (20)

We show in Figure 11 the total conductance of
a thin aperture as obtained with Santeler’s approach
[78] (Equation (16)) normalized by the molecular
flow conductance of an aperture (Equation (19a)) as
a function of Knudsen number, and compare it to
experimental and numerical results for argon, helium,
and krypton from [81] and [82], respectively. Because
the experimental and numerical results only consider

two quiescent volumes separated by a thin aperture,
the upstream stagnation and static quantities are
identical and we do not consider the term (γ + 1) /2
(conversion from static to stagnation quantities in
the insert region) in the above equations for this
comparison. The discrepancy observed at low Knudsen

10 −
4

10 −
3

10 −
2

10 −
1

10 0

10 1

1.0

1.41

1.82

Knudsen number

C
t
/C

a

Figure 11: Comparison of transition flow model to
experimental and numerical results from [81] and [82],
respectively.

numbers stems from the fact that we did not include
the discharge coefficient (estimated to be ≈ 0.835
[81, 82]) in the calculation of the conductance in the
viscous regime. In the range of Knudsen number of
interest (0.1–10), the empirical relationship features a
relative error of less than 12% and 10% as compared to
both experimental and numerical results, respectively.

Orifice plate (surface III) Because we have assumed
a constant total pressure in the insert volume, the total
static pressure on the orifice plate is equal to that at
the inlet: PIII = PI.

Total pressure We reorganize Equation (11) to obtain
an expression for the total (static) pressure:

P = Pmag + Pgd + Pmf + Pexit (21)

where Pmag, Pgd, Pmf , Pexit are the magnetic
pressure on surfaces III and V, gasdynamic pressure
contribution, orifice plate momentum flux, and orifice
outlet exit pressure, respectively. These quantities are
defined as:

Pmag =
µ0I

2
d

4π2r2
o

(
ln
rc
ro

+
1

4

)
, (22a)

Pgd =
ṁ

πr2
o

√
γRg (Tn + αoTe), (22b)
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Pmf =

(
r2
c

r2
o

− 1

)
enseTeV

(
1 +

nse
nn

)
, and (22c)

Pexit = P ∗
V

(
2

γ + 1

)γ/(γ−1)

, (22d)

respectively. Pmf , nse and TeV are calculated using
insert-region quantities. The speed of sound of the fluid
appearing in the gasdynamic pressure is computed with
orifice-region quantities. αo denotes the ionization
fraction in the orifice. Equation (21) states that the
total static pressure upstream of the cathode emission
zone is the balance between the particle momentum
leaving the volume, the magnetic pressure, and the
downstream static pressure.

The total pressure in the absence of plasma effects
(Pmf = Pmag = 0) for a continuum flow (θ = 0) is:

P =
ṁ

πr2
o

√
γRgTn

(
1 +

1

γ

)
. (23)

This expression is different from the one that would be
obtained with an isentropic flow relationship:

Pisentropic =
ṁ

πr2
o

√
γRgTn

1

γ

(
γ + 1

2

)γ/(γ−1)

. (24)

For a monatomic gas, the constants (1 + 1/γ) and

1/γ ((γ + 1) /2)
γ/(γ−1)

that appear in Equations (23)
and (24) are equal to 1.6 and 1.23, respectively. The
discrepancy comes from the assumption that the static
pressure on the orifice plate (surface III) is equal to the
upstream total pressure. This assumption of a pressure
force on the orifice plate is fundamentally inconsistent
with the derivation of isentropic flow relationships,
as the use of the momentum balance combined with
this assumption over-determines the system of flow
equations. In practice, isentropic flow relationships are
derived from the energy and continuum equations, with
the momentum balance being used to find the total
pressure force on the control volume (or the thrust,
for nozzle flows). In the absence of a plasma, simple
isentropic flow relationships should be directly used to
estimate the total pressure inside the cathode.

3.3. Plasma model

To close the system of equations, estimates of the
degree of ionization, neutral density, and electron
temperature are required for both the insert and
orifice regions. In the insert region an estimate
of the attachment length, or length over which the
plasma is dense enough to support temperature-limited
thermionic emission, is also required. Because the
ionization fraction may not be negligible (especially
in the orifice region) we do not employ the typical
approximation α � 1; we retain all terms in the
resulting equations in both regions. For all of our
calculations, the collision frequencies are computed
using Maxwellian-averaged collision cross sections.

3.3.1. Electron temperature and attachment length
We employ the method delineated in [29] to calculate
the electron temperature in both insert and orifice
regions, as well as the attachment length. The method
is based on a charge-exchange-limited ambipolar
diffusion model of the plasma. Application of this
method gives an analytical approximation of the
attachment length and the electron temperature in
both regions as functions of the neutral-pressure-
diameter product only. We define the “attachment
length,” more specifically, as the plasma density decay
length-scale for the first-order eigenmode of the full 2-D
solution in the insert. The insert electron temperature
is not sensitive to the neutral gas temperature in
that region; we therefore ran the 2-D solution with
an assumed neutral gas temperature of 3,000 K in
the insert region. The orifice electron temperature,
however, can vary by up to 20% with a change in
neutral gas temperature. The solution is therefore
calculated with multiple neutral gas temperatures.

We use the following approximations for the insert
and orifice electron temperature,

T insert
eV =

ti,0

(nnkBTn (2rc))
ti,1

+ ti,2, (25a)

T orifice
eV =

to,0

(nnkBTn (2rc))
to,1 + to,2

+ to,3, (25b)

and for the attachment length,

Leff = rc

(
l0 +

l1

(nnkBTn (2rc))
l2

)
, (26)

respectively. The coefficients ti,k, to,k, and lk for
xenon and argon gases are shown in the Appendix
(Table A1). In all cases, the pressure-diameter product
that appears in the denominator is in Torr-cm. The
above expressions for the insert electron temperature
and attachment length are compared to experimental
data for a variety of cathodes in the companion paper.

The dependence of the electron temperature and
electron density profile on the neutral pressure (i.e.,
the neutral density for a fixed neutral temperature) and
geometry can be seen in the eigenvalue equation that is
obtained from the ambipolar diffusion framework. In
1-D, the electron density, ne, is obtained with:

d2ne
dr2

+
1

r

dne
dr

+
νiz
Da

ne = 0, (27)

where ne is the plasma density, νiz is the ionization
rate, and Da is the ambipolar diffusion coefficient.
Assuming a Dirichlet boundary condition at the wall
(i.e., zero plasma density) in a cylindrical geometry,
the following eigenvalue equation is obtained from
Equation 27 (see, e.g., [30] pp. 63–65, [83] p. 165, [84]
pp. 135–144):(
rc
λ01

)2

nnσiz (TeV )

√
8eTeV
πm

−Da = 0, (28)
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where λ01 is the first zero of the Bessel function
of 0th order. Because of the inverse relationship
between the ambipolar diffusion coefficient and the
neutral gas density nn for charge-exchange-dominated
plasmas found in cathodes, it can be shown that, using
Equation 28, the electron temperature depends only on
the neutral density-radius product (i.e., the pressure-
diameter product for a fixed temperature). In the more
general 2-D case treated in [29], a Robin boundary
condition is used across a range of pressure-diameter
products. The Robin boundary condition yields a
transcendental equation that is similar to Equation
(28) and that is tabulated for a range of pressure-
diameter products for a given gas.

3.3.2. Insert region The conservation of charge in the
insert region gives the total discharge current Id as:

Id = Ii + Iem − Ir, (29)

where Ii, Iem, and Ir are the ion, thermionic, and
random electron currents, respectively. Assuming that
all ions created in the volume go to the insert wall, the
ion current is either given by its volumetric definition,
or by its value at the sheath edge,

Ii = ennne < σizv > πLeffr
2
c

= ensevB2πrcLeff, (30)

where σiz is the ionization cross-section. Using
Equation (30), we obtain the sheath-edge density:

nse =
nnne < σizv > rc

2vB
=

α

1− α
n2
n < σizv > rc

2vB
. (31)

We use this result to define fs, the ratio between the
sheath-edge and the volume-averaged electron density,
as a function of volume-averaged quantities:

fs =
nse
ne

=
nn < σizv > rc

2vB
. (32)

The random electron current can also be expressed in
terms of volumetric quantities by using the definition
of the sheath-edge density (Equation (31)):

Ir = e
1

4

(
8M

πm

)1/2

nnne < σizv > πLeffr
2
c

× exp (−φs/TeV ) , (33)

where m is the mass of the electron and φs is the sheath
potential.

We integrate the electron energy equation over a
cylindrical volume of length Leff and radius rc with
the face fluxes estimated using a zeroth-order upwind
scheme as suggested in [30] (p.259). We obtain:

Iemφs +RpI
2
d = qex + Iiεi +

5

2
TeV Id

+ (2TeV + φs) Ir, (34)

where qex is the total power loss due to radiative
transitions from ground-level, εi is the ionization

energy of the species of interest, and Rp is the plasma
resistance. The power loss due to radiative transitions
from ground level is given by the total excitation rate
in the volume multiplied by the average energy of each
transition:

qex = enenn < σexv > πLeffr
2
cεex. (35)

The excitation cross section in Equation (35) is the
total cross section for all ground-state excitation
reactions. The excitation energy is computed as the
average of all excitation energies weighted by their
respective Maxwellian-averaged reaction rates. The
plasma resistance is given by:

Rp =
m

nee2

Leff

πr2
c

(νei + νen) , (36)

where νei and νen are the electron-ion and electron-
neutral collision frequencies, respectively.

We use the conservation of charge (Equation 
(29)) to eliminate the thermionic current terms from 
the electron energy equation. This removes the 
dependency of the model on the chosen insert material 
and assumed wall temperature, although it introduces 
the unknown sheath potential, which we use as a free 
parameter. The resulting equation is expressed in terms 
of the ionization fraction and the neutral gas density by 
replacing the electron density with the definition of the 
ionization fraction (Equation (14)). This yields a 
quadratic expression for the unknown ionization 
fraction:

i2α
2 + i1α+ i0 = 0. (37)

The coefficients ik are functions of the cathode
geometry, neutral gas density, sheath potential, and
neutral gas temperature. They are given by:

i2 = en2
n < σizv > πLeffr

2
c

×

(
εi + φs + 2TeV

1

4

(
8M

πm

)1/2

exp (−φs/TeV )

)
+ en2

n < σexv > πLeffr
2
cεex

+
mLeff

πr2
ce

2
C ln ΛT

−3/2
eV I2

d − Id
(

5

2
TeV − φs

)
− mLeff

πr2
ce

2
I2
d < σenv >, (38a)

i1 = Id

(
5

2
TeV − φs

)
− mLeff

πr2
ce

2
C ln ΛT

−3/2
eV I2

d

+ 2
mLeff

πr2
ce

2
I2
d < σenv >, and (38b)

i0 = − mLeff

πr2
ce

2
I2
d < σenv >, (38c)

where C = 2.9× 10−12, and ln Λ ≈ 10 is the Coulomb
logarithm. σen and σex are the electron-neutral
cross sections for elastic and excitation collisions,
respectively. εex is the average electron excitation
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energy. We use data from the Hayashi database [85] as
retrieved from the LXCat website [86] for the electron-
neutral, ionization, and excitation cross sections.

3.3.3. Orifice region In the orifice, the energy equa-
tion can be considerably simplified by neglecting
thermionic emission and electron backstreaming be-
cause of the higher sheath voltages due to the lower
neutral densities than in the insert region. We again
obtain a quadratic equation from the orifice energy bal-
ance:

o2α
2 + o1α+ o0 = 0, (39)

where the coefficients ok are:

o2 = en2
n < σizv > πLor

2
oεi + en2

n < σexv > πLor
2
oεex

+
mLo
πr2
oe

2
C ln ΛT

−3/2
eV I2

d −
mLo
πr2
oe

2
I2
d < σenv >

− 5

2
Id
(
TeV − T ins

eV

)
, (40a)

o1 =
5

2
Id
(
TeV − T ins

eV

)
− mLo
πr2
oe

2
C ln ΛT

−3/2
eV I2

d

+ 2
mLo
πr2
oe

2
I2
d < σenv >, and (40b)

o0 = − mLo
πr2
oe

2
I2
d < σenv > . (40c)

Lo is the orifice length and T ins
eV is the insert electron

temperature.
To obtain a relationship between the ionization

fraction and neutral density, we use the conservation
of mass applied to the sonic condition at the orifice
outlet. This results in a quadratic equation for the
ionization fraction,

ṁ = πr2
o

1

1− α
nnM

√
γRg (Tn + αTe). (41)

Solving this equation and selecting the root for which
αo < 1 gives an expression for the ionization fraction,

α = 1 +
1

2v̄

(
1−

√
4v̄
(
1 + T̄

)
+ 1

)
, (42)

where T̄ = Tn/Te and v̄ is given by

v̄ =
1

γRgTe

(
ṁ

πr2
onnM

)2

. (43)

The orifice energy equation (Equation (39)) and the 
solution for the ionization fraction from conservation of 
mass (Equation (42)) are combined to obtain a single 
equation for the unknown neutral density in the orifice.

4. Implementation

4.1. Algorithm

Both the gas temperature and sheath voltage are free 
parameters. Three major advantages exist in using the

sheath voltage as a free parameter as opposed to the 
wall temperature: (i) the solution does not depend on 
the choice of emitter material, (ii) the sheath potential 
can be bounded, and (iii) the resulting solution 
algorithm is more stable because the thermionic 
current, which has a strong non-linear dependence on 
the wall temperature, has been eliminated from the 
volume-edge current balance (Equation (29)). In 
general, the sheath potential depends nonlinearly on 
the local plasma parameters and operating conditions 
through an elliptic PDE. The sheath potential problem 
is, therefore, non-local, and a self-consistent sheath 
model would therefore require a 2-D approach: this is 
beyond the scope of this work. The expression for the 
sheath-edge density ratio (Equation (32)) is used in the 
pressure balance (Equation (21)) to form an expression 
that depends only on α and nn:

P = Pmag + Pgd

+

(
r2
c

r2
o

− 1

)
fs

αi
1− αi

nneTeV

(
1 +

(
αi

1− αi

)
fs

)
+ Pexit. (44)

To solve this equation, we use the perfect gas law to
compute the total static pressure:

P = kBnnTn +
αi

1− αi
nneTeV +

αi
1− αi

nnkBTn. (45)

Because we have used surface-integrated quantities
when deriving the pressure balance, but re-expressed
these terms using volume-averaged quantities, there
are (at least) two possible choices for the definition
of the total static pressure. Assuming constant total
pressure in the insert region, we can either use the
sheath-edge density or the volumetric value of the
density to compute this pressure. We choose the latter
option because the sheath-edge terms balance the
corresponding ones on the upstream portion, leaving
only the pressure contribution on the orifice inlet.

Solving the system of equations resulting from the
combination of the pressure balance (Equation (44)),
the perfect gas law (Equation (45)), and the insert
power balance (Equation (37)) yields the solution for
both nn and αi. We combine the expressions into a
single equation for the unknown neutral density which
we then solve using the bisection method to avoid
solving the original multivariate nonlinear system.
For each proposed insert neutral density and sheath
potential, we solve for the ionization fraction in the
insert using the insert power balance (Equation (37)).
The insert electron temperature is then obtained using
the correlation in Equation (25a). The orifice neutral
density is calculated using the orifice power balance
(Equation (39)), mass continuity (Equation (42)),
and the insert electron temperature. The electron
temperature for the orifice is then obtained using
Equation (25b), and the ionization fraction for the
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orifice is computed with Equation (42). Finally, the
total pressure results calculated using the momentum
balance (Equation (44)) and the perfect gas law
(Equation (45)) are compared. If both results agree,
the algorithm has converged and the solution is
reported.

For a given geometry and gas, the orifice quantities
depend on the mass flow rate, the discharge current,
and the insert neutral density through the insert
electron temperature. The orifice quantities can
therefore be pre-computed and stored as a lookup table
for faster computation. The upper bound for the
orifice neutral density can be obtained by imposing the
conditions that αo > 0 and that the neutral density
in the insert is greater than that in the orifice. We
check that both conditions are satisfied for each orifice
neutral density found.

4.1.1. Wall temperature While the emission current
has been eliminated from the model equations, the wall
temperature may be retrieved from the total emitted
current and the conservation of charge (Equation
(29)). The elimination of the emitted current from the
model equations also removes the dependence of the
pressure on the choice of emitter material, excluding
any indirect dependence due to the temperature of the
heavy species.

The emitted current is first estimated from the
input discharge current and the computed ion and
electron return currents, Ii and Ir, respectively.
Without the Schottky effect, the total emitted current
is given by Richardson-Dushman’s law,

Iem = 2πLeffrcDRDT
2
c exp

(
− eφw
kBTc

)
, (46)

where DRD is the Richardson-Dushman constant, Tc
is the emitter temperature, and φw is the work
function. Because we have assumed that the emission
length is defined such that the thermionic emission is
thermally limited inside the active zone, the current
extracted is not modified by space-charge limitation.
Because the control volume we chose is limited to the
plasma “active zone,” the computed wall temperature
corresponds to the average insert temperature over a
length equal to that of the emission length.

The attachment length provided by the ambipolar
diffusion framework from [29] is a lower bound to
the true attachment length. Because the emission
area and, therefore, emission current, scales with the
attachment length (Iem ∝ Leff), the obtained wall
temperature will be an upper bound of the average
active zone insert temperature. Uncertainties in the
work function of some materials (e.g., LaB6 [53])
may also result in an over-estimation of the wall
temperature. The evaporation rate of a given material
will therefore also be over-estimated, and any lifetime

calculations that can be conducted with our framework
will provide a conservative estimate of the evaporation-
limited lifetime of the emitter.

4.1.2. Sheath potential The sheath potential depends
nonlinearly on the local plasma parameters and
operating conditions (e.g., discharge current, anode
voltage) through an elliptic PDE. As opposed to
2-D computational models, our approach is unable to
uncover such dependency. However, our algorithm
may nonetheless be used as an indirect method to
compute an average value of the sheath potential. The
total pressure calculated using the pressure balance
(Equation (44)) can be evaluated for multiple sheath
potentials, and the intersections of the resulting family
of pressure curves with the experimental pressure data
can be used to estimate the variation of the sheath
voltage over the experimental parameter range.

4.2. Comparison to experimental data

We validate the results of our numerical approach
to (i) experimental wall temperature from both the
NSTAR discharge cathode [87] and Salhi’s cathode
[40] operating on argon at mass flow rates of 0.21
and 0.39 mg/s (0.5 and 0.93 equivalent-amperes, 7
and 13 sccm), (ii) experimental measurements of both
the electron temperature and attachment length for
the latter cathode operating on xenon and for the
JPL 1.5 cm LaB6 cathode [22], and (iii) measured
total pressure for our own hollow cathode, the NSTAR
discharge cathode [49, 87] and for the NEXIS cathode
[68, 88]. The method by which we obtain the
measurement error in both attachment length and
electron temperature is shown in [29].

5. Results and discussion

We validate in this section the results of our algorithm
for multiple cathodes. The dimensions and operating
conditions of each cathode are shown in the Appendix
(Table A3). They span a variety of geometries, gases,
and operating conditions.

5.1. Wall temperature

We show in Figure 12 a comparison of our model
to experimental data of the insert temperature. We
applied the algorithm to both Salhi’s cathode operating
with argon and to the NSTAR cathode. The
cathode wall temperature is reported in [40] and [87],
respectively. We took the work function from [30]
(p.252) for the barium-oxide insert installed in the
NSTAR cathode. Salhi’s cathode uses a material with
an estimated work function of 1.8–2.0 eV [40]. The
results from our algorithm are averaged over all of
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the values tested for the two free parameters. We
have computed all quantities with sheath voltages
and gas temperatures in the range of 1–10 V and
2000–4000 K, respectively. The algorithm returns
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Figure 12: (a) Peak insert temperature of the NSTAR
cathode. (b) External wall temperature of Salhi’s
cathode. Experimental data from [87] and [40],
respectively. The reported measurement error is
±15◦C for both cathodes. Gray areas on the model
indicate the minimum and maximum values obtained
for the indicated mass flow rates, with sheath voltage
and gas temperature with values between 1–10 V
and 2000–4000 K, respectively. Reproduced from
“Pierre-Yves C. R. Taunay, Scaling Laws in Orificed
Thermionic Hollow Cathodes, Ph.D. dissertation,
Princeton University, 2020.” [23] Copyright 2020,
Pierre-Yves C. R. Taunay.

values within 10% of the experimental values for both

cathodes. We find that the trend of the predicted 
wall temperature agrees with the experimental data, 
both with increasing discharge current and mass flow 
rate, which suggests that the scaling of the return ion 
and electron fluxes is likely captured within the range of 
sheath potentials considered. Although the scaling is 
likely captured, we caution that, because of the 
exponential dependence of the random electron flux (i.e, 
the electron return current) on the sheath voltage and 
electron temperature, both errors in the estimation of 
those quantities and the assumption of volume-
averaged quantities can lead to large variations in the 
plasma parameters within the volume considered.

We also applied the algorithm to Friedly’s cathode 
[36] with an estimated work function of 2 eV for the 
insert material (as reported in [32], p.91). We found 
the calculated results to be within 20% of experimental 
data, but did not have the same agreement as that of 
the NSTAR. The temperatures reported by Friedly [36] 
are that of the exterior of the cathode and are higher 
than the typical application range of barium-based 
emitters. We hypothesize that the emitter depleted its 
coating, especially at higher discharge currents, which 
would explain the reported high temperatures. The 
uncertainty in the work function of the material would 
explain the discrepancy observed between the results 
of the model and the experimental measurements. 
We found that the observed trend of the results of 
the algorithm agrees with experimental results if we 
assume that the work function is equal to 4.1 eV. 
This value is within the range of the work function 
of tantalum (4.0–4.8 eV) [89]. Additionally, the 
assumptions made in [29] to estimate the emission 
length become invalid at high discharge currents for 
this particular cathode. The calculated ionization 
fraction is indeed large in both the orifice (up to 60%) 
and in the insert (up to 30%) at high discharge currents 
and therefore challenges the assumption of charge-
exchange-dominated ambipolar diffusion. A possible 
remedy is to include all interactions between particles 
when considering ambipolar diffusion.

5.2. Electron temperature and attachment length

The predicted and experimental attachment length and 
insert electron temperature are shown in Figure 13a 
and Figure 13b, respectively. Results are presented for 
the JPL’s 1.5 cm LaB6 hollow cathode [22] operating 
on xenon at a mass flow rate 0.78 and 1.2 mg/s (8 and 
12 sccm) and for Salhi’s cathode [40] operating on 
xenon at a mass flow rate of 0.68 mg/s (0.5 equivalent-
amperes, 7 sccm) and with an orifice diameter of 
1.21 mm. The insert electron temperature for the 
JPL’s cathode is reported at the location of peak insert 
electron density. We use the highest reported values 
for Salhi’s cathode, close to the peak insert electron

Page 16 of 24AUTHOR SUBMITTED MANUSCRIPT - PSST-104952.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

A
cc

ep
te

d 
M

an
us

cr
ip

t



Physics of Thermionic, Orificed Hollow Cathodes. Part 1: Theory and Experimental Validation 17

density.

50 100

0.4

0.6

5 12 40

0.28

0.67

JPL cathode

Salhi

8 sccm

12 sccm

This work

Discharge current (A)

L
e
ff
/d
c

50 100

1.5

2.0

3 15 20

0.97

2.27

Discharge current (A)

E
le

ct
ro

n
te

m
p

er
at

u
re

(e
V

)

(a)

(b)

Figure 13: (a) Attachment length normalized by the
cathode diameter and (b) electron temperature as
functions of discharge current. The experimental
data for the JPL LaB6 cathode operating at 8 and
12 sccm and for Salhi’s cathode operating at 7 sccm
are taken from [22] and [40], respectively. Gray areas
on the model indicate the minimum and maximum
values obtained for the indicated cathodes, with sheath
voltage and gas temperature with values between 1–
10 V and 2000–4000 K, respectively. Adapted from
“Pierre-Yves C. R. Taunay, Scaling Laws in Orificed
Thermionic Hollow Cathodes, Ph.D. dissertation,
Princeton University, 2020.” [23] Copyright 2020,
Pierre-Yves C. R. Taunay.

We observe in all cases that the trend of decreasing
electron temperature with increasing discharge current

and mass flow rate is correctly captured. The electron
temperature is over-predicted in some instances, which
is a consequence of an under-prediction of the neutral
density and is consistent with an under-predicted
neutral gas pressure.

5.3. Pressure

We now compare the prediction of the total pressure
inside hollow cathodes from existing models to that
from ours for the NSTAR, NEXIS, and our own
cathode. The other models are delineated in [37]. For
the NSTAR cathode we also perform a comparison
with results of a 2-D axisymmetric solver from [49].
For all cathodes, the results are computed with a
gas temperature of 3,000 K and sheath voltages
between 1 and 10 V. Results are shown in Figure 14.
Pressures predicted with both our theoretical model
and the empirical correlation derived from literature
data from [37] vary with discharge current and mass
flow rate, while other existing models do not. These
two approaches yield results that are close to the
experimentally measured pressure. Results for the
NSTAR are similar to that of the 2-D axisymmetric
solver, although the latter uses a discharge current 10%
higher than the nominal current of 12 A. For cathodes
that reasonably satisfy the model assumptions, the
numerical algorithm allows us to bound the pressure
for a cathode for which no pressure data are available.
The algorithm however overestimates the pressure for
our cathode. We hypothesize that:

• the magnetic pressure is overestimated because
we did not take into account the net current of
charged particles from the insert volume directed
towards the orifice plate,

• gas leaks occur through the grafoil seals at
graphite/stainless steel interfaces at high temper-
atures, thus decreasing the experimentally mea-
sured pressure, or

• gas leaks occur through the NPT fittings on
the feed lines and pressure tap because they are
sealed only with anti-seize compound as typical
thread sealant compounds would not tolerate the
operating temperature of the PLHC.

In all cases, knowledge of the sheath potential is
required. For a wide range of sheath potentials (1–
10 V), the pressure varies by at most a factor of 2–3.
The family of curves generated by the model intersect
experimental data at different sheath voltages. As
mentioned in the previous section (Section 4.1.2), this
may be used to compute the sheath voltage from the
experimental data.
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Figure 14: Comparison of pressure models used for the calculation of the total pressure inside hollow cathodes.
(a,b) NSTAR cathode. Experimental data from [49, 74, 87]. (c,d) NEXIS cathode. Experimental data from
[68, 88]. (e) PLHC. Adapted from “Pierre-Yves C. R. Taunay, Scaling Laws in Orificed Thermionic Hollow
Cathodes, Ph.D. dissertation, Princeton University, 2020.” [23] Copyright 2020, Pierre-Yves C. R. Taunay.
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6. Conclusion

Based on the lessons learned in our review of prior
cathode modeling efforts [28], we have developed
a hybrid model for orificed hollow cathodes and
computed volume-averaged plasma quantities for a
large variety of cathodes and operating conditions.
Good agreement is obtained with both literature data
and with experimental pressure data we gathered on
our own large hollow cathode running on argon at up
to 307 A of discharge current.

We were able to bound both the sheath potential
and neutral gas temperature and found that the
calculated quantities are not sensitive to these
parameters. These two parameters can be self-
consistently incorporated into the model through a
potential solver and the energy equation for the heavy
particles, respectively. The values for the neutral
gas temperature and sheath potential remain to be
experimentally validated. Another possible area of
improvement of the model is a better estimation of the
static pressure at the orifice outlet. While we have used
empirical correlations to obtain scaling relationships
and overall trends, 2-D DSMC simulations could
provide better accuracy.

This work can be used in conjunction with the
charge-exchange-dominated ambipolar diffusion model
for the insert region we presented in [29] to find
the electron density distribution within a hollow
cathode. The model is also a building block for
insert performance prediction if coupled to an erosion
model for the thermionic material and for cathode
performance prediction if coupled to a cathode thermal
and plume model. Finally, the proposed model may
be used to study scaling laws for hollow cathodes; we
perform this analysis in the following paper.
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Appendix

Appendix A.1. Correlation coefficients

Table A1: The coefficients used for the insert elec-
tron temperature and attachment length correlations
(Equations (25a) and (26)).

Species Quantity
Index

0 1 2

Xe
TeV 1.20072 0.35592 0.52523
Leff 0.72389 0.17565 1.22140

Ar
TeV 1.66426 0.38159 1.12521
Leff 0.71827 0.34198 1.19716

Table A2: The coefficients used for the orifice electron
temperature (Equation (25b)).

Species Temperature
Index

0 1 2 3

Xe 2000 K 1.230 -0.0052 0.313 0.429
3000 K 1.290 -0.0062 0.337 0.503
4000 K 1.300 -0.0068 0.365 0.591

Ar 2000 K 1.889 -0.0197 0.287 0.793
3000 K 1.941 -0.0250 0.320 0.935
4000 K 1.723 -0.0257 0.401 1.250

Appendix A.2. Cathodes studied

Table A3 lists the cathodes and range of operating
conditions that we used for this work and the next
paper. For some of the cathodes, we note that
operating conditions that are different from the ones
reported in Table A3 exist (e.g., Salhi’s cathode also
has a 1.27 mm diameter orifice). However, we could
not gather relevant experimental data (total pressure,
attachment length, electron temperature) for those
cases. Because of the difficulty of gathering reliable
cathode dimension data, we report all of the possible
dimensions in Table A4. In both tables, the following
abbreviations are used:

• L.: Length

• I.D.: Inner Diameter

• O.D.: Outer Diameter
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Table A3: Dimensions and operating conditions of the benchmark cathodes.

Cathode
Dimension (mm)

Species
Refs.

Insert Orifice Mass flow Current Pressure for
L. I.D. O.D. L. D. (sccm) (A) (Torr) data

Siegfried and
25.4

3.9
4.0 1.8

0.76 Hg 0.35 – 1.42 1.27 – 4.3 1.3 – 6.2 [32,93,94]∗

Wilbur 3.8 0.76 Ar, Xe 0.8 – 8.0 1.24 – 4.3 1.8 – 16.6 [35]

Friedly 13.0 4.7 N/A 1.0† 0.74 Xe 2.51 – 6.41 5.0 – 60.0 5.9 – 52.7 [36]

Salhi 25.4 3.81 5.53 1.24
0.76, 1.21 Ar 0.5 – 1.24

1.0 – 20.0
4.8 – 25.3

[40]
1.21 Xe 0.5 – 0.93 6.5 – 14.7

AR3
25.4

1.22
2.29

0.38
0.13 Xe

1.40 – 2.40 1.0 250.4 – 345.6
[43]EK6 1.17 0.71 0.8 – 3.25

0.5 – 1.5
270.2 – 609.4

SC012 1.8 3.8 0.5 4.8 0.57 – 2.44 163.7 – 506.1

T6 20.0 2 5 2 1 Xe 0.51 – 11.5 5 – 15 6.4 – 41.1 [69,95]

NSTAR 25.4 3.8 4.3 0.74 1.02 Xe 2.47 – 10 5.95 – 15 4.0 – 27.5 [49,74,87]

NEXIS 25.4 12.7‡ 14.2§ 0.74¶ 2.5, 2.75, 3.0 Xe 4 – 10 4 – 32 0.66 – 2.76 [47,68,88]

JPL-1.5cm 25.4 7 13 1.0†
3.8

Xe
8 – 12 20 – 100 1.9 – 2.6 [22]

3, 5 10.5 – 19.8 8.9 – 35.1 2.4 – 3.4 [21]

PLHC 80.4 27.15 31.2 1.5 5.6 Ar 109 100 – 307 2.44 – 5.4 This work

∗See [32] pp.17–18 and p.139 for the dimensions and orifice length.
†The orifice length is not specified for those cathodes. It is set to 1.0 mm.
‡We follow later work by Goebel and Katz [30] where the insert diameter is set to 1.27 cm. However, the insert inner diameter has
also been suggested to be equal to 1.20 cm in [47,48,96].
§The outer diameter for the NEXIS cathode is deduced from insert thickness data retrieved from [47] and [48].
¶Measured from plots in [48].

Table A4: Comprehensive list of dimensions (in mm) of the benchmark cathodes.

Cathode
Insert Orifice Tube

Species Refs.
L I.D. O.D. L D D

Siegfried 25.4 1.9, 3.8, 3.9 4.0 1.8 0.51, 0.76, 0.79, 0.96 0.63 Ar, Hg, Xe [31,32,34,35,38,93,94]

Friedly 13.0 4.7, 6.4 N/A N/A 0.74 – 1.70 6.4, 12.8 Xe [36]

Salhi 25.4 3.81 5.53 1.24 0.76, 1.21, 1.27 6.35 Ar, Xe [40]

AR3
25.4

1.22
2.29

0.38
0.13

3.18
Xe [43]EK6 1.17 0.71

SC012 1.8 3.8 0.5 4.8

T6 20.0 2 5 2 0.75, 1.0, 1.3, 1.6 7 Xe [69,95,97]

NSTAR 25.4 3.8 4.3 0.74 1.02 6.35 Xe [30,48,63,98–101]

NEXIS 25.0, 25.4 12.0, 12.7 N/A N/A 1.5, 2.0, 2.5, 2.75, 3.0 15 Xe [30,47,48,75,88,96,98]

JPL-1.5cm 25.4 7 13 N/A 3, 3.8, 5 15 Xe [22,102,103]

PLHC 80.4 27.15 31.2 1.5 5.6 36.2 Ar This work
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